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PLANE AND SPHERICAL 



TRIGONOMETRY. 



INTRODUCTIOK. 

At what period Trigonometry first began to be culti^ 
vated^ as a branch of the mathematical sciences^ is ex* 
tremely uncertain^ no records having been left by the 
antients, which enable us to trace it to a higher age 
than that of Hipparchus, who flourished about a cen- 
tury and a half before Christ, and is reported by Theon, 
in his Commentary on Ptolemy's Almagest, to have 
written a work, in twelve books, on the chords of cir- 
cular arcs, which, from the nature of the title, must 
evidently have been a treatise on Trigonometry. 

But the earliest work on the subject, now extant, is 
the Spherics of Theodosius, a native of Tripoli in 
Bythinia, who, soon after the time above mentioned, 
collected and brought together, into this performance, 
the scattered principles of the science which had been 
discovered by his predecessors, and formed them into 
a regular treatise, in three books, containing a variety 
of the most necessary and useful propositions relating 
to the sphere, arranged and demonstrated with great 
perspicuity. and elegance, after the manner of Euclid's 
Elements (a). 

(a) This work of Theodosius^ which came to us through the 
medium of an Arabic version, has been published both in Greek 
and Latin by several writers j but the Latin edition of Dr. Barrow, 
8vo. Lmidon, 1^75, and that of Hunt, 8vo, Oxford, I709,.are 
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The next of the Greek writers, after Theodosius, 
who has treated professedly on this subject, is Mene- 
laus, an astronomer and mathematician of some cele- 
brity, who lived about the middle of the first century 
after Christ, and of whom we have three books on 
Spherical Triangles, containing, besides the first prin- 
ciples of the science, a number of propositions of a 
more difficult kind, which at that time were but little 
known : but the six books which he is said to have 
written on the subtenses or chords of circular arcs, 
being probably a treatise on the antient method of con- 
structing trigonometrical tables, has not been trans- 
mitted to our times {h). 

This loss, however, has been in some measure repair- 
ed by Ptolemy, who in the first book of his Almagest, 
published about the beginning of the second century 
after Christ, has given us a table of arcs and then: 
chords to every half degree of the semicircle ; in the 
forming of which it is observable, that he divides the 
radius, and the arc whose chord is equal to radius, 
each into sixty equal parts, and then estimate^ all other 

reckoned the best. The third book« which is the most difficulty 
bas been commented upon and elucidated by Pappus^ in his Ma- 
thematical Collections. 

(^) A translation of the Spherics of Menelaus had been under- 
taken by Regiomontanus, but was first published by Maurolycus 
in Latin (Messanae, 1558, fo).), together with tlie Spherics of 
Theodosius and his own. Halley also prepared a ne^ edition of 
this woiic, corrected from a Hebrew manuscript, which was pub- 
lished in 8vo. 1758, without the /preface which he had prcg^cted 
for it, by Costard, the author of a History of Astronomy. 
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arcs by sixtieths of that arc, and the chords by sixti« 
eths of that chord, or of the radius ; being probabfy 
the method used by Hipparchus and other antient 
Writers on this subject. He has also here proved, for 
the first time that we know of, that the rectangle of 
the two diagonals of any quadrilateral inscribed in a 
circle, is equal to the sum of the rectangles of its op* 
posite sides (c). 

After the time of Ptolemy and his commentator 
Theon, little more is known on this subject tiU about 
the close of the eighth century after Christ, when the 
antient method of computing by the chords was chan<- 
gedft>r that of the sines, which were first introduced in^ 
the science by the Arabians ; to whom we are also in«> 
debted for the several axioms and theorems which are 
at present considered as the foundation of our modem 
Trigoiiometry, as well as for some other propositions 
which such an alteration in the system naturally n»» 
quired. 

The Arabians, however, though they had been long, 
acquainted with the Indian, or decimal scale of arith^ 
metic, do not appear to have deviated from the Greeks 

(c) Claudiug Ptolemeus was bom at Ptolemais, in Egypt, and 
taught Astronomy at Alexandria, where he died in the year of Christ 
147, being the 78th year of his age. His Almagest, like most of 
the celebrated works of antiquity, has had many editors and com- 
mentators ; but a good Latin translation, both of this work and the 
Commentary of Theon, is still much wanted 5 tlie only tolerably 
eom|dete Latin edition (published at Basil, 1551,) which we now 
possess being that of George of Trebizonde> which wag io 9^ 
verely and justly criticised by Regiomontanus. 

a2 
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in the sexagesimal division of the radius, which con* 
tinned in use till about the middle of the iSth cen- 
tury, wheil an alteration was first made by Purbach, a 
native of a small place of that name between Austria 
and Bavaria ; who constructed a table of sines to a 
division of the radius into 600000 equal parts, and com- 
puted them for every 10 minutes, or sixth part of a 
degree^ in parts of this radius, by the decimal notation. 

This pit)ject of Purbach was also still further pro- 
secuted by his disciple and friend John MuUer, com- 
monly called Regiomontanus, of the little town of 
Mons Regius, or Konigsberg, in Franconia, who first 
began his mathematical career by extending and im- 
proving the tables of his master ; but, afterwards, dis- 
liking that plan, as evidently imperfect, he computed 
a table of sines, for every minute of the quadrant, to 
the radius 1000000. He also introduced the tangents 
into this science, and enriched it with many theorems 
and precepts, which, except for the use of logarithms, 
renders the trigonometry of this author but little in- 
ferior to that of our times (d). 

Soon after this, several other mathematicians also 
contributed to the advancement of this science, either 
by some useful alterations in the form of the tables, 

(d) The Treatise of Regiomontanus, on Plane and Spherical 
Trigonometry, in five books, was written about the year 1464^ and 
printed in folio at Nuremburg, 1533. In the 5th book, some of 
|be problems relating to plane triangles are resolved by means of 
Aigiibra, a proof that this science was known in Europe before the 
treatise of Lucas de Burgo appeared. 



or by other improvements : among whom may be rec- 
'koned John Werner, of Nm*emburg, and Nicholas 
Copernicus, of Thorn, in Prussia, the celebrated re- 
storer of the true system of the world, who wrote a 
brief treatise of plane and spherical Trigonometry, with 
a description and construction of the canon of chords, 
yearly in the manner of Ptolemy. To which he also 
subjoined a table of sines and their differences, for every 
10 minutes of the quadrant, to radius 100000 ; which 
tracts are inserted in the first book of his Revolutiones 
erbium ccelestiumj first published in folio, at Nurem- 
burg, 1543f 

To these cultivators and improvers of the science, 
we may likewise add Erasmus Rtjeinold, professor of 
mathematics in the academy of Wurtemburg, who 
published his Canon foecicndtcsj or Table of tangents, 
in 1553 ; and Maurolycus, ibbot of Messina, in Si- 
cily, one of the most able. geometers of the sixteenth 
century, to whom we are indebted for the Tabula 
beneficay or Canon of secants, which came out about 
the same time. 

But the most complete work on the subject, which 
had hitherto appeared, was a treatise, in two parts, by 
Vieta, printed in folio at Paris, 1 579, during the au- 
thor's lifetime* In the first part of which, endtled 
Canon mathematictcs sen ad triangular cum appen^ 
dicibtcsj he has given a table of sines, tangents aiui 
secants for every minute of the quadrant, to the radius 
100000, with their differences; and towards the end 
of the quadrant, the tangents and secants are extended 



to 8 or 9 pUc66 tf figures. They ^6 a1s6 arranged 
like our tables at present, increasing from the left-'hand" 
side to 45% and then returning backwards, from .the 
right hand side, to 90^; so that each number and its 
complement stand on the same line. 

The second part of this volume, which h entitled 
Universalium inspectionum ad canonem matheinatU 
cum liber singularis ^ contzinSj besides a regular ac- 
count of the construction of the tables, a compendious 
treatise on plane and spherical Trigonometry, with their 
application to a variety of curious subjects in geome- 
try, mensuration, and other branches of mathematics ; 
as also a number of particulars relating to the quadra- 
tare of the circle, the duplication of the cube, and simi- 
lar problems ; which are all treated of in a manner 
worthy the genius of the author (e). 

Beside the perforiiiancte above mentioned, there are, 
likewise, several other smaller tracts on trigonometrical 
subjects in the general collection of Vieta's works, pub- 
lished at Leyden in 1646, by Schooten ; among which 
are the curious theorems, here first given by our au- 
thor, relating to angular sections, or the multiples and 
submultiples of arcs ; as also general formulae for the. 
chords, and consequently sines, of the sums and dif* 
ferences of arcs, and such as^ are in arithmetical pro- 
gression; which have since been so extensively and 

-^•^ • — r _ _ . ■ r - I » ■ ' ■' . - . ~ 1 \ 

(e) This curious performance, which was published separately 
irom the other works of Vieta, and witho'ithis nanFie, is extremely 
sciirce, few copies of it having ever reached this country. 



■ • 



usefully appGed, both in this science, and in some of 
the higher branches of the modem analysis (/). 

The next writer on this subject, whose bbours de- 
serve particular notice, is George Joachim Rheticus, 
a pupil of Copernicus, and professor of mathematics 
in the university of Wittemburg, who undertook, at 
the desire of his master, to compute the trigonometri- 
cal canon to a far greater extent than had hitherto been 
done ; and though he was prevented from executing 
the whole of this laborious enterprise, he computed 
the canon of sines and cosines for every ten seconds 
o{ the quadrant, and for every single second of the 
first and last degree ; which he lived to complete, but 
never published the work, on account of the expense 
attending the impression* 

Soon after his death, however, which happened in 
1576, Valentine Otho, one of his disciplc^s and friends, 
engaged, according to the dying request that had 
been made to him by Rheticus, to finish this great un- 
dertaking ; and notwithstanding a variety of difficulties 
and obstacles, which retarded the impression, he at 
length gave it to the public, under the title of Opus 
Palatinum de Triangulis (Heidelbergae, folio, 1596) ; 
in which work we have, for the first time, an entire 
table of sines, tangents and secants, for every ten se- 
conds of the quadrant, to ten places of decimals, with 
their differences. 

■ III II I I I I I ■■ 111 I M ■ I ■ ■ ■ I .1 

{/) The demonstrations of most of the trigonometrical theo- 
rems in this woric, relating to angular sections, were supplied by 
Alexander Anderson, at that time professor of mathematics at 
Paris, but a native of Aberdeen, in Scotland. 
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But as this performance, though highly ivaluable in 
other respects, was afterwards found to contain a num- 
ber of errors, particularly in the cotangents and co- 
secants, which the sines that Otho had employed were 
not sufficiently extensive to prevent, Bartholomew Pi- 
tiscus, an able mathematician of that time, undertook 
a careful revision of it. And having procured, with 
some difficulty, the original manuscript of Rheticus, 
he added to it an auxiliary table of sines of small arcs, 
to 21 places of decimals, for the purpose of supplying 
the defect of the former, and published the work, to. 
gether with this addition, under the name of Thesau* 
rus MathematictcSy &c. (Francfort, folio, 1613). 

Having thus furnished himself with sufficient mate- 
rials for the project he intended, Pitiscus re-calculated 
the cotangents and cosecants of the Opus Palatinum of 
Otho, to the end of the first six degrees of the qua- 
drant 5 which rendered the work sufficiently exact for 
all astronomical purposes, even to fractions of seconds ; 
and published the corrections in separate sheets, in 86 
pages in folio, for the purpose of replacing those of 
the former impression. But as the original work had 
been partly sold off, and its purchasers had neglected 
to procure the new sheets, these corrected copies are 
become so extremely rare, that few of them are to be 
found, either in the possession of individuals or in the 
public libraries (g). 

About the close of the 1 6th century, several other 

(g) Fpr a more detailed account of these valuable wor^s, see a 
paper by Prpny, in th^ Memqires de Tlnstitut, vol. v., where he 
says that he knows of pnly two of the corrf ct^ copies of the Opus 
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-persons also wrote on the subject of Trigonometry, and 
the construction of the triangular canon ; among whom 
may be reckoned Philip Lansberg, a native of Zeland, 
who, in 1591, published his Geometric Triangulorumj 
in four books, with the usual tables ; being the first 
work of this kind in which the tangents and secants 
are continued to the last degree of the quadrant, to 7 
places of decimals. 

The Trigonometry of Piliscus, first published at 
Francfort, in 1 599, is also a very complete work, hav- 
ing been long considered, both with respect to the 
correctness of the tables, and its numerous practical 
applications, as the most commodious and useful trea- 
tise on the subject then extant. 

To these writers may Ukewise be added Christopher 
Clavius, a German Jesuit, who, in the first volume of 
his works, printed at Mentz, 1612, in 5 vols. foL, has 
given us an ample and circumstantial treatise on Triga- 
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Palatinum that are now to be found; one being in the library of 
tlie Council of State at Paris, and the other that purchased by him- 
self of the bookseller Duprat 3 both of which can be easily distin- 
guished from the old work, by the difference of the colour of the 
paper, and the type, in the sheets that are changed. 

The title of the corrected copies is as follows : 

Georgii Joachimi Rhetici Magnus Canon Doctrinoe triangulorum 
ad decades secundorum scrupulorum, et ad partes 10000000000. 

Recens emendatus ^ Bartholomaeo Pitisco silesio. Addita est 
brevis commonefactio de fabrica et usu hujus canonis, &c. 

Canon hie un^ cum brevi commonefiictione de ejus fabric^ et 
usu J etiam separatlm ab opere palatino venditur. In Bibliopoleio 
liamlschiano. 
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nometry, xvith tables of sines, tangents and seconds for 
every niinute of the quadrant, to 7 places of decimals^ 
and in a form continued forwards to the end of the 
quadrant. The sines have also their differences set 
down to every second, and the construction of the ta- 
bles is clearly explained, according to the methods of 
Ptolemy, Purbach, and Regiomontanus, 

About the year 1600 Ludolph van Ceulen, a very 
respectable Dutch mathematician, ako published his 
well-known treatise De Circulo et adscriptis^ in which 
he treats of the properties of lines drawn in imd about 
a circle, and especially of chords, or subtenses, with 
the construction of the canon of sines. He here, also, 
determined the ratio of the diameter of a circle to its 
circumference, to 36 places of figures ; showing that 
if the diameter be 1, the circumference will be 3.14159 
56535 89793 23846 26433 83279 50288 + ; which 
ratio, in imitation of the example of Archimedes^ is 
said to have been engraved, by his order, on his tomb- 
stone in the church-yard at Leyden. 

This curious tract, with some other of Ceulen^s dis- 
sertations on similar subjects, was translated into Latin, 
and published at Leyden, in 1619, by Willebrord 
Snell ; who has himself given, in his Doctrina trian- 
gulorum canoniciej the construction of the sines, tan- 
gents and secants, together with a very useful synopsis 
of the calculation of triangles, both plane and sphe« 
rical. 

Francis van Schooten also published, at Amsterdam, 
In 1627, a table of sines, tangents and setants, in a 



small neat form, for every minute of the quadrant, to 
Y places of figures, which has a great character for 
^curacy, being declared by its author to be without a 
^gle error ; though this must not be understood of 
the last figure of the number, which is sometimes er« 
roneous in excess, and sometimes in defect, by not 
being always set down to the nearest unit. 

These are the principal writers on Trigonometry, and 
the tables of sines, tangents and secants, before the 
change that was made in the subject by the introduc- 
tion of the logarithmic calculus, which first began to 
be employed in this science about the commencement 
of the 1 7th century, by its celebrated inventor Baron 
Napier, of Merchiston, in Scotland ; who, in the year 
1614, published his work entitled Mirifici logarithm 
morum canonis descriptio (A), which contains the lo* 
garithms of numbers, and the logarithmic sines, tan*- 
gents and seconds, for every minute of the quadrant^ 
together with the description and use of the tables. 

But the text, or descriptive part of this work, being 
in the Latin language, it was soon afterwards translated 

into English by Mr. Edward Wright, the inventor of 

- — — ■ »■ _ 

{h) The principles of logarithms^ and the method of computing 
the tables^ are not given by Napier in this performance, but were 
afterwards published by his son, Robert Ngpier, who in the yeat 
1619 gave a new edition of his father's work, together with the 
Logaritkmorum canonis constrtictio, and other pieces. In which 
performance it may be observed, that tfie geometrical method, used 
by Napier in computing his logarithms, is similar to that which 
was afterwards employed by Newton .in the generation of mag- 
nitudes^ in his doctrine of flosuons. 
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the principles of what has been usually, though errone* 
ously, called M^rcator's Sailing ; who having finished 
his manuscript, sent it to Edinburgh to be revised and 
improved by the author ; but dying a short time after 
he had received it back, it was published, with a pre- 
face by Briggs, in the year 1616, by his son Samuel 
Wright, together with the tables, but each number to 
one figure less .than in the original* 

Soon after this, several other logarithmic tables, of 
a kind nearly similar to those of Napier, were publish- 
ed by Speidell, Ursinus, and Kepler ; but being in ge- 
neral very compendious, and formed upon principles 
which have since beqn found incommodious in practice, 
they are now chiefly curious on account of the ideas 
and artifices displayed by their authors in their different 
modes of computing them ; in which respect the per- 
formance of Kepler, though frequently abstruse and 
obscure, is particularly deserving of notice, both from 
the originality of his plan, and the able manner in 
which it is developed (/). 

The person, however, to whom we are chiefly in- 

(i) The work of Kepler here mentioned, is entitled CkUias lo- 
gariihmorum ad totidem numeros rotundos, prtsmissa defnonstra- 
tione legitima ortus logarithmorum eorumque usus, &c. (Mar-r 
purg, 1624). To which, the year following, he addefl a supple- 
ment, containing the logarithms of integer numbers, and of such 
of the natural sines as nearly coincide witli them. 

It may also be observed,- that the work of Ursinus above men- 
tioned, entitled Trigontrnietria (Cologne, 1624), is not unworthy of 
attention, as containing a table of natural sines and their logarithms, 
of the Napierian form, to every 10 seconds of the quadrant, which 
he had been at great pains in computing. 
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debted for the new and more advantageous form which 
this admirable mode of computation has since assumed j 
is Mr. Henry Briggs, at that time professor of geome- 
try in Gresham College, London, and afterwards Sa- 
vilian professor at Oxford; who^ besides his eminent 
talents as a mathematician, has the merit of having first 
proposed; both to the public in his lectures, and to the 
illustrious inventor of the doctrine himself, that happy 
improvement in the system of those numbers, which 
consists in making the radix of the system 10, instead 
of 2.7 18&8 182845, &c. as was done by Napier; or, 
which is the same thing, by changing them from what 
are usually called hyperbolic logarithms to the present^ 
common or tabular logarithms. 

Briggs was dso a most indefatigable calculator, hav-' 
ing laboured from the beginning, with great zeal and di« 
ligence, at the computation of these kind of logarithms, 
of which he was the inventor and promoter. And,' 
as the first fruits of his industry, he produced, in 1 624,* 
his Arithmetica Logarithmica^ a stupendous work for 
so short a time ; which contains the logarithms of all 
numbers from 1 to 20000, and from 90000 to lOOOOO' 
to 1 5 places of figures, besides the index. 

The table, however, being imperfect, the remaining 
logarithms were soon afterwards supplied by Adrian' 
Vlacq, of Gouda, in Holland, who completed the 70 
intermediate chiliads, and republished the Arithmetica 
Logarithmica at that place, with these additional num- 
bers, in 1627 and 1628 ; in which state it contains the 
logarithms of all numbers, from 1 to 100000, to 10 
places of decimals, together with a table of. logarithmic 
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mnes, tangents and secants, to the same extent> for 
every minute of the quadrant. 

It may also be observed, that beside the vfrork above 
maitioned, Briggs lived to complete a table of loga- 
rithmic sines and tangents for the hundredth part of 
every degree, to 1 4 places of decimals, together with 
a table of natural sines for the same parts to 15 places, 
and the tangents and secants of the same to 10 places, 
with the construcrion of the whole ; which work was 
likewise printed at Gouda, by Vlacq, in 1 633 ; and on 
bis death, a preface to it Was supplied by Mr. Henry 
Gellibrand, at that time professor of astronomy in Gre- 
di2m College, who also add^ to it the application of 
logarithms to plane and spherical trigonometry, and 
published it the same year, under the title of Trigono^ 
metria Britannica. 

These two performances of Briggs also contain, be^ 
sides the extensive tables above mentioned, and the me- 
thod of constructing them, a variety of other matters 
of great utility and importance in this science ; among 
the most remarkable of which may be mentioned, the 
method of interpolating by differences, as afterwards 
treated of by Cotes, in his Canonotechniaj and the 
^oof he has given, in his chapter on angular sections, 
of the curious property, that the sines of equidiffe- 
rent arcs, with their 2d, 4th, 6th, &c. differences, and 
the cosines of the mean arcs, with their 1st, 3d, 5th, 
&c. differences, are in geometrical progression (i). . 

(k) Besides what relates more immediately to trigonometrical 
subjects, Briggs has shown, in his Trigonometria Britannica, the 
method of generating the coefficients of the terms of any integral 
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In the same year; likewise, and during the time that 
Vlacq was superintending the printing of the Trigono- 
metria Britannica of Briggs, he published, at Gouda, 
his own great work, entitled Trigonometria Ariifici-^ 
alis^ which contains the logarithmic sines and tangents 
of every 10 seconds of the quadrant, to 10 places of 
figures, besides the index ; and the logarithms of the 
first 20000 numbers, to the same number of places^ 
with the diflferences of each ; the whole being preceded 
by an ample description of the tables, and the applica^ 
tion of them to some of the principal problems in plane 
and spherical Trigonometry (/)• 

Several smaller tables of these logarithms were also 
published about the same time by Gunter, "Wingatej 
Roe, and others ; the two latter of whom consider- 
ably improved their form and disposition. Gunter is 
likewise deserving -of notice, from his having first ap- ^ 
plied the logarithms of numbers, sines and tangents, to 
a ruler, in the form of a two-foot scale, that still goes 
by his name : by which proportions in trigonometry, 
aavigation, and other subjects, may be performed by 
the mere application of a pair of compasses ; being a 

■ ; ■ II' I ■ ' I . ■■ . I ■ I I n il I I I I II 1 1 ■ 

power oi a binoniial^ successively from each other^ tndet)e&deDtl3r 
of any other power j a property which Newton afterwards exht* 
bited in the form of a general theorem, algelx'aically expressed, 
and serving for all kinds of powers or roots, whether integral or 
fractional. 

(/) A new edition of the Trigonometria Arttfidalis of Vlacq, 

« 

which hat always been considered as a work of great use to Astro- 
nomers, has been lately published at Leipzig, by Vega, under the 
title of Thesaurus MathemaUcns, 



method fouiided on the well-knowh property, that the 
logarithms of the terms of equal ratios are equidiffe- 
rent (rn). 

But the common logarithmic canon wa^ first reduced 
to its most convenient form by John Newton, in his 
Trigonometria Britannica^ printed at London in 1658; 
which work contains the logarithms of the first 10(XX50 
numbers, to 8 places of decimals, besides the index^ 
arranged in the same manner as they are in our best 
tables at present ; as also the logarithmic sines and 
tangents to the same extent, for every lOOdth part of 
a degree, with their differences, and for the lOOOdth 
part in the first three degrees, according to the decimal 
division of Briggs. 

The greater part of these tables, however, have since 
been, in some measure, superseded by those of a more 
modem date ; among the most accurate and convenient 
of which, for common use, may be reckoned the edi- 
tion of Vlacq's smalLvolume of tables, printed at Lyons 
in 1 670, and another work of this kind printed at the 
same place in 1760 ; but more particularly by the edi- 
tion of Sherwin's Mathematical Tables, in 8vo, 1 742, 
as revised by Gardner; also Hutton*s Mathematical 
Tables, in 8vo., first printed in 1785 ; the Tables of 
Vega, 2 vols. 8vo., printed at Leipzig in 1797; and 

(m) Gunter, who was professor of astronomy at Gresham Col- 
lege at the time that Briggs was professor of geometry there^ is also 
said to have first introduced the use of arithmetical complements 
into logarithmic computations, and to have been the inventor^ or at 
least to have started the idea, pf the logarithmic curve. 



the 1st e^tion of the Tables Portadves de Logarithmes 
of Callet, in small 8iro., printed at Paris 1 783 (n) ; all 
of which are adapted to the sexagesimal division of the 
circle, used by Vlacq and most of the later compilers. 

Besides these, several oth^ tables, of a different kind, 
have been lately published by the French j in which 
the quadrant is divided, according to their new system 
of measures, into 100 degrees, the d^ree in^o 100 
minutes, and the minute into 100 seconds ; di^ prin^ 
cipal of which are the 2d edition of the Tal^ Porta- 
tives of Callet, beautifully primed in stereotype| at 
Paris, byDidot, Svo. 1795, with great additions and 
improvements ; the Trigonometrical Tables of Borda, 
in 4to. an/ix, revised and enriched with various new 
precepts and formulas by Delambre; and the tables 
lately published at Berlin, by Hobert and Ideler, which 
are also adapted to the decimal division of the circle, 
and are highly praised for their accuracy by the French 
computors. 

Among the various tables, however, of the sexage- 
nary kind, none have been more esteemed for their 
us^lness and accuracy than those of Gardifter, print- 
ed in 4to. at London, in 1742 ; which contain the lo- 
garithms of all numbers from.l to 102100, and the 
logarithmic sines and tangents for every ten seconds of 
the quadrant,' to 7 places of decimals, with several other 



(n) This neat portable work, which is now become extremely 
scarce, contains all the tables in Gardiner's 4to vol. hereafter men* 
tioned, with several additions and improvements j and is, by far, 
the most useful and convenient performance of the kind that has 
jret been offered to the public. 

b 



necessary tables. A new edition of which work was 
also printed at Avignon, in France, in 1770, under 
the care of Pezenas, who added to it the sines and 
tangents of every single second, for the first 4 degrees^ 
and a small table of hyperbolic logarithms, taken from 
Simpson's Fluxions. 

But of all the trigonometrical tables hitherto pul> 
lished, the most extensive and best adapted for obtain- 
ing accurate results, in many delicate astronomical and 
geodetical observations, are those of Taylor, printed 
in Jkrge 4to. at London, 1792 ; which contain the lo- 
garithms of the first common numbers from 1 to 
1 260, to eight places of decimals ; the logarithms of all 
numbers from 1 to 101000 to 7 places ; and the loga- 
rithmic sines and tangents of every second in the qua- 
drant, to 7 places ; as also a preface, and various pre- 
cepts for the explanation and use of the tables, which, 
from the author's dying before the last sheet of his 
work was printed off, were supplied by Dr. Maske- 
lyne, the astronomer royal. 

It may here also be observed, that besides the com- 
mon tables hitherto mendoned, which contain the lo- 
garithms of numbers in their usual order, others, of a 
different kind, have been constructed, for the more rea- 
dily finding the number corresponding to any given 
logarithm ; of which the principal one, of any consi- 
derable extent, is the Antilogarithmic Canon of Dod- 
son, published at London, in 1 742 ; which contains 
the numbers correspondmg to every logarithm, fi'om 
1 to 100000, to eleven places of figures, with their 
differences and proportional parts ; and, though little 



• •• 

XXUl 



used at present, is a performance of great labour and 
merit (o^. 

It may also be further observed, that in consequence' 
of the decimal division of the circle, nqw generally 
used by the French mathematicians, a number of per- 
sons have been employed, for several years past^ at the 
Bureau de Cadastre, at Paris, under the direction of 
Prony, in computing new trigonometrical tables . of 
this kind, to a far greater extent than ^y ^hat h^ve 
hitherto been devised ^ but though jdie work appears 
to have been nearly completed a considerable time 
since, it has not yet been offered to the public : which is 
much to be regretted. For, though the bulk and price 
of these tables would necessarily preclude them from 
coming into general use, there are many points of de« 
licate calculation in which they xtught be advantage- 
ously consulted i ^d our common tables could be cor- 
rected from them, or new ones published under an 
' abridged form. It is therefore to be hoped, that this 
great monument of calculation will soon make its ap- 
pearance, under the auspices of a government which 
declares itseU* to be rami des Arts et des Sciences (/>). 
To this brief account of the works of some of the - 
early writers on this subject, and the tables which, at 

(o) Dr. Wallis informs us, in the 2d vol. of his mathematical 
works, that an antilogarithmic canon was begun by Harriot, the 
algebraist (who died in 1621), and finished by Warner, the editor 
of his works, about the year 1640 5 but which was lost for want 
of encouragement to print it. 

(j>y For a detailed account of the contents of this great work, 

and the manner in which it was computed^ see the Report of De^ 

lamtn'e^ M6i9oiTei de Tlnstitut, vol. v. 

b2 
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• The exponential formulae, also, for the sines and 
cosines of arcs, which were first given by Demoivre, 
have greatly contributed to the progress of the analy- 
tical branch of this subject, by abridging its operations, 
tad shortening the labour of investigation j and though 
some writers have represented expressions of this kind 
2S founded upon principles which are repugnant to all 
our. ideas of magnitude or quantity, yet their com- 
modious form, and the ease and certainty with which 
they can be applied in many intricate inquiries, will 
always cause them to be regarded by the skilful analyst 
as an important acquisition to the science. 

Many other improvements, of more or less import* 
ance, have since been made, both in the practical and 
theoretical branches of this subject, by later writers ; 
but of these, none have proved of such general ad- 
vantage to the science as the substitution of the analy- 
tical mode of notation in the place of the geometrical ; 
.which UBeful change was first introduced by Euler ; 
"who, besides this simplification of the former methods, 
has.developed and extended, in his numerous works, al- 
moist every part of the trigonometrical analysis ; which, 
wider his masterly hand, assumed the form of a ne\y * 
science. 

: With respect to the projection of the sphere, which 
is also a branch of science connected with this subject, 
little more is known of the early part of its history than 
what can 'be collected from the writings of Ptolemy, 
who in his treatise on the planisphere, as well as in his 
geography, has left us a number of propositions relat- 
ing to the stereographic method, as it is now generally 
called, of representing the surface of the sphere upoA 
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the plane of one of its great circles, and its application 
to the construction of maps and charts (y). 

It is evident, however, that Ptolemy, whose work 
above mentioned is the oldest of the kind that we now 
possess, was not the author of this mode of projection, 
as he has commonly been thought to be ; since it ap- 
pears from a letter, still extant, addressed by Synesius, 
a disciple of the celebrated Hypatia, and afterwards 
bishop of Ptolemais in Libya, to Paeonius, on his send- 
ing him a silver astrolabe^ that the method of exhi- 
biting the surface of the sphere in this manner, upon 
a plane, was known at an earlier period, and had been 
particularly employed, for geographical and other pur- 
poses, by Hipparchus^ to whom he expressly ascribes 
the invention. 

But though the foundation of this doctrine was esta- 
blished by the antients, they appbar to have been un- 
acquainted with some of its most important principles j 
as it was not knovm to Ptolemy that all the circles of 
the sphere, excepting those whose planes pass through 
the eye, are, in the stereographic methdd, projected 
into circles, or that any two projected great circles in- 
tersect each other in the same angle which the original 
circles make on the sphere. 

The first of these remarkable properties was, in fact, 

for a long period within the reach of mathematicians, 

— 

(q) It may here be observed, that the term Stereographic, which 
denotes solidity, or a projection of three dimensions, is an improper 
appellation 5 and though of Greek origin, is modem, having been 
first proppsed and employed by Aguilon, in his Optics, printed at 
Anvers, l6\3 -, before which time it had the name of Planisphere. 
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tinthout their av^Iing themselves of it. For Apollo-' 
nius having demonstrated, in his Conies, that the sub- 
contrary section of a cone is a circle, the only step to 
be made was to prove that the plane of projection, in 
this method, forms a subcontrary section in every cone, 
the vertex of which is the eye, and the base a circle 
of the sphere ; but, easy as this step appears^ it was 
not achieved till fifteen hundred years after the time 
of Hipparchus. 

It is uncertain, indeed, by whom, or at what time, 
these two useful propositions w^re first introduced into 
this branch of the subject, as the latter is not to be 
found in the large treatise of Clavius on the astrolabe; 
and though the former is distinctly mentioned by Jor- 
danus in his Planisphere, printed at Bale in 1536, the 
first clear and rigorous demonstration of it, by means 
of the subcontrary section, was given by Commandin, 
in his Commentary on the Planisphere of Ptolemy, pub- 
lished at Venice, 1 558. The same obscurity also attends 
whatever relates to the origin and progress of the ortho- 
graphic and gnomonical projections, of which no ac- 
coimt is to be found in any of our mathematical histories, 
though the theory and practice of these methods have 
been amply treated of by several writers, who have 
neglected, with singular indifference, all inquiries con- 
cerning the authors and improvers of these useful in- 
ventions. 
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PI.ANE TRIGONOMETRY. 

A LANE Trigonometry is the science >vhich 
treats of the analogies of plane triangles, and of the 
methods of determinilig their sidies and angles. 

It also comprehends whatever relates to the proper- 
ties and relations of certain right lines drawn in and 
about a circle, called sines, tangents, &c. 

•Itie sides of plane triangles are estimated in.feet^ 
yards, chains, &c ; or by abstract numbers, according 
to the purpose intended. 

A right lined angle is measured by an arc of a cir- 
cle contained between its two legs, and having the 
angular point for its centre; 

Every circle is supposed to be divided into 360 
equal parts, called degrees ; each degree into 60 equal 
parts, called minutes ; each minute into 60 equal parts, 
called seconds; &c. 

So that a semicircle, or half the circmnference, con- 
tains 1 80 degrees ; and a quadrant, or fourth part of 
the circumference, 90 degrees : also a sextant is an 
arc of 60 degrees, and an octant an arc of 45 degrees. 

An angle is likewise said to be of as maAy de- 
grees, minutes, seconds, &c, as are contained in. the 
arc, or part of the circumference, by which it is 
measured (a). 

(a) An angle may be of any magnitude less than 180 degrees j 
^aod in ettitaxating its me^ure^ it is the same thinjjr whether the 

B 



Hence, a right angle, being measured by a quartet 
of the circumference, is 90 degrees ; an obtuse angle 
is greater than 90 degrees ; and art acilte angle less 
than 90 degrees. 

Degrees are marked at the top of the figure, w 
figures, by which the arc is denoted, by a small ^^ 
minutes by ', seconds by ", &c. 

Thus, 39^ 28' Y' is 39 degrees, 28 minutes, 7 
seconds. 

The complement of an arc is the difference be* 
tween that arc and a quadrant, or 90° ; and the supple- 
ment of an arc is the difference between that arc and a 
semicircle, or 1 80^. Thus, b c is the complement of 
A B J and B a is its supplement (i^). 
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circle described from the angular point be larger or smaller, as the 
arc contained between tlie two legs is always the same part of 
the whole circumference. It may also be remarked, that it is not 
the angles of triangles themselves that are employed in calcula-* 
tion ; for as the exact proportion of the radius of a circle to its cir^^ 
cumference, or of any right line to a circular arc, is unknown^ 
no direct comparison can be made between the sides and angles of 
triangles 5 and, therefore, recourse mast be had to the sines, tan- 
gents, Src. of those angles which are lines of tlie same kind with 
the sideiSj 

(b) The complement is common to two arcs, or Angles, which 
fire the supplements of each other. Thus, b c is the complement 
of A B or of B a 3 but in most practical questions^ it is usually un- 
derstood to be what any acute angle^ or an arc^Vants of 90^ . 



In lijce manner, the complement of an angle is the 
difference between that angle and a right angle, or 90°; 
and the supplement of an angle is the difference be- 
tween that angle and two right angles, or 1 80°. Thus 
BOO is the complement of aob, and bo a is its 
supplement. 




The _sine of an arc is a right line drawn from 6ne 
end of the arc perpendicular to the diameter which 
passes through the other end. Thus b d is the sine 
of A B, or of B a. 




TTie cosine of an arc is the sine of the complement 
of that arc, or the part of the diameter which lies be* 
tween the centre of the circle and the sine. Thus b f, 
or its equal o d, is the cosine of a b or of b a^ or 
the sine of its complement b c. 




The tangent of an arc, is a right line drawn perpen- 
dicular to the diamet^, at one end of the arc, and ter- 
minated by a right line drawn from the centre through 
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the other end. Thus a e is the tangent of a b or of 
Ba. 




The cotangent of an arc is the tangent of the com- 
plement of that arc. Thus c g is the cotangent of a b, 
or of B a, or the tangent of its complement b c. 




The secant of an arc is a right line drawn from the 
centre, through one end of the arc, and terminated 
by the tangent, or a line drawn perpendicular to the 
diameter at the other eiid. Thus o e is the secant of 
A b, or of B a. 




The cosecant of an arc is the secant of the comple- 
ment of that arc. Thus o o is the cosecant of a b, 
or of B a, or the secant of its complement b c. 




The versed sine of an arc is that part of the diameter 
which lies between the beginning of the arc and the 
sine. Thus ad is the versed sine of a b, and d a is 
the versed sine of its supplement b a. 




The coversed sine of an arc is the versed ane of the 
complement of that arc. Thus c e is the coversed 
sine of a b, or the versed sine of its complement b c j 
and £ D is the versed sine of the supplement of B 6. 




The chord of an arc is a right line joining the two 
extremities of that arc. Thus a b is the chord of the 
arc A b, and b a is the chord of its supplement (c). 




(c) The sine or cosine of any arc or angle can never exceed the 
radius, and the secant and cosecant are nearer less than the radius; 
but the tangent and cotangent admit of all possible degrees pf mag- 
nitude. 

It may also be remarked that the chord of 60», the sine and 
versed sine of go^, and the tangent of 45^ are all equal to the ra- 
dius, whatever be the magnitude of the circle j also the sine of 30*, 



The cochord of an arc, is the chord of the comple- 
ment of that arc. Thus b c is the cochord of a b, or 
the chord of its complement b c ; and b d is the 
chord of the supplement of b c. 




The lines here described, belong equally to an angle 
as to the arc by which it is measured ; and, except the 
chords and versed sines, they are all common to two 
arcs or angles which are the supplements of each other. 

So that if the sine, tangent &c of any arc or angle 
above 90^ be required, it is the same thing as to find 
the sine, tangent &c of its supplement, or what it 
wants of 180^. 

They are also called the natural sines, t?mgents &c 
of the arcs or angles to which they belong ; and the 
logarithms of the numbers by which they ar^ repre- 
sented, are the logarithmic sines, tangents &c. 

And as one or other of these lines make a part of 
every trigonometrical operation, they have been calcu* 
lated to a given radius, for every degree, minute &c 
of the quadrant, and ranged in tables for use. 

Whence, by the help of such a table, the sine, tan- 
gent &c of any arc or angle, may be found by inspec- 
tion ; and, vice versa, the arc, or angle, to which any 
sine, tangent &c belongs. 



or the versed sine of 60**, is half the radius, and the secant of 60^ 
is double the radius. 



' Upon this table also, and the doctrine of similar tri- 
angles, depends the solution of the several cases of 
plane trigonometry, which may be performed either 
by the natural or logarithmic sines, tangents &c, as 
occasion requires. 

But the logarithmic sines, tangents &c, are those 
most commonly used ; as the calculations, in this case, 
are all performed by adding and subtracting only, in- 
stead of-multiplying and dividing, as is required by the 
natural sines, &c (jd). 

In every plane triangle, three things must be given 
to find, the rest ; and of these three one at least must 
be a side, because the same angles are common to an 
infinite number of triangles. 

<i ■ ■■'■ ■ ' ■ I I I II I » I II ■ 1 1 I I II j i 

(d) The sine^ tangent &c of any arc or angle being of the same 
magnitude as the sine, tangent "Sec of its supplement, it is plain 
th^t a table of these lines made for every degree, minute &c of 
the quadrant, or gOP, will serve for the whole circle. 

It is also to be observed that, in every such table, the natural 
sines, tangents &c, are usually, calculated to radius 1 5 but in order 
that the logarithmic sines, tangents &c may be all positive, they 
dre calculated to radius 1 OOOCioOOOOO, or 1 with 10 ciphers, 
the logarithm of which is 10, so that the latter are the logarithms 
of the former with 10 added to the index. 

And, as the natural sines, tangents &c of any angles or arcs of 
different circles, are proportional to the- radii of those circles, 
4|^eir values may be readily founds or made to correspond to any 
];adius whatever. 

Such circumstances as relate to Ae state of the sine, tangent &c 
with respect to their being positive or negative, will be noticed ia 
another part of the work, as they do not interfere with the com^ 
6ioa practice. 
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It 18 also to be observed, that all the varieties that 
can possibly happen in the solution of plane triangles, 
are comprised under the three following cases : viz. 

1 . When two of the three given things are a side 
and its opposite angle. 

2. When two sides and their included angle are 
given, 

S. When the three sides are given. 

Each of which cases may be resolved, either by 
geometrical construction, by arithmetical computation, 
or instrumentally. 

In the first of these, methods, the triangle is con- 
structed, by laying down the sides from a scale of 
equal parts, and the angles from a scale of chords, or a 
protractor, and then measuring the unknown parts by 
the same scale or instrument from which the others 
were taken. 

In the second method, having stated th6 proportion, 
according to the proper rule, multiply the second and 
third terms together, arid divide the product by the 
first, and the quotient will be the fourth term required, 
for the natural numbers. Or, in working by loga- 
rithnjLS, add the logarithms of the second and third 
terms together, and from the sum take the logarithm 
of the first, and the number answering to the remain- 
der, will be the fourth term sought, 

In the third method, or instrumentally, as suppose by 
the logarithmic lines on one side of the common two 
foot scales, extend the compasses from the first term to 
tbe second or third as they happen to be of the same 

5 
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kin44 ^d ^^ extent will reach from the. :Q]9ier terot 
to die fourth tenn required, taking both extentai to- 
wards the same end x>f the scale. 

The second of these methods, however, or that in 
which the operation is paformed.by logarithms, is the 
one generally employed ; the other two being chiefly 
of use as checks on the calculations, or, in certain 
simple cases, where a near approximate value of the 
quantities to be determined is thought sufficient (e). 

It may here also be further remarked, that when 
one or more logarithms are to be subtracted, in any 
operation, it will be better to write down their complex 
mentSj or what each of them wants of 10.0000000 
instead of the logarithms themselves, and then add 
them all together, abating as many tens in the index 
of the sum as there were logarithms to be subtracted. 

Thus, if the logarithm to be subtracted be 3.4932758, 
it. will be the same thing as to add its complement 
6.5067242 ; and if it be 9.07432600, its complement, 
or the number to be added, will be 0.92567400; which 
numbers are readily foimd by beginning at the left 
hand and subtracting each figure of the logarithm 
from 9, except the last significant figure on the right, 
which must be subtracted from 10. 

If the index of the logarithm, whose complement 
is to be taken, be greater than 10, write down what the 
index wants of 19, and the rest of the' figures as be- 

(e) In working any question by logarithms, it is not always ne- 
i^essaiy t^ make the figures in exact proportion, as the leamef 
tboold accustom himself to such as are readily formed by the pea, 
and used only for the purpose of guiding him in the ralcnlatian. 
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fcyre ; and, after the addition, subtract 20 from the index 
of the sum. And if the logarithm of a decimal is to 
be subtracted, add 10 to the index, and then take the 
complement of the resulting number, and the rest of 
the figures, as before. 

Thus the complement of the logarithm 12.4907327 
is 7.5092673 ; and the complement of the logarithm 
of 3,5972648 is 2.4027352. 

t 

PROPERTIES OF PLANE TRIANGLES, REQUIRED IN 
THE PRACTICAL PART OF THIS SCIENCE. 

1. The sum of all the three angles of any plane 
triangle is equal to two right angles, or 180^ (f). 

2. The greater side is opposite to the greater angle; 
and the less side to the less angle. 

3. The sum of any two sides is greater than the 
third ; and the difference of any two sides is less than 
the third. 

4. The triangle; is equilateral, isosceles, or scalene, 
according as its three angles are all equal, or only two 
of them equal, or all three unequal. 

5. The angles opposite to the two least sides are 
acute ; and if there be an obtuse angle, it is opposite 
to the greatest side. 

(/) Since the sum of all the three angles of any plane triangle is 
180**, if one of the acute angles, of a right-angled triangle, be sub- 
tracted from 90°, the remainder will be the other acute angle. 

In like manner, if the sum of any two angles of a plane triangle 
be taken from 180®, it will leave the third angle 5 and if any one 
of the three angles be taken from lS(y*, it will leave the sum of 
the other two. 
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6. A perpendicular drawn from the opposite angle 
to the longest side will fall within the triangle ; and the 
greater and less segment will be next the greater and 
less side (g). 

7. In an isosceles triangle, a perpendicular drawn 
from the vertex will bisect both the base and the ver- 
tical angle. 

8. In a right-angled triangle the hypothenuse is equal 
to the square root of the sum of the squares of the 
other two sides ; and either of the sides is equal to 
the square root of the difiFerence of the squares of the 
hypothenuse and the other side. 

Note, also, that if the half difference of any two 
quantities be added to their half sum, it will give the 
greater of those quantities ; and, if it be subtracted 
from the half sum^ it will give the less, 

CASE L 

When two of the three given things are a side and 
its opposite angle, to find the rest* 

RULE. 

The sides of any plane triangle are to each other as 
the sines of their opposite angles, and vice versa :— 
That is. 



(g) Besides the case here mentioned, which is sufficient for aU 
practical purposes, it may be further observed, that if the angles 
at the base be both acute, the perpendicular will fall within the 
triangle 3 but, if one of them be obtuse, it will fall without the 
triangle, on the side of the obtuse angle. And in either of these 
cases, as in the former, the greatest segment will lie next th# 
greatest side^ and the least segment next the least side. 
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As any side is to the sine of its opposite angle, so is 
any other side to the sine of its opposite angle. 

Or, As the sine of any angle is to its opposite side, 
so is the sine of any other angle to its opposite side. 

Hence, to find an angle, begin the proportion with 
a side opposite to a given angle ; and to find a side, 
begin with an angle opposite to a given side. 

Note. When two sides and an angle opposite to one 
of them are given, to find the rest, the question is 
sometimes ambiguous, or admits of two different an- 
swers. 

Thus, if the given angle be opposite to the least of 
the two given sides, the angle to be found, by the 
rule, may be either an acute angle or its supplement f 
but, if it be opposite to the greater sidej^ the required 
angle will be acute {h). 

EXAMPLE I. 

In the plane triangle abc, 

Tag 236 1 Yards. Required, the 
Given < b c 350 / other parts. 
I i^ B 38° 40' 




(k) A« the results in this rule are determined by means of the 
sines^ whicli are always the same for an acQte angle and its sup- 
plement^ it is plain that^in certain cases, there may be two triangles 
with the same data> one acute- angled and the other obtuse-angled: 
find, consequently, \A'hen there is no restriction or limitation in the 
xjuestion^ either of them may be taken for the one required. 
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BY CONSTRUCTION. 

1 . Lay down the line b c = 350, from some conve- 
nient scale of equal parts. 

2. Make the i^ b = 38^ 40'"by a scale of chords, 
or other instrument. 

3. With the centre c, anci radius 236, taken from 
the same scale of equal parts, cross b a in a or a. 

4. Join CA or c«, and the triangle abc, or gbc, 
is the one required. 

Then, the -^^ c and a, measured by the scale of * 
chords, and the side b a, or b a, by the scale of equal 
partSy will be found to be as follows, viz. 

30 



I c 29^° 
or 73-1- 



Z a 67t 
or 1124-^ 



ab 184 
or 362 



BY calculation. 

As side AC 236 2.3729120 

7.627088O 

Is to sine JL^ 38° 40' - 9.7957330 

So is side B c 350 2.5440680 

To sine JL a 67° 54' or 1 12° 6' 9.9668890 

38° 40^ 38° 40' 

Sum 106° 34' or 150° 46^ 

Subtract 180° 0' 180° 0' 

Leaves 73° 26' or 29° 14' i^ c 

Thus^ in the figure given above, where the least side a c is op- 
posite to the given acute angle b, it appears, from the construe* 
tion, that either abc or abc is the triangle sought. But when 
the given angle is right or obtuse, it will be opposite to the great' 
est side, and in this case there can be no ambiguity 5 for then 
neither of the other angles can be obtuse, and the geometrical 
construction will accordingly form only one triangle. ^ 
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Then, 

: Sine Z b 38^ 40' 



Side AC 236 - - 
: Sine Z c 29^ 14' 

Side AB 184,47 



Or, 



: Side ac 236 - - 
::Sine Z c 73^ 26^ 

: Side as 362.04 



9,7957330 

0.2042670 
2.3729120 

9.6887467 
2.2659257 



: Sine Z b 38° 40' 9.7957S30 



0.2042670 
2.3729120 
9.9815870 
2.5587660 



INSTRUMENTALLY. 

In the first proportion, extend the compasses from 
236 to 350 upon the line of numbers, and that extent 
will reach, upon the sines, from 38-|.^ to 67^°, for the 
Za. 

In the 2d proportion, extend from 38f° to 29-f«' or 
73-i-*' upon the sines, and that extent will reach, upon 
the line of numbers, from 236 to 1 84, or 362, for 
the side ab, or as. 

EXAMPLE II. 



In the plane triangle abc, 

r ab 131 
Given< bc 97 Ans 

t -^c 90^ 

Required the other parts. 




A c 88.045 
^ A 47^ 46' 
I B 42^ 14' 
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EXAMPLE III. 

In the plane triangle abc, 

r B c 305 r A c 237.93 

Given < i^B 51^15' Ans.< ab 185,09 

IZc ST 21' I Za 91^24' 

Required the other parts. 

EXAMPLE IV. 

In the plane triangle abc, 

r ab 195 r Za 92° 13' 

Given<| ac 203 AnsJ Z c 42^47' 

t -^ B 45^ t B c 286.87 

Required the other parts. 

EXAMPLE V. 

In the plane triangle abc. 



r* 



C 345 



Given< ac 232 

t ^ B 37° 20' Ans. 

Required the other parts. 



AB 174.07 
or 374.56 
Zc 27^ 4' 
or 78'' 16' 
Za US'" 36' 
. or 64'' 24' 



CASE n. 



' When two sides and their included angle are given, 
to find the rest. 

kULE. 

As the sum of any two sides of a plane triangle, is 
to their difference, so is the tangent of half the sum of 
their opposite angles, to the tangent of half their diffe« 
rencc. 



Then the half -^iifierenee of these angles, added to 

' i • ■ ■ 

their half sum, giveS the greater angle, and subtracted 
from it givtes the less. 

Ahd^^is^all the angles are now known, the remaining 
aae.may be found by Case L ' * 

Note. Instead of the tangent of half the sum of the 
two unknown angles, we may use the cotangent of 
half the given angle, or the tangent of half its supple- 
ment, which are all equal to each other (f). 

' EXAMPLE. 

In the plane triangle a b c. 
Given I BC sS!}^"^'' Required the rest. 



Alt 
\ 




BY CONSTRUCTION. 

1. Draw BC = 2394 from a' scale of equal parts* 

2. Set off the 2 b = 34° 46' by a scale of chords, 
or other instrument. 

(i) When the triangle is isosceles^ the angles at the base are each 
equal to half the supplement of the given angle, or that at the ver- 
tex ; whence the third side may be found directly by Case I. 

And if the included angle be a right angle, or gOf^, the third side, 
or hypothcniise, may be found by extracting the square root of 
the sum of the squares of the other two sides. 



J» > 
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S. Make ab a 1075 by the same scal^ of equal 

parts, as before. 

4. Join A, c, and the triangle is coxistnicted, 
' Then, the p^rts being measured, we shall have Z a 

=5 129^i, iJ o » SS'^tVj and side AC = 1680 feet 

BY CALCULATION. 

: AB + BC 3469 *.-..- 3.54O2043 

6^97957 
: ABtr.BC 1310 i 3.1202448 

:: Tan, ^ 72^^ 37' 10.5043702 

: Tan. ^ 50"^ 32' - - - * 10.0844107 



Sum 123° 9" Za 
Diff. 22° 5' Zc 
Then, 

-; : Sme Za 123° 9' or 56° 51' 9.9228509 

0.0771491 
: SideBC - - - - 2394 - - * 3.8791241 
:: Sine ^b - - - - 34° 46^ - * 9.7560544 

2 Side AC - - - - 1630.5 - - 3.2123276 

msTRUMENTALLT. 

In the first proportion, extend from 3469 to 1319 
cm the line of numbers, ^nd that extent will reach, on 
the tangents, from 72° 87' (the contrary way, because 
the tangents are set back again fix)m .45°) to beyond 
45° ; which being set so &r back from 45°, fails upon 
50^+, the fourth term. 

In ^e 2d proportion, extend froip 56'^4. to 34^f on 
, the sines, and that extent will reach, on the numbers, 
frpo) 2894 to 1 630^ the fourth term. 



f »' 
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EXAMPLE It. 

In the plane triangle ab c, 

AB 805 - r i^A 58*^43^ 

BC 271 Ans. 

is 47^ 10' 

Required the other j^arts. 

' EXAMPLE iiu 
In the plane triangle ab c, 

Gwen^ B c 1 Cf25 Ans. 

Required the other parts. 

EXAMPLE IV. 

in the plane triangle abc, 

_ r A" ^^^ r^-*^ 113" 54' 

Given< b.c 738 Ans.< -<ic 40° 40' 

t 23 25° ay t AC 346.43 

Required the other parts. 

EXAMPLE V. 

In the plane triangle a b c, 

. r AB 369 r 2 A 61" 22' 

Giveri<J ic 369 Ads.< 2 c 61* 22' 

1.2b 57*12' t AC 353.38 ' 

Hequirieii' the Other parts. 

I 

CASE ra. 

When the three sides are given, to find the angles; 

RULE. 

A^ake the longest side the ba^, and let fall a per^ 
pendicular upon it mto the bppbdte'^gle. 



' J9 

Then, as the base, or sum of its segments, is to the 
sum of the other two sides, so is the diflference of those 
ddes to"'fhe<Hff(*teiice-ofWie*gments bfthel^ 

And hiilf tins <liflF6iiMce, ^ being 'added to half the 
base, * will' ^e 'the greater segment ; and, subtracted 
from it, ^ei^ give the less. 

Then, in each of the right-angled triangle formed 
by the perpendicular, there will be known two sides and 
an angle lappb^ to one of th^m ;- frotn^ whence the 
other angles may be found, by Case L 

EXAMPLE* I. 

In the' plane triai^e a b c. 



Bc 690 



j angles. 




-BY CONSTRUCTION. 

1. Dravi^ BC = 6dO, by a scale of equal p&rts. 

2. Witk^he centres B, c, and radii 464 and 348, 
taken from the same ecale, describe arcs intersecting 
each other in a. 

3. Join AB, A c, and'4jie triapgle is constructed. 
Then, by measuring the 'angles- with a protractor, 

or by the scale of chords, they will be found to be 
nearly as follows, viz. I ^— 115%, id; b = 27% and 

c 2 
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BY CALCULATIOK. 

Haying let fall the perpendicular a d, it will be 

: BC or BD + DC 690 • . 2JB388491 

7^1611509 
: AB + AC - - - 812 - . 2.9095560 
::ab«-^ac - - - 116 - - 2.0644580 

: bd«-.bc .- 136.51 • 2.1351649 



„ 600+136.51 ^,«^^ 
Hence \^ = 413.25 = 



bd 



. J 6&0— 136.51 «^^,-- 

And ^ = 276.75 = c D 

Then, In the triangle a b d, right il ^ at d, 

: AB 464 - - . 2.6665180 

: BD 413.25 . 2.6162169 

: : Sine Z d . . 90^ - - 10.0000000 

: Sine i^BAD - 62^57' - 9.9496949 

90^ 0" 

27^ S' 2 b 

And, in the triangle a c d, right il "^ at d, 

: AC 348 .. • 2.54rl5792 

: DC 276.75 - 2.4420876 

:: Sine ilD - - 90"^ - - 10.0000000 

: Sine jLq aj> 52'' 40' - 9.9005084 

90^ O' 

87'' 20' if c 

Also 62'' 57' ^ BAD 
And 52^^40' ilcAD 

Makes 115^" ST' i^BAc 

Whence -^B = 27'' 3', /c = 37'' 20', and ^Tbac 
=: 1 15^ 37^ 
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INSTRUMENT ALLY. 

In the first proportion, extend from 690 to 812 on 
the line of numbers, and that extent will reach, on the 
same line, from 116 to 136^., the difference of the 
segments of the base. 

In the second proportion, extend from 464 to 413 
on the numbers, and this extent will reach, on the sines, 
from go"" to 62'' 57\ 

In the third proportion, extend from 348 to 2764 
on the numbers, and that extent will reach, on the sines, 
from 90° to 52%. 

EXAMPLE II. 

Tab 800 f Za 33° 35' 

Given^ ac 320 Ans.< Zb ia°22' 

tsc 562 I Zc 128° 3' 

Required the angles. 

EXAMPLE III. 

Tab 270 f Za 53° 7'j- 



Given^ ac 216 Ans.< Zb 36° 52'i 

Lbc 162 t ^c 90' 

Required the angles. 

EXAMPLE IV. 

Tab 672 f A a 90° 13' 

Givea-l ac 403 Ans.^ Zi 30° 54' 

tsc 785 \Zc 58° 53' 

Required the angles. 

example v. 

{AB 400 r Za 82° 49' 

AC 500 AnsJ Zh 55° 47' 

*■« 600 IZc 41° 24' 

Required the angles. 
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EXAMPLE VI. 

fAB. 53 (/'^ 2ft'' 23^ 

GTvea/ Ac' 92.36 Ans.< ' JL b 121* 14' 

^B-c 53 L iic 29" 23' 

Required the angles. 

t 

Tbe$e three, probl^nxs include all the. cases w yari* 
eties of pjane triangles^ as well right-angled as oblique^ 
that can possibly happen \ but there are some other 
thjeoren:xs, for right-angled triangles, that are oftea 
more convenient in practice than, the general one^, th§i 
nK)st useful of which is the one that follows : 

CASE IV. 

In an)vright-angled triangle, As radius is to the tan- 
gent of either of the acute angles, so is the side adja,- 
cent to that a^ngle to the side opposite to it \ and vice 
versa. 

Or, As radius is to the cotangent of either of the 
acute angles, sois the side-opposite to that angle to the 
§ide adjacent to it ; and vice versa(^). 

It may also be observed, that the sine of either of 
the acute angles of a right-angled-triangle, being equal 



(jfe) The, follo^witig^analogy might, also, have been given :-:-A«, 
radius is to the secant of either of the acute angles, so is the side 
adjacent to that angle to the hypotbenuse. 

Or, As radius is to the cpsecaiit of* eitl^er of the acute angles, 
so is th8;rSide<!f>posite th^t angle to the hypqtJbeQU^e. 

But thetruiefor.flns case Js ao* readily perforated by the^iij^es and 
cosines, wfaich»are always to be found in ^ Jogaiitlimic tables, 
wh^re the secant is frequently onutt^d. . 



2?. 

to the cosine of the other, the latter may be used in- 
stead of the former, ^trhenever it renders the operation 
more ample. 

EXAMPLE I, 

In the right-angled plane triangle abc, 

r"" « / ^^ 324 1 Required the other 

^^^^ \ Zjx 53^ r 48'' / ' parts. 



A 




BY CONSTRUCTION. 

Make bc = 824, and i^ b = 53.^ 7^ ; then raise the 
perpendicular c a, meeting b a in a ; and the triangle 
is constructed ; in which a b will he found to measure 
540, and a c 432 ; and Z a, which is the complement 
of iiB,is 36^53'. 

BY CALCULATION. 

Rad, or smc - • - - 90^ - - - 10.0000000 

tan. iiB : . .53^7' 48'r l4.1?49«'?i 

: Side BC. -•.-». 324 - - I ±5W5450 

Side AC ..-.., 432. - - - 2*6354821 

Sine -^ A or COS. ^a 53*7' 48" 9.7781524 

SideBC • « . . , .\5^4 --• ^.5105450 

; Had, or sine 2 c - - 90" - - - 10.0000000 



Side AB . . . ^ ; . 540 ... 2.732 



mm*mn 




And 90*-53" 1 48"=3^.5a.' 1^. Ix. 
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INSTkUMENTALLY. 

Extend the compasses from 45^ to 53% on the tan- 
gents, and that extent vdll reach from 324 to 432^ on 
the line of numbers, for the side a c. 

And the extent from 53% to 90^ on the sines, will 
reach from 324 to 540 on the line of numbers, for the 
hypothenuse ab. 

. EXAMPLE II. 

In the right-angled triangle abc, 

p.. r BC 379 r AC 460.85 

^^^^^1 Za 39^26' An&sJ AB 596.6» 

I jCb 5QP 34' 

To find the other sides and angle. 

EXAMPLE III. 

In the right-angled triangle abc, 

'^. r AB 402 r BC 224.11 

^^^^\ ZA 56^7' Ans.^ ac 333-73 

Za 33"^ 53' 

To find the other sides and angle. 

EXAMPLE jv. 

In the right-angled triangle ABC, 
G' ven / ^ ^ ^^ r :bc 242.96 



I AC 437 Ans.^ Z a 29'' 5' 

t Zb 6€P5$' 

To find the other side and angles. 

EXAMPLE V. 

In the right-angled triangle abc, 

p. /ac 299 r AB 441.6 

^^^"\CB 825 Ans.<J Za 47^*23' 

t^B.42''36' 

To find the hypothenuse and angles. 
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' To these rules may be added the following tables, 
which contain the solutions of all ttie cases of plane 
trigonometry before given ; together with such addi- 
tional formulae for the tangents, as are better adapted, 
in certain instances, to the producing of accurate results 
than those derived from the sines and cosines (/}• 

N. B. — € L is used to denote the co-log, or the com- 
plement of the common tabular logarithm of the 
number answering to the letter or expression to which ^ 
it is prefixed. And the sign ^ expresses the difference 
bf the two quantities between which it is placed, when 
it is not known which of them is the greater. 

■ ■ ■' III t '■' ' !■ 

(Z) The reason of this deficiency of the sines and cosines, in 
the cases alluded to, is, that if an arc near 90^ be found in terms 
of its sine; or a very small arc, or one near 18Q®, be found in terms 
of its cosine, the variation of these lines is so small, that they will 
not change in the tables for many seconds. 

Thus, if the log-sine, or cosine, of a required arc should come 
out 9.9999998, this number, in the tables, is the sine of an arc 
tirom Qgp 56 1 9'' to 890 5/ 8", or the cosine of an arc from 2' 52" 
to 3' 4\" } and consequently it is impossible to say what arc or 
gngle, between tliese limits, is to be taken, owing to the tables nojt , 
being continued to more tlian seven places of decimals. 

In these cases, therefore, it will be proper to employ the log- 
tangents or cotangents, which are not liable to this defect, as the dif- 
ference for 1" is 42 at an arc of 45°, and larger m every oth'er part 
of the quadrant. 

It may be remarked, however, that when this kind of sine or 
cosine enters into the calculation, as one of the data, it is rather 
favourable than otherwise to the accuracy of the result, or the 
value of the thing sought 5 as any small error in the given arc, or 
angle, will not affect the tabular value ofits sine or cosine.' 

5 
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SOLUTIONS O? ALL THE CASES OF R1GHT»ANG;.K> 

PLANJe^ TMANGLES. 




L Given the hypothenuse and either of the oblique 
^gles, to find either bf the legs. 



As 



RULE. 

sin given JL 



its opp. leg 



r sin given JL r its opp. 
rad ; hyp ::< or : <. 

(^ cos given Z. (^ its ad}*. 



leg 



Or, 



C 8IQ. A C COS. S , 

a = or ; h = 



CSIO. H < CCOS. 4 

or — 



Lfl = Lc + L sin A (or L cos b)— 10 J l6 = L.C + 
L sin B (or l cos a)— 10. 

A ^ c* sin A cos ▲ c^siBBcoss 

Area A = — r-= or 



2r*- 



2f* 



U. Given the hypothenuse and ath^r oC the le^ ta 
find either of the oblique angles. 

KULE I, 

Wi its opp, 2 
As hyp : rad :: given leg 



Or, 



C sin Its opp, c 
: < or 

t cos its adj^ 2! 



c 



Sin A (or cos b) = — j sin 9 (or cos a) = 

c 

L sin A (or L COS b) = € L c + L « } L s|n B (or L 

cos a) = € L C 47 hb. 



2T 



RUJUE 11^ 



Tan 4- A = r \ /t^ ; tan 4. B = r \/£^ 

y c+b* ^ V c+.a 

I. tan ^ B =: :^iii^±^±ii£=ii±i2. 

Area As: - V'iiZ^ or^ -/Sr? , 

III. Given the hypothenuse and either of the l^;s, 
to find the other le|^. 

RULE I. 

Find either of the oblique Z^ by case 11. j and then 
the required leg by. case i. 

RULE II. 

, l(o4-^)+l(c-^) ^ ^ /. ^ L(c4-fl)+L(c— g) 

2 ' 2 



Mi^i 



IV. Given either of the legs and either of the obr 
lique angles, to find the other leg. 

RULE. 

tan Z adj^ given leg 
As rad : given leg : : ^ or : req^. leg. 

given leg 



r tan ii adj^ gii 
::< or 

i,cot i^ opp.gr 



Or, 

' ^tanA ^ cot B / AtanB a cot a 
a = or : b = or 



r 



La =: l6 + L tan A (or l cot b)— 10 ; l /? = La + 
I* tan B (or L cot a) — 10. 

Area A = -^^ — -^r 



%r %r 
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V. Given cither of the legs and either of the oblique 
aingles, to find the hypothenuse. 

RULE. 

As sin Z. Qpp. given leg 1 . - . , 

^ . ,.* . t r • given leg : : rad : hyp 

Or cos I adj^ given leg J ^ ^ ^^ 

Or, 

r a rh 

C =: 



sin A (or cos b) sin b (or cos a) 

L c = € L sin A (or € L cos b) + La = €LsinB 
(gr € L cos a) + l^* 

> > : — ■ 

VI. Given the two legs, to find either of the ob- 
lique angles. 

^ RULE. ^^ •. y 

rtan itsopp. Z 
As either leg : rad :: other leg :< or 

(, cot its adj^ Z 
Or, 

Tan A (or cotB) = -^ } tan b (or cot a) = 

L tan A (or L cot b) = € L Zj -f- La j l tan b (or l 
cot a) = € La + L^- 

Area A = - . 

■ ■ ■ • ■ ■ f ••• • ■• - ■ - ■ • - 

VIL Given the two legs, to find the hypothenuse. 

RULE I. 

Find either of the oblique Z^ by case vi, and then 
find the hypothenuse by case v. 

RULE II. 

c= i/^Tr«=aY/i+^;=^Y^f^ 
which formulae do tiot admit of convenient logarithmic 
expressions. 
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SOLUTIONS OP ALL THE CASES OF OBLIQUE-ANGLED 

PLANE TRIANGLES. 




I. Given a ^de and two angles, to find either of the 
Other two sides. 

RULE, 

Find the 3d or remaining L , if necessary, by sub- 
tracting the sum of the two given A * from 1 80°. 

Then, 

As sin £ opp. given side : given side : : sin Z 
opp. required side : required side. 

Or, 

h sin A 

a = -— ; 

sin B 

Lrt = € L sin B + L sin A + l^— 10. 

Either of the other sides may also be expressed in 
the same form, by taking the side and angles which are 
similarly situated with respect to the side whose value 
is sought, And the same may be observed in all tHe 
other cases, where only one side or an angle is exhi- 
• bited by the formula* 

Area A = ^-7^ sin (a+b). 



3d 

ih Civen two ^des and an angle oppo^te to on^ bf 
'them,* to" find the other angles. 

RULE I. 

As side opp. given Z : sin given Z : : other side : 
sin its opp. Z> . 

Which Z is acute, if it be opp. to the least of th% 
two given sides ; but, if it be opp. to the greater, it 
Hiay be either an acute Z or its sup^ 

The 8d or rtmainiiig Z = I80°~ sum of the dther 
two Z\ Or, 

^. a sins 

Sm A = — > — 

LsinA=:€LA + La + ^sinB — 10* 

RULE II. 

€ Li + La + L sin B — 10 = L tan ^. 
Then, L fan (4^° + -^a) = 'o + ^ i^j45'> + f) 

Where arc f is always less than 90®; and Z a h 
subject to the same ambiguity as in rule i. 

Note. In this and the following case, the given sides 
and Z must be so taken, that the result, found by the 
operation, shall not be greater than radius, otherwise 
the A is impossible. 



in. Given two sides and an angle opposite to one of 
^em, to 'find the remaining side. 

RULE. 

Find the other two i^ ' by case ii, observing that 
they will be equally subject to the ambiguity there 
mentioned. 

8 



Then find the remaining side by case i. 

Or, the side may be found by the following formula: 

^ cos A , 1 

C = + — v^y»a*— i«sin*A 

r — r 

But this does not admit of a convenient logarithmic 
expression. 

Area A — ^^'Q ^ (^ ^^ -^A V^>^Q*-^^*sin*A) 

IV. Given two sides and their included angle, to 
fmd the other two angles. 

As sum of the two given sides : their difference : : 
tan 4- supplement included JL : tan \ difference other 
two l\ 

Which -J. difference added to the 4- supplement gives 
the ii opposite the greater of the two given sides ; and, 
subtracted from it, gives the JL opposite the less. 

Or, 

Tan4-(B^c) = ^cot4A. 
X tan 4- (b '-jc) = € L (6 + c) + L (i *-»c) + l cot 

4. A — 10. 

Then, (90^— 4^ a) + 4 (b "^ c) = l^ opp. greater 
ade; and (90®— 4a)— 4-(b ^ c) = Z opp. less side. 

If the values of i, c, in this case, be given in loga- 
rithms, instead of the natural numbers, as is sometimes 
the case in astronomy, the following formulae will be 
found more convenient in practice than the one given 
■ above. Fir^t, 

CL less side + l greater side = jl tan 0. 
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Then, 
I. tan J- (b <^cO = L cot 4- A + L tan (^—45^) -^ \(X 
Or, either of the two i^ * may be found by the fol- 
lowing formulae : 

r sin A r sin a 

TanB=^^_^)_~; tanc = ^^A)_ ~ 

But these do not admit of convenient logarithmic 
expressions. 

. ^ he sm A 

Area A = — r-- — . 

2r 



V. Given two sides and their included angle, to find 
the other side. 

RULE. 

Find the other two ^ ^ by case iv ; and then the 
remaining side by case i. 

Or, the side may be found by the foUowng formula : 

C==^(a^i»)«+-^-8in«Jic=-^(a+^;»sin*lc+(c^^^^^ 

But this does not admit of a convenient logarithmic 
expression. 

If the A be isosceles, or have a=Z', the rule will give 

c = — — ^~-, or Lc = jLa + Lsm-j^c+L2 — 10. 
VI. Given the three sides, to find either of the angles. 

RULE 1. 

As longest side, taken as a base : sum of the other 
two sides : : difference of those sides : difference of tb^ 
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segments of the base, made by a perpendicular from 
the opposite jL. 

Then, 4- this difference added to 4. the base, gives 
the greater segment, or that neart the greater sidej 
and, subtratcted from it, gives the less. 

And as the perpendicular divides the A into two 
right-angled A% in each of which the hypothenuse and 
a leg are known, the angles may be found by case ii. 
of right-angled triangles. 

RULE II. 

1, tan ' A = ^^^*+^^(^^-'')+L(i*"^^) •H>(i^-f)^ 

Where $ denotes the sum of the three sides (a+^+Oj 

and \ jL K\% always acute. 

Or, the latter of these two formula may be express- 
ed ia words at length, as follows : 

Add together the log. of 4.'' the sum of the three 
sides and the log, of the difference between this -4. sum 
and the side opposite the JL sought, and find the com*- 
plement of their sum. 

Then, to this complement, increased by 10 in the 
index, add the logarithms of the differences between 
the said 4- sum and each of the other two sides, and 
the result, divided by 2, will give the tangent of 4- the 
required angle. 

AreaA==:4.\/(Z^+c)'---«'Xix'--t,*'Hc/j 
Or, V\s X (4-^— a) X (4-^ — ^) X C^-^— c). 
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iKISCfiLLANEOUS EXAMPLES. 

t 

1. How many inches subtend an angle of V' at the 
distance of seren miles ? Ans. 2^^ nearly^ 

2. The hypothenuse of a right-angled triangle is 14 
feet 10 inches^ and the base 10 feet 7 inches, What is 
the perpendicular ? Ans. 10 feet 4.8 inches 

3. The hypothenuse of a right-lauigled triangle being 
5472 feet, and one of the acute angles 29*^ 50' 58'\ it 
is required to find the two legs« 

Ans. 2723.599 and 4746.054. 

4. The hypothenuse of a right-angled triangle being 
19630040, and one of the legs 19630000, it is re- 
quired to find the two acute angles. 

• Ans. 6' 56"-|. and 89° 53' S'^-f.. 

5. If the base of an oblique-angled plane triangle be 
40, and the other two sides 20 and 30, what is the 
length of the perpendicular.? Ans. 14.52349. 

6. If the base of a plane triangle be 40, and the 
other two sides 20 and 30, what are the lengths of 
the segments of the base, made by a line bisecting the 
vertical angle? Ans. 23.99893 and 16.00107^ 

7. If one angle of a plane triangle be 1 29° 34', and 
the two sides about that angle, in the ratio of 4 to 7^ 
it is required to find the other two angles. 

Ans. 32° 41' 7'' and 17° 44' 53". 

8. The sides of a plane triangle being 14272, 13141, 
and 1 1 799, it is required to find the three angles. 

' Ans. 69° 34VV> 59° S8'i, and 50° 47'. 
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9. If the three angles of a plane triangle be 
106° 42' 12"', 46° 24' 5", and 26° 53' 43% and the 
$ide opposite the greatest angle 302.65 yds, what are 
the other two sides ? Ans. S28,8309 and 142,938S. 

10. if the sides of a plane triangle be in proportion 
td each other as the numbers 4:> i-y suid i, what are the 
angles t 

Ans. 1 17^ 16' 46% 36^ 20' 10", and 26° 23' 4". 

11. In a right-angled plane triangle, the three sides 
^e 3, 4, and 5, it is required to find the angles. 

Ans, 36^ 52' 1 1''^, 53° Y 48''i, and 90°. 

12. in an oblique-angled plane triangle, the three 
^des are 4, 5, and 6, what are the three angles ? 

Ans. 41°24'34"tV» 55°46'16"tV> and 82°49'9"tV^ 

13. There are three towns, a, b, and g, the distance 
of A from B is 5 miles, of B from c 9 miles^ and of 
c from A 7 miles, what are their respective bearing^ 
from each other ? 

Ans* Z A 95° 44'i, Z c 33° 33'^^ Z b 50^ 42'^. 

14. How must three trees, a, b, c, be planted, so 
that the angle at a may be double that at B, and the 
angle at b double that at c ; and that a line of 100 
yards may go just round them ? 

Ans. The sides are 19.5923, 35.77SSj and 44^5945^ 

15. Suppose a tegulat pentagon, whb^e side is 170 
nithoms^ is to be fortified ; and that the salient angle 
of the,i^a$tion is 71°, and its face 47 fathoms; it is 
required to find the flank and curtain. 

Ans. Flank 25.65^ Ctirtain 6457* 
D 2 
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OF THE MENSURATION OF HEIGHTS AND 

DISTANCES. 

The mensuration of heights and distances depends 
upon the use of certain instruments for taking angles, 
and the rules of Plane Trigonometry, already delivered; 
which being separately or jointly applied, as the case 
may require, will resolve every question of this kind 
that can occur in practice (/?). 

In addition, however, to the properties of plane tri- 
angles, given in page 10, it may be necessary to lay 
down a few others relating to angles, parallel lines, &c. 
which, in several instances, will be found of great use. 
in facilitating both the constructions and calculations. 

J • The two angles, which are made by one right 
line meeting another, are together equal to two right 
angles, or 180^, 

(p) Horizontal and vertical angles are commonly taken with a 
theodolite furnished with one or two telescopes, and a vertica} 
arc ; and if the circles of the instrument are about 3^ inches ra- 
dius^ the observed angles may be read off to half a minute. 

But if the angles are oblique to the horizon, they must be taken 
with a sextant, or Hadley's quadrant, which is held in a position 
so that its plane may pass through both objects and the eye of the 
observer : and elevations are found by reflecting the object from 
an artificial horizon. 

Short bases, for temporary use only, are usually measured with 
rods, or the Guntefs chain of 66 feet -, but the common 50 or 
100 feet tapes are better adapted for expedition. With these lines, 
when the ground is tolerably level, and the direction, or atigne- 
ment, of the base pretty correct, the error in distance will proba« 
bly be about 3 inches in 50 feet, or^^of the whole measure- 
ment, as long as the tapes are kept dry. 



2. If two right lines intersect each Other, the veld* 
cal or opposite angles will be equaL 

3. A right line intersecting two paralld right fixies 
makes the alternate angles equal; also the outward angle 
equal to the inward opposite one, on the same side. 

4. If one side of a triangle be produced, the out- 
ward angle will be equal to the sum of the two inward 
opposite angles, 

5. All angles in the same segment of a circle, or 
which stand upon the same arc, are equal. 

6. An angle at the centre of a circle is double that at 
the circumference,when they both stand on the same arc. . ^ 

7. An angle in a semicircle, or that which stands 
upon half the circumference, is a right angle, or 90^. 

8. If a right line be drawn parallel to one of the sides 
of a triangle, it will cut the other sides proportionally. 

It may also be remarked, that some of the simplest 
cases of heights and distances may be resolved without 
the assistance of trigonometry, or of any instrument for 
taking angles, by one or other of the following methods; 

1 . By the property of similar triangles ; from which 
it is known that objects are in proportion to each other 
as the lengths of their shadows. 






A 






IZ. 










IT 



Thus, if the hdght of the pole iC c be 8 feet, x the 
length of its shadow ch ^ feet, and the shadow c b, of 
the object a c, 45 feet : » ^,^ 

Then 6 : 8 :: 45 : 60 feet = height a c. 



£• Andtfaer method is by means of two poles of un* 
equal lengths, set up parallel to the object, so that the 
observer may see the top of the object over the tops of 
both the pol^. 




^ y 



Thus, let the length of the pole dehe 5 feet, that 
of the polefg 7 feet, their distance asunder egS feet, 
and the distance ec, of the shorter pole from the ob<» 
ject, 180 feet. 

Then the triangles d hf and rf k a being similar. 



dh : hf :: ^k or ec : ka, or 8 ; 7—5 :; 180 : 
45 feet = AK. Hwce ak + kc =ak + de = 45+5 

:?:50=; AC. 

S. A third method is by viewing the image of the 
top of the object reflected from some smooth surface, 
as 2^ mirror placed horizontally, ^ vessel of water, 3cc, 



y 



.^ 




— '^ 

B 

Thus, let B be the reflecting surface, s^t the distance 
of 84 feet from the bottom of the object a c ; and let 
a person at d, 7 feet from b, with his eye 54- feet 
above the ground, view the image of the top of the; 
object at f« 
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Then, because the triangles bdf, bc a, are amilar, 
it follows, from the principles of optics, that b d : 
DF :: BC : c A, or 7 : 54- :: 84 : 66feet=AC. 

4. A fourth method, is for the observer to fix a pole 
upright in the ground, by trials, so that having laid 
himself on his back, with his feet against the bottom 
,of it, he may see the tops of the pole and the object 
in the same right line. A 




In which case, the distance f d from the foot of the 
pole to the eye of the observer, will be in proportion 
to the height of the pole c d, as the whole distance f b 
is to the height of the object a b. 

And if the height of the pole c d be equal in length 
to the observer f d, the distance f b will be equal to 
the height of the object a b. 

PRACTICAL QUESTIONS. 

1 • Having measured a distance of 200 feet, in a direct 
horizontal line, from the bottom of a steeple, I then 
found the angle of elevation of its top to be 47° 30' ; 
required the height of the steeple (y). 

(g) In Maudait's Trigonometxy (Crakelt's Trans, p. 182.) it is 
•hown that the error of any altitude a c is to the error comn^itted 
in taking the Z a ^c^ as double the height ac is to the sine of 
double the observed Z aIc Whence the error that may arise in 
taking the said altitude will be the least possible when the sine of 
double the observed Z is the greatest possible $ which is when it 
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As rad or sine - - 90*^ 10.0000000 

Is to ic 200 feet - - 2.3010300 

So is tan ZAbc- 47'' 30' - - - 10.0379475 

To height a c - - 218.26 feet - 2.3389775 

which added to the height of the instrument b Zj, will 
give the whole height a c. 

2. It is required to find the perpendicular height of 
a hill, the angle of elevation of which, taken at the 
bottom, was 46®, and 100 yards further off, on a level 
with the bottom, 31^ A 




D B 

^ AB C - 
2! ADC 



46' 
31' 



/ DAB 15° 

As sin ^ DAB - - 15° 9.4129962 

Is to D B 100 2.0000000 

So is sin 2: D . - - 31° 9.7118 393 

To A B 2.2988431 



is 45^. So that in finding altitiKles the obsen^ed Z should be taken 
as near 45^ as can be done. At an exact altitude of 45^, if an error 
of 1' be made in the determination of the observed / , the error 
in altitude will be 77^7 P*^ of the whole ; and if the observed Z. 
be greater or less than 45^, the error iii altitude will be increased 
IB tfat ratio of radius to the sine of double the said Z • 
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Then, 

As rad, or an - - - 90° 10.0000000 

IstOAB 2.2988431 

So is sin ii B - - 46° 9.8569314 

To height AC - - 143.14 - - • 2.1557772 

3. It is required to find the perpendicular height of 
a cloud, or other object, when its angles of elevation, 
as taken by two observers at the same time, on the 
same side of it, and in the same vertical plane, were 
64° and 35^^ ; their distance asunder being half a mile, 
or. 880 yards. X^ 



« 



y 



B 



-^ ABC 
A ADC 

A DAB 



64° 
35° 

29° 



As sin 2: D A B - - . 29° . - . . 9.6855712 

0.5144288 
Is to opp. side d b - - 880 - - - - 2.9444827 
So is sin ii A D c . . 35° - - - - 9.7585913 

To opp. side A b - - 1041.125 - 3.0175028 

Then, 

As rad, orsin 2 c . 90° - - - 10.0000000 
Is to opp. side a b - 1041.125 - 3.0175028 
So is sin ii abc - - 64° - - - - 9.953660^ 

To height a c - - 935.757 yds. - 2.9711630 

4. From the top of a tower, 120 feet high, which 
lay in the same right line with two trees, I took the 
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angles formed by the perpendicular wall and lines con<^ 
ceived to be drawn from my eye to the bottom of each 
tree, and found them to be 33° and 64Py. what is the 
distance of the two objects (r) ? 










9'"' »• 



f 
t 
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As rad, or sin - - - 90° - - - 

Is to AC 120 feet - 

So is tan ^ B A c - 33° - . . 

ToBC 77.929 . 

Then, 

As rad, or sin - - - 90° - - - 
Is to AC P-*.- 120 - - ^ 

So is tan ^ d a c - 64°-j. - - 

To DC 251.585- 

77.929 
Dist. DB 173,656 



10.0000000 
2.0791812 
9.8125174 

1.8916986 



10.0000000 

2.0791813 

10.3215039 

2.4006851 



5. Wanting to know the breadth of a river, I mea- 
sured 100 yards in a straight line by the side of it, and 
at each end of this linC;, I found the angles subtended by 



(r) An angle taken from the lop of any object, or the one usually 
called the angle of depression, is that which is ma<1e by a right 
line passing from the eye to the object and another line drawn pa- 
rallel to the horizontal plane. Thus, e ab is the Z of depression 
of the object b, which, by the nature of parallel lines, is equal Ux 
Z ABC) and its complement b / bac. 
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the other end and a tree, close by the opposite ade of 
the rivier, to be SS"^ and 79® l^ : what is its perpendi* 
cular breadth f 




^ B 53® O' 

/ c . . r . > 79® 12^ 

132® 12' 
180® O' 



ii B A c . . * 47® 48' 

As di ii B A c . . 47® 48' - - . 9.8697037 

IstOBC 100 .... 2.0000000 

So is sin ii c ... 79® 12' .. - 9.9922385 

To A B 2.1225348 

Then, 
Assin^D--*. 90® .... 

IstOAB •-•-»*•..---. 

So is sin -^ b ^ - . 53® .... 
To breadth ad . . 105.89 . . 



10.0000000 
2.1225348 
9.9023486 



. . 2.0248834 

6. Wanting to find the height of an obelisk, stand. 
ing on the top of a declivity, I measured from its bot- 
tom a distance of 40 feet, and there found the angle 
formed by the plane and an imaginary line drawn to 
the top of the object to be 41®; and after measuring on, 
in the same direcdon, 60 feet further, the angle, formed 
as before, was only 23® 45' : what was the height of 
t}ie obelisk ? 
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2 ACD . . - 4r (/ 

ii A B c - . - 23^ 45' 

/i B A C . . - TT^T? 

Then, in the triangle bag. 

As sin ii B A c . - 17'' 15' - . - 9.4720856 

0.5279144 
Is to opp, side B c - 60 feet - - - 1.7781513 
So is sin 2 a b c - 23"" 45' - - - 9.6050320 

Toopp.side ac - - 81.488 feet - 1.9110 977 

In the triangle a c d, 

As sum sides c a, c B 121.488 - 2.0845333 

"779154667 
Is to diff. sides c a, c b 48.488 - ] .61 79225 
So is tan 4- sum 2:^a, d 69° 30' - 10.4272623 

To tan 4- difF. 2; « a, d 42°24'24"" ^. 9606 5 1 5 

♦ And 69*" SO'— 42° 24' 24"= 27° 5'-^ /cad. 

Lastly, in the same triangle a c d. 

As sin ii c A D . - 27° 5'-i^ . - - 9 .6582842 

0.3417158 
lstoopp.side cd - 40° - - - - - 1.6020600 
So is sin 2: c ... 41° - - - . .. 9.8169429 

To height a d - - - 57.623 - - *. 1.7607T87 

7. Wanting to know the height of an inaccessible 
obje€t, I took its angle of elevation, at the least di- 
stance I could from its bottom, which was found to be 
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58° ; and going 100 yards further, in a right line, the 
angle was then found to be only 32° j required its' 
height, and my distance from it at the first station, the 
instrument being 5 feet above the ground at each ob- 
servation. 

A 




Then, in the triangle a b c. 

As sin Z B A c - - - 26'' - - - - 9.6418420 
Is to opp. side b c - - iOO - - - . 2.0000000 

So is sin Z B - - - - 32° ... - 9.7242097 

To opp. side AC 2.0823677 

And, in triangle A c d, 

Assin ii D - - - . 90° ... - 30.0000000 
Is to opp. side ac --- -.-. 2.0823677 
So is sin ii c - - . 58° ... - 9.9284205 

To opp. side ad-. 102.51 - - 2.01078*82 

1.66 

104. 1 7 yds. height a d. 

Lastly, in the same triangle a c d^ 

As sin ii D - ... 90° ... . 10.0000000 

Is to opp. side a c 2.0823677 

So is cos ii A c D . 32° .... 9.7242097 

To side c d - . - . 64.05 yds. 1.8065774 



46 



8. WandUg to know the height and distance of the 
object O9 on the top of a hill, I measured from the sta^ 
tion B, a base b n of 642 yards up the sloping groimd 
B c, dkectly from o, the points o, b, v, being in the 
same vertical plane ; then having set up a staff b s, of 
an height equal to that of the theodolite a n, I took 

m 

my station at n, and found the angle of elevation oah> 
of the object o, to be 8® 59', and the atigle of depression 
H A s, of the top of the staff s, 39^ ; and at the station 
B the angle of elevation p s o, of the object o, was 
5® 52': required the horizontal distance b r, the height 
o R, and the height g n of the station n above b. 




Z OAH=:3°59' 

Z HAS =0'' 39' 



B R 

Z Asp=:179°2l'sup* Zha$ 
Zosv= 5° 52' 



z 


AS 


= 4° 


38' 




173° 
4° 


2d' 
38' 




178° 


7' 



^ OS J) 




173° 


29' 


180° 


0' 






178° 


7' 






1° 


53' 


^ AOS. 



Then, 
: Sin 2 A o s * - 1° 53' - - - - 8.51 67264 

1.4832735 

- 642 2.8075350 

- 4° 38' - - - - 8.9072975 



A S - • • 

: Sin Z o A s 
so - - 



3.1981060 



47 

ftad, or an ^ s i> o 90° - <■ - - 10.0000000 

so-- 3.1981060 

: Kn -<ii o s p - - - 5° 52' - - 9.0095096 

OP - - 161.3931 2.2076156 

Rad, or sin - - - 90° - - - - 10.0000000 

so ... - S.1981060 

: Cos 2 o s p - . 5° 52' . . - 9.9977194 

SP 1569.732 - 3.1958254 

Rad, or sin - . - 90"^ . . . . 10.0000000 

N B 642 .... 2,8075350 

: Sini^NBGor HAS 39' . - - . 8,0547814 

N G - 7.283 - . . ,8623164 

And if SB (fr), the hei^t of the theodolite, be 
added to o p, it will give the height of o above the ho- 
rizontal line a r. 

It may here be reniarked, that in certain trigonome- 
tricsd operations, when a base is measured on sloping 
ground, it is sometimes necessary to reduce it to the cor* 
responding horizontal line; which may be done thus. 

f.™ .o 

I ::. — r 

iiK; i 

A e 

Let A B be the measured base, o b a theodolite, and 
A R a staff equal in height to the instrument : also, 
suppose H o R to be the angle of depression of the top r 
below the horizontal line h o ; then, if c o be perpen- 
dicular to HO, the line a-c, which is parallel to ho, 
will be the horizontal base corresponding to a b. And, 
by case i. of right-angled triangles : 
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Asrad : ab :: cos hor (or bac) : ac(<). 

Or, 

AB X COS HOR 

AC = :5 . 

rad 

It also frequently happens that the angles subtended 
by distant objects, lie in planes oblique to the horizon, 
in which case they may be reduced to the correspond- 
ing horizontal angles, as follows : 




c 

Let A c be any two points in the horizontal plane 

ABC, eB a distant spire, or other object, cac, cca, 
the oblique angles, taken at a and c, and ^ ab, ecB^ 
the angles of elevation. 

Then, 
Cos A elevation e a b : cos given A e kc \\ rad 
or sin 90° : cos reduced 2! bag. 

Or, 
Cos jL elevation e c b : cos given A e c a : : rad 
or sin 90° : cos reduced 2! A c b. Also ^ a e c will 



(s) If A B be 300 yards, and the Z of depression hor 5^> the 
horizontal line a c will be 298.9 yards, differing from the mea« 
sured base a b by only 1^ yards ; so that, except in cases where 
great accuracy is required, a reduction of this kind seems unneces- 
sary, when the measured base is inclined to the horizon in a small 
angle. 
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t>e redutred to ^ abc^ by taking jL bag + ^ AdB 
from 1 80°» And if a c be a known base, the hori- 
Izontal distances ab, cb^ may be determined by case i. 
of oblique-angled triangles. 

But, if it should be required to reduce the angle 
Aec, taken at the top of any eminence es^ to its corre- 
sponding horizontal angle abc, by employing only the 
observed angle and those of depression, it may be done 
by the following rule : Sin 4: a b c = 

/ sin^(Aec-^gAis -»-ecB) 8ia|^(Agc-i-gCB-— eAs) 
V cdseABcosedB 

Where eAB, eCB, iare the angles of depression of 
the two distant objects a, c, Aec the observed angle, 
tad r = rad, or sine 90°. 

. The same formula may also be applied to the redu- 
cing an angle bcd^ subtended by any two distant ob« 
jects £ B, D A, when taken at a point c in the horizontal 
plane abc, by using only the observed angle and those 
of elevation. , f. . 




C • A 

Thus, sin 4^ B c A = 

i : * 

. /sin4(ECD+ECBA-^l>CA) sin^(ECD + DCA — ecb) 

V COS ECB COS DC A 

Where e-cb, do a, are the angles of elevation of the 
two objects, EB, DA, and ecd the observed angle. • 

Resides this reduction of angles to the plane of the 
horizon, it is also sometimes necessary to attend to 
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i;(rhat Is usually called the depression or dip of the ho* 
rizon, which makes the observed angle cf elevatioh 
greater than it would otherwise be. 

Thus, if an observer, whose eye is at d, takes the 
altitude of an object by the sextant, and brings the 
object to the water's edge at b, instead of to the horizon 
DB, the altitude is evidently too great by the angle E DB^ 
which angle may be found by the following rule ! 



•••••«*«««#iA«*»*a» 




r^ J rad X AB 

Cos Z £DB = 



AG (or ab) ^ do 

Where aB or a 6 is the radius of the earth, which 
is known to be S979 nules, and d g the height of the 
observer's eye above the surface of the earth. 

Another source of error, in taking angles of eleva- 
tion, arises from the eflfect of refractioriy which always 
makes objects appear more elevated than they really 
are, on account of the rays of light, in their passage 
through the atmosphere, being continually bent down-^ 
wards, and coming to the eye in the form of a curve, 
instead of proceeding in a right line. 

Thus, if E be the place of the observer's eye, e h 
the horizontal plane, and o any elevated distant object, 
this object will not appear in its true place at o, but 
will be seen in the direction £ t, which is a tangent to 
the curve at the point e. ; and therefore the apparent 
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angle of elevation teh will be greater tlian the true 
^gle of elevation o eh, by the angle t bo, considering 



£0 as a right line (q). 




Vanous trigonometrical problems may also be formed 
from the diflferent situations which objects may be sup- 
posed to have with respect to each, other ; but, in ge- 
neral, these are only applications of the preceding rules. 

As, for instance, the distances of the most remark- 
able places in a town, or of several villages from each 
other, the plan of a camp, or of a country, &c. may 
be taken from what has been already explained. 




(q) This refraction, which is called terrestrial, to distinguish it 
from that which affects the altitudes of the heavenly bodies, is not 
constant at the same elevation and distance -, but is foimd to vary 
with the changes in the atmosphere, as heat, a different density, 
moisture, &c. At the distance of 8 or 10 miles, it is sometimes 
Ho more than about 30^' ; but, in particular states of' the air, it ha» 
been found to amount to upwards of 3'. Maskelyne makes it -^ 
of the intermediate arc g b (See fig. to dip of horizon) between the 
observer and' the object : Bouguer ^, Legendre ^^, and Gen. Roy 
fWmi i to ^ ; but these allowances arc too uncertain for any reli- 
ance to be placed on them. 

E 2 
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TIius, if A, c, D, £, B, H, G, F, &c. be sevenJ ob- 
jects, the situations of which are to be laid down in s( 
map ; choose a convenient situation a b for a base, 
from which you can see all the objects, and let it be 
as long as possible, in proportion to the inost distant 
of them. Then,, from the extremity a, measure the 
angles eab, dab, cab, &c. hab, gab, fab, &c. 
And from the other extremity b measure the angles 
cba, DBA, eba, &c. FB A, gba, HBA, &c. And as 
the common base ab, and the several angles of all the 
triangles are now known, the sides ac, ad, ae, &c. 
and consequently the points c, d, e, &c. may be de- 
termined by the first rule in plane trigonometry. 

But, in order to insure the accuracy of the operation^ 
the objects c, d, e, &c. should be all intersected from 
some third station o, in the base a b ; or otherwise the 
figure may appear, in the plotting of it, to be right, 
when it is not so, and there will be no means of know- 
ing whether the angles have been justly taken. 

A measurement may also be carried on, or the di- 
stance of any two remote places may be found, by 
means of a series of triangles, formed from a measured 
base, in a manner similar to that generally practised 
in taking the trigonometrical survey of a country. 




A B 

Thus, let AB be the measured base, and c, d, any 
two objects that can be seen from the stations a, b j then 
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if the angles cab, cba, dab, dba, be taken with a 
theodolite, or other instrument, we can, from thence, 
find the sides bc, bd, and the angle bda. 

Also, knowing the angles dba, cba, we know 
their difference cbd ; from which, and the two sides 
bc, bd, we can find the side cd, and the angles bcd, 
bdc. And if E, f, be two other objects, visible from 
c, d, we can determine the lengths of the sides e f, 
DF, in a similar manner. 

And in this way the measurement may be continued 
from one base to another to any distance ; but, to ren- 
der the conclusion more accurate, the mensuration 
frpin one base to another may be tarried on by diffe*. 
rent sets of triangles, leading to the same two objects, 
and then taking the mean of the results. 

The distance a f, from the first station to the last, 
may also be readily determined ; for the sides ab, bd, 
and the included angle abd being known, we am 
thence find the side ad ; and from the sides ad, df, 
and the included angle ad f, we can find the side af. 

It will be proper, however, in examples of this kind, 
to observe every angle of the triangles, if the situations 
will permit, as the difference of their sum from 1 80^ 
wilt enable us, in some measure, to judge of the accu- 
racy of the work. All the principal distances should 
also be l?ud dpwn from a scale of equal parts j because 
a triangle can be protracted more accurately from the 
sides than from the angles (r). 



T ' '■ ■! I *■ 



(r) After carrying on ft series of triangles, in the manner her^ 
described^ to some dist^nce^ it is customary actually to measurt 
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It also sometimes happens, in making a survey, that 
the distance between two objects c, d, having beei\ 
determined, it is required to fihd the distance ab o£ 
two eminences a, b, which are conveniently situated 
for extending the series of triangles. 

c I) 



This is done by measuring the angles cad, caBj^ 
DBc, DB A : and as there are not sufficient data in any 
of the triangles to compute the other parts, we must 
assume a value for a b, and thence compute the value 
of CD, as in the last proposition. Then as the corn- 



again the interval of two objects whose distance has been found by 
calculation^ in order to determine the error of the calculated di- 
stance ^ which line, so measured, is called the Base of Ferifit 
catioTu 

A survey of this kind is at present carrying on from a base of 
274061 feet, first measured on Hounslow Heath-y from which it ap- 
pears, that by continuing the measurement to Salisbury Plain, the 
distance of two objects was there found, by calculation, fh)m the 
mean result of several series of triangles, to be 36574.4 feet $ and, 
by an actual measurement, tlie distance was found to be 36574.3^ 
differing but little more than an inch from the computed distance. 

The area, or content, of any extent of land, measured in this 
way, may be found thus : — Area of the A ABc = -^ABXBCx8in 
Z A B c, radius being unity j area ofBCD = ^cBx bdx sjn Z 
CBD 3 area of cde = ^ cd x de x sin Z cd e 3 area of bdf =s 
Jed x-d f x sin z ed f ; and thus we may proceed for any num- 
ber of triangles into which the whole is divided. 
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puted value of c d is to its true value, so is the as- 
sumed value of A B to its true value (s). 

Military sketches, or small surveys, where much 
accuracy is not required, may also be taken by means 
of a pocket compass, fitted to the top of a staff, v^rhich 
being stuck in the ground, so that the needle may 
play freely, the angular distances, or bearings, must 
then be taken from the itiagnedc meridian. 




Thiis, let N s represent the needle, or msigneric me- 
ridian, n the true north point, and e, w, the east and 
west points ; then, if the sights of the compass be di- 
rected to the object a, and the angle no a, for example, 
is 40% the object is said to bear n.w. 40°; and if the 
^ghts, when directed to the object b, ihake the angle 
j^03 110°, it is said to bear n. e, 110°. 

The compass will, likewise, be found useful in re- 
connoitering a country with a map or plan, when the 
direction of the meridian is laid down, aiid we know 
the magnetic variation ; and, in such cases, a distance 
may be measured by pacing, in order tp adapt a ^a^e 
to the plai^ or sketch. 

Note^ The variation of the magnetic needle is, at 
this time, between 23° and 24° westward, at London. 



(s) For, by changing the valu^ of a b while the angles at a and b 
remain the ^ame, the whole figure will continue similar to itself i^ 
aod consequently a b will vary in the samie proportion a^ cp... 



y 
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MISCELLANEOUS EXAMPLES. 

1 . At B, the top of a castle, which stood on a hill 
near the sea shore, the A of depression h b s, of a ship 
at anchor, was 4° 52', and at r, the bottom of the 
castle, its depression n r s Mas 4*^ 2', required the hor 
rizontal distance of the vessel, and the height of the 
building above the level of the sea, supposing the castle 
itself to be 54 feet high. 

Ans. AS 3690 feet, and ab 314 feet. 




2. Wanting to know the distance between two in? 
accessible objects a, b^ I measured a base c p of 300 
yards: at c the Z bcd was 58^ 20', and the Z ace 
37° ; and at d the Z c d A was 53° 30', a^d Z A D a 
45° 1 5' J required the distance A b. 

Ans. AB 479.79 yards. 




c B 

3. Wanting to know the distance between two ob- 
jects A, B, which could only be seen from a particular 
place D, I set up two staffs at c, e, and took the Z* 
ADC 89°, ADB 72° 30', and bde 54° 30'. I then mea*. 
sured de, dc, which were eaph 200 yards, and took 
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(the 2! « BED 88° 30', and pc A 50"^ SO' : required the 
(Ust^ce AB. ^Tis. AB 345.5 yards. 




c u 

4. Wanting to know the distance a c of a hill from 

the station a, and also its height oc, we measured a 
base AB of 298 yards, on ground nearly level, and at 
the extFemities a, b, observed the horizontal angles 
BAG 42° 17', and abo 79° 29', and at a, the angle of 
elevation gag was 4° 51': required the distance ac, 
and height co, Ans. ac 844,6, oc 29,2 yds. 



B ....-" 




5. To find the distance of the object o, on the top 
of a hill, from the station at a, and also its height, we 
measured a base a b of 210 yards up sloping ground, 
ai^d fpund its inclination bag with the horizontal line 
AC to be 9® 30* ; we then took the horizontal angles 
OAb 76° 17', and OBA 64° 10', and the angle of ele^ 
vation o B H 5° 3.4' ; from whence the height and di- 
stance of the object are req^uired. 

Ans. AP 292.8> cp 816, o? 65.5 yds, 



^a 




6. At a mile-stone n on the ascending road n^^ we 
observed the angle 3nw between the next mile-stone 
s and the windmill w, on the top of a hill, and found 
it to be 46^ 37', and the angle of elevation w n p \^as 
3^ 49"; also at the mile stone s, the angle nsw waa 
91° 4\ Hence the horizontal distance n p and height 
f w are required. Ans. n p 2608^ and p w 1 74 y4s, 




7. Wanting to know the height of a castle c e, 
standing upon a hill, and the ground not permitting 
me to retreat from it in a right line, I measured a base 
DA of 52 yards, and at d took the angles cdb 58% 
CDE 25°, and A.pc 72° W\ At A I also took the angle 
CAD 64° 30': from whence it is required to find the 
. height of the castle ce, and that of the hill be, above 
the level of the first station d. 

Ans. CE 34.464, be 23.536 yds. 
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8. It is required to find how far the Peak of Tener 
riSI^ can be seen at sea, supposing its height a b to be 
8 miles, and the radius of the earth dc 3979 miles. 

. Ans. dist. ac 126 miles. 




9. From a window a, near the bottom of a housej^ 
l^hich seemed to be on a level with the bottom of a 
church GD, I took the A of elevation gad of the top 
of the steeple equal to 40^ ; ahd from another window 
B, 1 8 feet directly above the former, the JL of eleva- 
tion GBE was 37^30': from whence it is required to 
find the height and distance of the steeple. 

Ans. GD 210.44, ad 250.79 feet. 
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10. Being at the station a, on an horizontal plane, 
apd wanting to know the height of a tower c d, placed 
on the top of an inaccessible hill, I took the angle of 
elevadon d a e, of the top of the hill, equal to 40°, and 
of the top of the tower c ae equal to 51*^ ; then, mea- 
suring on in a direct line from it, to tb^ distance a b 

1 
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of 1 00 yards, I found the L of elevation of the top of 
the tower cbe to be 33° 45' : what then is the height 
of the tower ? Ans. height c d 46.67 yds. 




B A ^ ¥ 

11. Suppose A and c to be two stations on sloping 

ground, o an object on the top of a hill, and the ^' 

OCA, OAO, n^easured with 2, sextant, to be 79° 29' and 

63° 1 Irrespectively : also, suppose the JL of elevation 

^t A is 6° 36', apd at c 5° 22' ; what are the horizontal 

distances and height of the object, a c being 41Q 

yard§? Ans. aq 660.302, cb 600.728^, 

Q3 56.4314, QG 76.3996, 




1 2. Wanting to know the distance between the in-i 
accessible objects h, m, and also their heights, we mea* 
sured a base ab of 670 yards, on ground nearly 
horizontal, and at the extremities a, b, took the fol- 
lowing angles : 

N rBAM40°t6 
|\mah57^40 ^ 

From whence it is required to find the heights and di- 
stance. Ans. HM 1174 yds. mr 91.5, and HP48k9. 




bh42°22' ^ rMAR3'^46- 
BM71'' 7' u. 1hbpS°3S' 

o ^ 
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1 3. Wantitig to knbw the distances of an object at i> 
fVbm two others a, b, I set up a pole at c, in a right 
line with a, b, and took the angle acd, 57° j I then 
measured cd 784.8 yards, and at d the angles cda, 
A DB were 14° and 41° SO' ; required ad, d b, and a b. 
Ans. AD 696.1, db 712.4, ab 499.3 yds* 




14. In the year 1784, a base B c being measured on 
Blackheath, of a mile in length, the angles of elevation 
of Lunardi's balloon were taken, at the same time, by 
observers placed at its two extremities and in the mid- 
dle ; the one at b being 46° 10', that at p 55°^ 8' and 
that at c 54° 30' : required the height o a of the 
balloon, ff^ Ans. 2 miles. 
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1 5. Let B c be a measured base of 370 yards, oil 
the plane abc, and suppose marks are set up at th^ 
stations A, B, c, and the following angles, taken \vith 
a sextant, to the elevated object o ; 

OAC 20"" 50' « r OBA 73^44' « f OCB 149° lO' 
<J I OAB 80° 18' < I OBC 16° 4' < \ OCA 140° 6' 

Required the distance of the object o from the station 
c, and its height abore the plane of the base b c. 

An$» OD 162,3, CD S67.5, co 401*75* 



H 




1 6. Supposing it were possible to see a light-hoiise 
or other object a, in the horizon, at the distance of 
154 miles, it is required to find its height aBj the di* 
ameter of the earth, b d being 7958 miles, and its cir- 
cumference 25000 miles. 

Ans. 3 miles nearly, being about the height of Chinu 
borazo, the highest mountain of the Andes, and, pro- 
bably, in the world. 
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- 17. Si^pose OB to be an object standing on the ho^ 
rizontal plane a jg c, and that a c is a measured bkse 
of 250 yards, at the extremities of which a, c, the 
following angles have been taken , o ac 56° 46', oca 
62^ 54f\ and the Z ^ of elevation o ab 6° 40', and o c b 
7° 6'; it is required to find its height ob, and the ho- 
rizontal distances ab, cb. 

Ans. ab 254.989, cB 288*814, andoB 29*745 yds* 




18. At the top of a tower c d 150 feet high, 1 
took the angle AC B, subtended by two distant objects 
a, b, 69° 27^ also the angles of depression c a d 1° 48', 
and CBD 2° 2.0', from which it is required to find the 
d&tances a b, b d, da. 

Ans. BD 3681-2, da 4773, a b 4900.9. 



ry-m 

y m 




19. At a point c in the horizontal plane ab c, I took 
the angle e c d 59° 20' subtended by the tops of 
two towers, whose heights da, e b, were known to 
be 1 67 and 205 feet respectively, and also the angles 
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of devation d c a 3® 1 5\ and e c b 4° 25'; fijpm whidl 
it is required to find the distances c a, c b, and a b* 
Ansi c A 2940-9, gb 2654*1^ a B 2786.34 




20. Observing an object o a at a distance, t took i^ 
angle of elevation o b a at the place where I stood, 
and found it to be 50° 23^ I then measured a distance! 
P!i of 60 yards, in the most convetiient direction thtf 
ground afforded, and at this station found its elevation 
o p A to be 40° 33^ After which I measured on, id 
the same line, 50 yards further tor c, and at this place 
found its elevation oca to be 30° 40' ; from whence? 
it is required to determine the height of the object, 
and its distance from each of the three statiofis b, p, g* 
Ans, A B 65.4173, A p 92.36787, AC 192.5726, 
and height oa 79.02912. 




21. Observing three objects a, B, c, whose distances 
asunder are known to be as follows : a b 8 miles, b c 
1 2 miles, and a c 7i miles, I took their angles of po» 
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^don from the place where I stood d, which was 

furthest from the object a, and found the ^ adc to 

be 25°, and b d a 1 9° ; required my distance from each 

of the objects, 

Ans, DB 9.4711, JDA ] 6.3369, DC 16.8485 miles. 

A 




22. Suppose the objectis a, B, c^ as Seen from i5, to 
stand as in the figure below ; and that their distances 
are A B 7i miles. Be 12 miles, and a c 8 miles, the 
angle bd a being 25®, and qda 19°; it is required to 
determine the distances da, db, dc. 

Ans. da 10.0286, dc 16.7857, ©B 14.9095 miles. 




23. Suppose the objects a, b, Cj, as seen from Dj to 

^and as in the figure below ; and that their distances 

are A B 8 miles, b c 1 2, and a c 7i> the angle b d c 

being 1 7° 47' 1 9'" ; it is required to find the distances 

i^a; DC, DB. Ans. DBl2, DC 22.85, da20. 

A 
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24. Suppose the three objects a, b, c, as seen from 
D, to stand as below ; and that ab is 8, ac 7-^, and 
BC 12 miles, the angle adb being 107*^56' 13": re- 
quired the distances da, d c, and d b. 

Ans. DB 5, DA 4.892, and DC 7 miles. 

A 




B DC 

25. Suppose the three objects a, B, c, to be in a 
right line, as below ; and that their distances are a c 
3^26, AB 12, and bc 8,374, the angle adc being 
19°, and bdc 25°: required the distances da, dc, 
and DB. Ans. da 9.4711, dc 10.861, db 16,8485. 




26. Suppose the three objects a, b, c, as seen from 
d, within the triangle, to stand as below ; and that the 
distances are a b 6 miles, b c 1 2 miles, and a c 9 miles, 
the angle bdc being 123° 45', and adc 132° 22': 
required the distances da, dc, and db. 

Ans. DA 1.372, DB 5.523, DC 8.018. 
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in. Hafing occa3ion to travel through the counties 
of Kent and Surry, I perceived the fort, built by Lady 
James, on Shooter's Hill, which bore from me n. £• 
22^^ ; and after going 20 miles in the direction n* vr* 
67^-J-, I perceived the fort again, which now bore n. e. 
56®^ : required my distance from it at each station* 

Ans< A C 29«9S miles, and B g 36 miles* 




28- At a certain place a, St. PauPs church c, at 
London, bore from me n. e. 11°4-, and after travel- 
ling 1 5 miles further to B, in the direction n. w- 22°4., 
it bore n. e. 50® ^7' : required my distance from k at 
the last place of observation* 

Ans. Bc 23.19 miles. 




29. F^rom a ship at sea, I observed a point of land c 
to bear n. e. 101°^, and after sailing 12 miles in the 
.direction n- e. 45^ it bore n.e. 112''4: required the 

f2 
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distance of the last place of Qbservation from the point 
of land. Ans. b c 26 miles. 




30. Coasting along shore, I observed two headlands, 
the 1st, B, bore n.w. 22°-4-, and the 2d, c, n,e. 30"^ 5&; 
then steering 16 miles in the direction n, £• 16° 52^, 
the 1st headland bore n. w, 67° 30', and the 2d n. e. 
78° 45^ : required the bearing and distance of the two 
headlands from each other. 

Ans. dist. b c 1 7 miles, and bearing of c from b 
N.E. 122° 49'. 




31 . Wanting to know my distance from an object o, 
on the other side of a river, and having no instrument 
for taking angles, I took two stations a, b, 500 yards 
asunder, and then measured ac, bd, each 100 yards, 
in a direct line from the object : I also found the dia- 
gonal A D to be 550 yards, and b c 560 : required the 
distance of o from each of the stations a, b. 

Ans. AO 536.25, bo 50C.1. 
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32. The side a b of a pentagon being 1 80 toises, 
the face of the bastion a c 50, and the perpendicular 
K L SO, it is required to find, by trigonometrical cal- 
culation, all the other lines and angles of the fortificar 
tion, supposing the line of defence ah to be equal to 
a line drawn from A to D. 

A. K B 




These lines and angles, when found, may be com* 
pared with those determined by construction in Mul- 
ler's Elements of Fortification ; or with a Table ofythe 
various dimensions of such plans, given by Robertson, 
at the end of his Navigation* 



SPHERICAL TRIGONOMETRY. 



Spherical Trigonometry is the science which treate 
of the properties and relations of spherical triangles, 
and of the methods of determining their sides and 
angles. 

1 . A sphere, or globe, is a solid contained under 
one uniform roimd surface, which is every where 
equally distant from a point within it, calle4 its centre; 
as A B c D. ^,JL^ 

O 

c 

2. A diameter, or axis, of a sphere, is a right line 
passing through the centre, and terminated both ways 
by the convex surface j as a b. 




3. A great circle of the sphere, is that which divides 
the surface of it into two equal parts ; and a small 
circle |s that which divides it into two unequal parts. 
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Thus ABC is a great circle of the sphere, and def a 
small circle (^). 




4. Hence, also, the plane of any great circle passes 
through the centre of the sphere, and divides the solid 
into two eqmi parts ; as a b c d. 




jr» The poles of any circle, are the two extremities of 
that diameter, or axis, of the sphere^ which is perpen- 
dicular to the plane of that circle } thus Fp are the 
poles of the circle a b c. 




6. Hence, either pole of any circle is equidistant 
from every part of its circumference ; and if it be a 



(t) Small circles of the sphere are not used in trigonometrical 
computations, on account of the diversity of their radii. It may 
be observed;; however, that any arc of a great circle, is to an arc of 
9 small circle, of the same number of degrees, as the radius of the 
sphere is to the sine of the distance of the small circle from its pole. 
Thus A B : CD :: r^d of the sphere : sine re. (fig. to def. (J.) 
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great circle, its pole is 9Cf from the circumference ; 
thus PA is equal to pb^ and pc to pd. 




?• A spherical angle, is the inclination, or evening, 
of the arcs of two great circles^ of the sphere, which 
meet in a point on its surface ; as a b c. 




8. The measure of a spherical angle, is the arc of a 
great circle, intercepted between its two legs, and 
drawn at the distance of 90^ from its angular point ; 
thus A c is the measure of the angle ab c. 




9. A spherical triangle, is a portion of the surface 
of a ^here, contained by the arcs of three great cir- 
cles; as ABC. ^ 




10. A right-angled spherical triangle, is chat which 
has a right angle, or one of 9(f j as ab c. 




11. A quadrantal spherical triaagle, is that which 
has one of its sides a quadrant, or 90° ; asABC. 




. 12. An oblique-angled spherical triangle, is that 
which has each of its ^des, or angles, greatCT or less 
than90°j as ABC. 




13. A great circle of the sphere is perpendicular to 
any other circle, when its plane is perpendicular to the 
plane of that circle, and vice versa ; thus the circle 
PBPispopendicular to abc. 




IS 

14. Any two sides, or angles, of a spherical triangle 
are said to be like, or of the same kind, when they are 
each greater or each less than 90^ 

15. And if one of them be equal to, or greater than, 
90°, and the other less, they are said to be unlike, or 
of different kinds. 

A X I o M >s. 

1 . Every section of a sphere, by a plane passing 
djrough it, is a circle, 

2. The centre of a sphere is the centre of all its 
great circles, and its axis is the common section of all 
the great circles which pass through its two extremities. 

3. A great circle can be drawn through any two 
points on the surface of a sphere ; and a small circle 
can be drawn through any three points on its surface. 

4. All parallel circles of the sphere have the same 
pole J and no two great circles can have a cammoi) pole. 

5. Any two great circles of the sphere cut each 
other twice at the distance of 180% and make the * 
angles at each point of section equal. 

6. A great circle, which passes through the pole of 
any other circle, cuts it at right angles ; and, if a greait 
circle cut any other circle at right angles, it will pass 
through its poles (w). 

(u) Most of the principles^ here laid down as axioms^ will be 
rendered sufficiently evident, by considering the position and na^ 
(me of the circles usually drawn on a common globe. The 6th in 
particular, which is, perhaps, the most difficult, may be readily 
conceived, from observing that all the meridians pass through the 
N. and S. poles, and are perpendicular to the equator, and to all 
fbe parallels of latitude. 
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GENERAL PROPERTIES OF SPHERICAL TRIANGLES, 

1 . Any side, or angle, of a spherical triangle, is less 
than 180^ 

2. The greater side is opposite to the greater angle, 
and the less side to the less angle. 

S, The sum of any two sides is greater than the third 
side ; and their difference is less than the third side. 

4. The difference of any two sides is less than 1 80® ; 
and the suiii of the three sides is less than 360®. 

5. The sum of the three angles is greater than 1 80®, 
and less than 540®. 

6. The sum of any two angles is greater than the 
supplement of the third angle. 

7. A spherical triangle is equilateral, isosceles, or 
scalene, according as its three angles are all equal, or 
only two of them equal, or all three unequal, 

8. If the three angles be all acute, or all right, of 
all obtuse, the three sides will be, accordingly, all less 
than 90®, or all equal to 90®, or all greater than 90® ; 
and vice versa. 

9. Half the sum of any two sides is of the same 
kind as half the sum of their opposite angles. 

10. Or the sum of any two sides is of the same kind, 
with respect to 1 80®, as the sum of their opposite angles. 

To these may also be added the following properties 
of the polar triangle ; by which the data, in any case, 
may be changed from sides to angles, and from angles 
to sides. 

If three arcs of great circles be described from the 
angular pomts of any spherical triangle, as poles, the 
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sides and angles of the new triangle, so formed, will 
be the supplements of the opposite angles and sides of 
the other j and vice versa. 




Thus, DE=:180°— c; EF=:180°— a; fd=:180''— b: 
and D=180^— Bc; e=180°— ac; f=180''— ab. 

Also, ab=180''— f; BC = 180'^— d; ac = 180''— b: 
and a=180^— ef; b=180''—fd; = 180"^— de, 

OF THE 
ambiguous CASES OF SPHERICAL TRIANGLES. 

Any three of the six parts of a spherical triangle being 
given, the rest may always be found; except that 
in what are usually called the two ambigtcous, cases^ the 
data are sometimes insufficient for limiting the triangle. 

These cases are, when two sides and an angle oppo- 
site to one of them, or two angles and a side opposite 
to on6 of them, are given, to find the rest ; in which 
instances there may be two triangles having the same 
data ; and, consequently, if there be no other restric- 
tion or limitation, either of them will answer the con- 
ditions of the question. A 
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Thus, in the triangle a bc, if thcre^ be given the twd 
sides A B, A c, and an opposite angle b, and a c be equal 
to AC, there will be two triangles, a b c, and a b c, which 
have the same given parts ; whence the other angles 
may be either a c b, or its supplement a cb ; or b a c, 
or B A c ; and the remaining side will be b c or b c. 




Also, in the triangle abc, if there be given two 
angles b, and acb, and an opposite side ac, and ac 
be equal to a e, and ba, bc, be continued till they 
meet in d, there will be two triangles abc, and a d c, 
which have the same given parts ; whence the other 
sides may be either a b, or its supplement a d ; or b c 
or D c ; and the remaining angle will be bag or d a e. 

But as a c will not, in all cases, be equal to a c^ 
the question may be limited, or not, according to the 
conditions of the dkta ; which circumstance may be 
readily known,, by considering that half the sum of any 
two sides of a spherical triangle is of the same kind a$ 
half the sum of their opposite angles, and taking the 
triangle accordingly. 

. Or, since the greater side of every spherical triangle isf 
opposite to the greater angle, if only one of the values of 
the angle or side first found, or its supplement, agreesf 
with this theorem, the triangle is limited, being that to 
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which this value belongs* But if both the values are in 
conformity with the rule, the triangle is ambiguous (v). 




c 

If the triangle ab'c be right-angled, or quadrantal, 
there will be only one ambiguous case ; which is when a 
ade A c and its opposite angle b or d are given, to find 
the rest. For, if c be a right angle, it is plain that the 
hypothenuse may be either a b, or its supplement ad, 
and the remaining- side and angle either b c and bag, 
or their supplements cd and cad. 

Also, if A B be a quadrant, it is evident that the hy- 
pothenusal angle may be either a c B, or its supplement 
A CD, and. the remaining side and angle either bc and 
BAG, or their supplements c d and gad. And as the 
greater side in each of the triangles ab c, ad c, will be 
opposite to the greater angle, the question, in either of 
these cases, will always admit of two solutions. 

OF RIGHT-ANGLED SPHERICAL TRIANGLES. 

The different cases or varieties that may happen in the 

solution of right-angled spherical triangles, in which two 

■ - ' - 

(v) Delambre, p. 469 Trig, de Cagnoli, and p. 100 Tables des 
Log. de Borda, has given a theorem for determining, d priori, 
whether the A be ambiguous or not ; but it is easy to show that 
the rule is not general. 

Legendre, p. 402 Elements de Geom. 4th edit, and I^acroix, 
p. 68 Elements de Trig. 2d edit, have also pointed out all the cases 
which flirnish either one or two solutions 3 but they are too nume- 
rous to be remembered without reference to the table. 



2. r X cos eith. ^ = < or 
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things, together mth the right angle, are always giveti^ 
to find a fourth, are, in all, sixteen. But if these be re- 
stricted to such as depend upon the same principles, they 
may be reduced to six; or, when properly combined, to 
the three following general formulae, which can be 
more easily remembered than if they were expressed 

sq>arately : pin its opp. 2^ x sin hyp. 

1. r Xsineith.Ieg=< or 

(^ cot its adj^ 2 X tan other leg. 

cos its opp. leg X sin other ^ 

or 
its adj^ leg X cot hyp. 

f cos one leg X cos other leg 
3. r X cos hyp = < or 

(^ cot one A x cot other 2 . 

In order to apply these forms to every case of right- 
angled spherical triangles, it must be observed, that 
any one of the terms on one side of the equation, is to 
either of the terms on the other side, as the remaining 
one of the latter is to the remaining one of the former. 
It may also be remarked, that when a leg or an angle 
is said to be opposite to another angle or leg, it will be 
adjacent to the remaining one ; and vice versa (u;). 

{iv) In plane trigonometry, the knowledge of the three togles 
is only sufficient for determining the ratio of the three sides^ and 
not their absolute values. Lut^ in spherical trigonometry, where 
the sides are all arcs of great circles, they can be obtained fjrom 
the three angles, without any other data. 

Another remarkable dillerence between plane and spherical tri- 
gonometry is, that in the former, the third angle may alwa)r8 be 
determined from the other two 5 whereas in the latter, all the three 
;urglea are independent of each other, and must, therefore, be 
fowid separately. 
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AFFECTIONS OF RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

1 • The legs are of the same kind as their opposite 
angles ; and conversely. 

2. The bypothenuse is less or greater than 90°, ac- 
cording as a leg and its adjacent angle, or the two legs, 
or the two angles, are like or unlike. 

3. A leg is less or greater than 90°, according as its 
adjacent angle and the hypothenuse, or the other leg 
and the hypothenuse, are like or unlike. 

4. An angle is acute or obtuse, according as its ad- 
jacent leg and the hypothenuse, or the other angle and 
the hypothenuse, are like or unlike. 

OTHER PROPERTIES OF RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

1 • If the hypothenuse be 90°, one of the legs and its 
opposite angle will be each 90° ; and the other leg and 
angle will be measured by the same number of degrees. 

2. And if a leg, or an angle, be 90°, the opposite 
angle, or leg, and the hypothenuse, will be each 90° ; 
and the other leg and angle will be measured by the 
same number of degrees. 

8. If a leg be less than the hypothenuse, their sum 
will be less than 1 80° ; and if it be greater than the 
hypothenuse, their sum will be greater than 1 80° (jv), 



•rr^ 



(x) Properties similar to this, and the follpwing one, are given 
hy Cognoli, p. 244, Traite de Trig., and by Maskelyne, in his In* 
troductionto r«ry/orV Logarithms | but are 90 expr^ss^> that, i; 
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4f If a leg be less than its opposite angle, their sum 
will be less than 1 80° ; and if it be greater than its op* 
posite angle, their sum will *be greater than 1 80^» 

5. The difference of the two oblique angles is less than 
90°j and their sum is greater than 90°, and less than270°» 

6. The three sideg are eithet all equal tp, or le$& than, 
90% or two of them are greater than 90°, and the 
Other less (y). 

The six cases of right-angled spherical trianglejs, be* 
fore mentioned, may be ranged as follows : 
"A leg and its opp. Z 
A leg and its adj^ Z 
The hyp. and a leg 
The hyp, and an Z 
The two legs 
^The two Z ' 

CASE I. 

When a leg and its opposite angle are given, to fin4 

the restf 

1. To Jiiid the other leg. 

As rad : tan giv. leg : : cot opp. or giv« Z : sin 
other leg. 

Which leg may be either an arc less than 90°, br its" 
supplement. 



Given-\ 



>io find the other patts^ 



followed without any other restrictioo^ they would frequently tad- 
to an impossible triangle . The same observation may also be .applied 
tP the two corresponding properties of quadrantal spherical triangtes, 
(y) A right-angled spherical "trian'gre may have either, 
1 . One right £ ^ and two acute or two obtuse -2I • j 
H. Or two right A % and one acute or one obtuse Z j • 
S. O aU its three / * Eiay be right 4: *. 
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2. To Jind the other A. 

As cos given leg : cos opp. or giv, A : : rad : sin 
othor A. 

Which 21 may be either an acute A, or i^ supple- 
ment* 

S, Tojind the hypothenuse^ 

As sin giv. 2! : sin opp. or giv. leg : : rad : sin hyp. 

Which hyp. may be either an arc less than 90% or 

its supplement. 

eXamiples. 

1. In the right-angled spherical triangle abc, hav- ^ 
ing the leg bc 42^ \2\ and its opposite Z a 48"^ O', 
to find the rest. 

BY CONSTRUCTION. 




U Describe the circle At did with the chord of 60% 
and draw the diameters a a, d c/, at right angles to 
each other. 

2. Set the semitangent of the complement of the 
angle a (42^ O') from o to tw, and through the three 
points A, m, a, describe a circle. 

3. From o as a centre, with the semilangent of the 
complement of b c (47^ 48^) as a radius, describe an 
arc, cutting the circle Km a in b. 

o 2 






SI- 

4. Through the points o, b, draw the line o b c ; and 
ABC, or <7Bc, will be the A required, each having the 
same data ; which shows this case to be ambiguous. 

To measure the required parU. 

1 . Set oflf the semitangent of the given Z a (48*^0^ 
from o to /) ; and take c p equal to the chord of 90^ 

2. Through the points b, />, draw the Kne ti/> b r, 
cutting the circle in n and r. 

3. Then p w, taken on the scale of chords, gives the 
Z B 64° 35\ A r, taken on the same scale, gives A b 
64° 40', and A c on the same scale is 54° 43'. 

BY CALCULATION. 

Rad, or sin - - - 90° ... . 10.0000000 

Tan B c 42° 12' . - 9.9574850 

: Cot 2^ A .48° O' . - 9.9544374 

Sin AC 54° 43' or 125° 17' - - 9.9119224f 

Cos BC 42° 12' . - 9.8697037 

Cos 2^ A .... 48° O' . . 9.8255109 
: Rad, or sin ... 90° - - - - 10.0000000 

Sin Z B 64° 35' or 1 15° 25' - 9.9557072 

Sin ii A - ... 48° O' - . 9.8710735 

Sin B c 48° 12' - . 9.8271887 

: Rad, or sin ... 90° ... . 10.0000000 

Sin AB 64° 40' or 1 15° 20' - 9.9561152 

INSTRUMENT ALLY, 

1 . Extend the compasses from 48° to 42° 12' on the 
line of tangents, snul that extent will reach, on the 
sines, from 90° to 54° 43', the side a c. 

5 
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2. Extend from 47° 48' (the complement of b c) to 
42*' (the complement of I, a) on the sines, and that 
extent will reach, on the same line, from 90° to 64° 2^St 
the 2 b.. 

3. Extend from 48° ( 2^ a) to 42° 12' (b c) on the 
»nes, and that extent ^vill reach, on the same line, 
from 90° to 64° 40', the side a b (z). 

2. In the right-angled spherical triangle a b c, 

g f Theleg bc ll°3b' . Tag 27° 54' or 152° 6' 

|§ |Itsopp.2:A23°30' S<^ 2:B69°22'orUO°3a' 

Requu-edtheother parts. Iab30° O' or 150° O' 

3. In the right-angled spherical triangle a b c, 

g f Theleg bc 36°31' . Tac 75° 25' or 104° 35' 

'^ \ Its opp. I A 37"^ 25' I <^ i^B 81° 12' or 98° 48' 

Required the otherparts. I a b 78° 20' or 101°4O' 



{%) In following the three general rale$> vbich have been given 
for right-angled spherical triangles> the proportion used in the cal« 
eolation is not always that which is adapted to the instrumental 
solution 5 but one may be easily reduced to the other by proper 
substitndons. 

Thus^ since rad : tan bg :: cotA : sinAC by the ^t forr 

mula^ if be put ip the place of its equal, the cot a, the pro- 
portion will become tan a : tan b c : : rad : sin a c^ which is that 
applied to the instrument : aod, if thov^ht necessary, will equally 
aerve for the numeral solu ion. 

It may also be observed, that, in the instrumental computation^ 
when the extent on the t, ingents reaches beyond the line, it must 
be set » fo back as it r(;aches over \ the method of doing which 
may be seen in the instrumental solution of case iv. following; 
where the ftiethod is more fully described* 
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4. In the right-angled spherical triangle a b c» 

S rThelegAc28^5l' . f bc 62''28'or 117**32' 

•J tltsopp.i^»Sl°5l' 1^ ^ A 75^ 53' or 104^ r 

Reqiured the other parts. L a b 66"" 7' or 1 1 S"" 53^ 

CASE 11. 

When a leg and its adjacent angle are given, to^ind 

the rest. 

!• To find ike other leg. 

As cot given Z ; sin adjacent, or given leg : ; rad • 
tan other leg. 

Which leg is like its opposite ^ . 

2. To find the other Z. 

As rad : sin given A : : cos adjacent, or given leg ; 
cos other Z. 

Which Z is like its opposite leg* 

3. To find the hypothenuse. 

As tan given leg : cps adjacent, or given / : : rad : 
cot hyp. 

Which hyp. is less than 90® if the given leg and jL 
are like j but greater than 90° if they are unlike. 

EXAMPLES, 

1. In the right-angled sphericai triangle abc, hav-r 
mg the leg a c 54"^ 43', and its ad^xent angle A 48% to 
find the rest. 
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BY CONSTRUCTION, 




!. Describe the circle ad arf with the chord of 60*^; 
and draw the diameters Aa, dc/, at right angles to each 
other. 

2. Set the semitangent of the complement of the 
angle a (42°) from o to tw ; and through the points 
A, m, a, describe a circle. 

S. Set off A c (54° 43^ by the scale of chords, and 
draw CO9 cutting the circle Ama in b ; then ABC will 
be the triangle required. 

To measure the required parts. 

1 . Set off the semitangent of the given ^ a (48°) 
from o to j&, and make c p equal to the chord of 90°. 

2. Through the points b, />, draw the line np b r, 
cutting the circle in r and n. 

8. Then pn, taken on the scale of chords, gives the 
JL B 64° 35', Ar, on the same scale, gives ab 64° 40', 
and OB, taken on the line of semitangents, and then 
subtracted from 90°, gives bc 42° 12'. 

BY CALCULATION. 

Cot ^ A . - - - 48° . - . - 9.9544374 

Sin A c . - ... 54° 43' . - 9.9118528 

: Rad, or sm - - - 90° ... - 10.0000 000 

Tan BC 42° 12' . . 9.9574154 

Which side is acute, being like its opposite /- a. 



: Rad, or sin - - - 90* ^ . - - 10.0000000 

: Sin Z A .... 48'' . - - - 9.8710735 
:: Cos AC - - - - - 34° 43' - . 9.7614638 
: Cos ii B .... 64** 3.5' . - 9.6325373 

Which Z is acute, being like its opposite leg a c. 

Tan AC 54*43' - - 10.1502104 

Cos i^ A .... 48° 0' - - 9.8255109 

: Rad, or sin ... 90" ... ^ 10.6006 666 

Cot A B 64" 40' - - 9.6753005 

Which side is less than 90^, because a c and Z a 
are like. 

INSTRUMENTALLY. 

1 . Extend the compasses from 9(f to 54° 4S' ( a c) 
on the line of sines ; and this extent will reach, oxkthci 
tangents, from 48° ( ^ a ) to 42° 12' the leg B c. 

# 

2. Extend from 90° to 48° ( -^ a ) on the sines, and 
this extent will reach, on the same line, from 35° 17' 
(comp^ of Ac) to 25° 25' the complement of i£ b. ^ 

S. Extend from. 90^ to 42® (complement of Z a) on 
the sines, and this extent will reach, on the tangents, 
from 35® 1 Y (complement of a c) to 25® 20', the com- 
plement of a b (a). 



(a) If 2 be substituted for cot a in the first stating of the 

tauA ** 

numerical calculatbn of this case^ it will become nid : sin a c : : 

tan A : taoBC. 

f* 

And if : — be put for tan A c, in tEe Ihird stkting, it will bc- 

cot A c '^ 

come rad : cos a : : cot ac : cot ab ; which arc the proportioD) 

adapted to the instrumental solution. 
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2. In the right>angled i^barical triangle abc, 

w. / Theleg AC 2T S^ f bc 1 1"» SO' 

. ^ \ Its ad}'. A A 2»» SOC Abs. < ^ b 69° 22' 

Required the other part& (. a a 30* O 

S. In the right-angled spherical triangle abc, 

^. f The leg a c 75" 25' f b c 36° Si' 

^^^ I Its adp. >i A 87" 25' Ans.-j 2 b 81° 12' 
Required the other parts. L a a 78° 20 

4. In- the right-angled ^herical triangle A B c, 

nj««n/'r^^*^g»c^^'7°^*' Tab 113° 55' 

^**" t Its adj*. 2 B 31*51' Ans.^ 2 a 104° 8' 

Reqtiired the other parts. t ^C 28° 51' 

CASE III. 

Wheti the by{>othemise and a leg ^^ given, to find 

the rest 

1. To^nd the opposite Z, 

A^fiti hyp. : ritd : : sin giv« leg : sin its 0pp. Z . 
Which Z is like its opposite leg. 

2. To Jind the adjacent Z. 

As fkd : eot hyp. : : tan giv. leg : cos its adj*. / . 

Which Z 18 acute, if the hyp. and given leg are like; 
bM bbtilse, if they are unlike* 

3. To find the other leg. 
As cos gir. leg : rad : : cos hyp. : cos other leg. 

Which leg is less than 90^ if the hyp. and given leg 
are like } but greater than 90^ if they are unlike. 
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EXAMPLES. 

1. In the right-angled spherical triangle a b c, having 
the hypothenusc ab 64° AXS^ and the leg bc 42^ 12', 
to find the rest. 

BY CONSTRUCTION- 
A 




!• With the chord of 60® describe the circle AXyad^ 
and draw the diameters kayndy at right angles to each 
other. 

2. Set off the hyp. a b (64® 40'), by a scale of 
chords, each way from a to m ; and draw d m, cut- 
ting A a in ^. 

S. Through the points m, s^ rriy describe a circle ; 
and fron^ o, with the semitangent of the complement 
of BC (47® 48') as a radius, intersect the former circle 
in B. 

4. Describe a circle through the points a, b, a, and 
draw OBC ; then abc will be the triangle required* 

To mectsure the required parts. 

1 • Measure the distance o r, in degrees, on a scale 
of semitangents, and set off its complement on the 
same scale, from o top. 

2. Through the points b, />, draw the line Bj&n, cut- 
ting the circle in n \ and take c p equal to the chord 
of 90^ 
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S. Then pw, on the scale of chords, ^ves 2 b 
64° 35\ o r, taken on the scale of semitangents, ^d 
then subtracted from 90% gives Z a 48° O', and ac, 
on the scale of chords, is 54° 43'. 

BY CALCULjATION, 

: Sin AB 64° 40' . . 9.9560886 

: Rad, or sin - - « 90° ... . lO.OOOOOOa 
:: Sin B c 42° 12' . - 9,8271887 

: Sin Z A ..... 48° O' - . 9.8711001 

Which Z is acute, being like its opposite leg bc. 

Rad, or sin ... 90° ... - 10.0000000 

Cot A B 64° 40' . - 9.6752372 

: Tan b c 42° 12' . - 9.9574850 

Cos Z B .. ^ ^- 64° 35' . - 9.6327222 
Which Z is acute, because ab and Z b are like. . 

, Cos BC 42° 12' . . 9.8697037 

Rad, or sin - - - 90° .... 10.0000000 
: Cos a B 64° 40' - . 9.6313258 

Cos A C 54° 43' - . 9.7616221 

Which side is less than 90°, because a b and b c are like. 

INSTRUMENTALLY. 

1. Extend the compasses from 64° 40' (a b) to 90% 
on the sines, and that extent will reach, on the same 
line, from 42° 12' (bc) to 48°, the Z a. 

2. Extend from 64° 40' (ab) to 42° 12' (bc), on 
the tangents, and that extent will reach, on the sines, 
from 90° to 25° 25', the comply nent of Z b. 

S. Extend from 47^ 48' (cony ilement of bc) to $0° 
on the sines, and that extent wi 1 reach, on the same 
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line, from 25** 25' (complement of ab) to 35® 17', the 
complement of a c (i). 

2. In the right-angled spherical triangle a b c, 

^. f The hyp. ab 30*^ C Ik 23* 30' 

Oiven I ^j^^ j^g ^ ^ J jo 3Q/ ^j^ ) ^ 3 gy.) 22' 

To find the other parts. I ac 27' 54' 

3. In the right-angled spherical triangle A b c, 

^. r The hyp ab 78* 20' f Z a 37* 25' 

i^iven I r^^^ j^g ^ ^ ggo 3^/ ^g I ii B 81* 12^ 

Required the other parts. t a c 75 25^ 

4. In the right-angled spherical triangle a b c, 

^. f Thehyp ab 78*20' f ^k^T^ 

triven I ^j^^ j^g ^ ^ ^go 52^ An6.<^ A b 83* 56'^ 

Required the other parts. (^ b c 27 8 

CASE IV. 
When the hypothenuse and an angle are given, to 
find the rest. 

1. To find the opposite leg. 

As rad : sin hyp. : : ^ giv. A : sin its opp. leg. 

Which leg is like its opposite /. • 

2. To find the adjacent leg. 

As cot hyp. : rad : : cos giv. ^ : tan its adj*. leg. • 

Which leg is less than 90° when hyp. and given A 
are like ; but greater than 90* when they are unlike. 
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(h) By substituting — . — for cot ab^ in the second stating of 

l3n A s 

the numeral solution^ it wlV become tanAB:tanBc::rad: cosb 
lor the instrumental solativ i. 
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3. To find the other £. 

As cot giv. 2 : rad : : cos hyp. : cot other A . 

Which A is acute when hyp. and given Z. are like ; 
but obtuse when they are unlike. 

EXAMPLES. 

1. In the right-angled spherical triangle abc, hav- 
ing the hypothenuse a b 64° 40', and the angle a 48**, 
to find die rest. 

BY CONSTRUCTION. 




1. With the chord of 60'' describe the circle a pa (2, 
and draw the diameters a a, Dcf, at right angles to each 
other. 

2. Set oflf 0771 equal to the semitangent of the com- 
plement of the jL a (42®), and through the points 
a, m, a, describe a circle. 

3. Set off the semitangent of the Z. a (48°) from 
o to py and take a r, on the line of chords, equal to 
AB (64" 40'). 

4. Through the points r, j&, draw the line r b J& n\ 
cuttmg the circle Awa in b, and the former circle in 
n ; then, through the points o, b, draw the line o c, 
and ABC will be the triangle required. 
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To measure the required parts. 

1 . Set oflF c p equal to the chord of 90** j then p w, 
takeix on the scale of chords, will give /. b (6^** 33^) j 
and AC, on the same scale, is 54^ 43^ 

2. And if ob be taken on the line of semitangents, 
and then subtracted from 90% it will give b c 42"* 1 2\ 

BY CALCULATION* 

i Rad, or sm - . . 90^ 10.0000000 

: Sin A B 64^ 40' - - 9.9560886 

:: Sin / A 48' O' - • 9.87107S5 ' 

: Sin BC 42M2' . - 9.8271621 

Which side is acute, being like its opposite jL a. 

: Cot A B 64' 40' - . 9.6752372 

: Rad, or sin - - - 90' - - - - 10.0000000 
:: Cos /.A. .... 48' O' - - 9.8255109 

: Tan a c 54' 43' - - 10.1502 737 

Which side is less than 90', because ab and /. a are like. 

Cot 2 a * ... 48' ... - 9.9544374 

Rad, or sin ... 90' ... . 10.0000000 

: Cos AB 64' 40' - - 9.6313258 

Cot 2 B - ... 64' 35' . - 9.6768884 
Which /. is acute, because a b and Z a are like. 

r 

INSTRUMENTALLY. 

1 • Extend the compasses from 90' to 64' 40' on the 
jines, and that extent will reach, on the same line^ from 
48*^10 42*^12', the leg BC. 

2. Extend from 90', on the sines, to 42' (comple- 
ment of Z a) ; then apply tjiis extent from 45' on the 
tangents, towards the left hand,*aud> keeping the latter 
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point of the compasses fixed, fUrn the other leg, 2nd 
extend it till it reaches to 64^ 40^ (a b) ; which last ex- 
tent will reach from 45® to 54** 43', the leg ac. 

3. Extend from 25* 20' (complement of ab) to 90"* 
on, the sines, and this extent will reach, on the tan- ' 
gents, from 42'' (complement of / a) to 64** 35', 
the Z B (c). 

2. In the right-angled spherical triangle abc, 

^. f ThehypAB 30** . fBcirSO' 

^iven I The ii A . 23** 30' AnsJ ac 27** 54^ 

Required the other parts. (^ ^ b 69 22 

S. In the right-angled spherical triangle abc, 

^. f The hyp ab 78** 20' f bc 3(f 31' 

uiven ^y^^^ ^ ^ ^ 3^0 25' ^s J ^c 75* 25] 

Required the other parts. I. ^b 81** 12 

4. In the right-angled spherical triangle abc, 

^. f The hyp ab 78** 20' f Be 76** 52' 

uiven I The 2i B . 27** 43' AnsJ ac 27** 6' 

Required the other parts. L ^ a 83** 56' 
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ic) By putdng for cot ab in the second numeral sta« 

^ ^ ' ^ , ^ tan AB 

ting, it will become rad : cos a x\ tan ab : tan ac; and if 

be put for cot B in the third stating, it will become cos ab : 

tanB 

rad : : tan A : tan B ; which are the analogies adapted to the ia- 
itmmental computation. 
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CASE y. 

When the two legs are given, to find the -rest- 

1. To find either of the Z^. 

As tan one of the legs : rad 2 : sin other leg : cot 
it.^ adjacent / . 

Which Z is like its opposite' leg. 

2. To find the hi/pothemiSe. 

.Is^rad : cos either leg : : cos other leg : cos hyp, 

^ Vhich*hyp. is less than 9(f if the legs/are likej but 
grea ter than 90^ if they are unlike. 

EXAMPLES. 

1. In the right-angled spherical triangle, a* b,c, hav- 
ing th e leg AC 54*" 43\ and the leg BC ^2* 12', to find 
theresi* 

BY CONSTRUCTION. 




1. From o, as a centre, with the chord -6{(^^ ^e* 
scribe a circ le, and draw the diameter e c. 

2. Set of . r c A (54*^. 48') from the scale of (:hords, 
and make o B equal to the semitangent of the comple- 
ment of B c (47^ 48'). 

3. Draw I "lie diameters Aa, d^, at right angles to 
each other, a nd through th^ points a, b, a, describe a 
circle J then jt \^c will be the triangle required. 
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To me&sure the required parts. 

I 

1. Take the measure of on in degrees, on the scale 
of semitangents, and set its complement, on the same 
scale, from o\,op. 

a. Through />, b, draw the line mpBt-^ cutting the 
circle in m and r ; and set off c p equal to the chord 
of90^ 

Sfc Then pm, taken on the liiie of chords, gives the 
Z B 64** 35' J Ar, on the same line, gives ab 64° 40'; 
and o n, taken on the line of semitangents, and then 
subtracted from 90**, gives Z a 48**. 

By caLculatiok* 

Tan AC - ... 54** 43' . * 10»1502104 
Rad, or sin ... 90** . - . - 10.0000000 

: Sin B c 42** 12' - - 9.8271887 

Cot 2 B . -i . . 64** 35' . . 9.6 769783 

Which Z is acute, being like its opposite leg ac 

TanBC 42** 12' w - 9.9574850 

Rad, or sin ... 90** ... . lO.OObOOOO 

: Sin a c 54** 43' - - 9.9118528 

Cot Z A .... 48** O' - - . 9.9543678 

Which Z is acute, being like its opposite leg bc. 

Rad, or an . - . 90?* ... - 10.0000000 

Cos A c 54** 43' . . 9.7616424 

: Cos a c - . - . . 42** 12' . . 9.8697087 
Cos AB 64** 40' . . 9.6313461 

side is less than 90% because a c and b c are like. 
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INSTRUMENT ALLY. 

1. Extend the compasses from 42° 12' (b c) to 90* 
on the sines, and this extent will reach, on the tan- 
gents, from 54° 43' (a c) to 64° S5', the -^ B. (rf) 

2. Extend from 54° 43' (a c) to 90°, on the sines, 
andlhis extent will reach, on the tangents, from 42° 12' 
(b c) to 48°, the I a. 

3. Extend from 90°, on the sines, to 35° lY (com- 
plement of A c), and this extent will reach, on the 
same line, from 47° 48' (complement of b c) to 25° 20', 
the complement of a b. • 

2. In the right-angled spherical triangle a b c, 

^. / The leg ac 27° 54' C Ik 23° 30' 

Oiven I rp,^^ leg B c 1 1° 30' Ans J L b 69° 22' 

Required the other parts. t a b 30 O 

3. In the right-angled spherical triangle a b c, 

^ . r The leg ac 75° 25' C jLk 37° 25^ 

Oiven I ^j^^ ^^^ ^^ ggo 3^. j^^) ^ ^ 3^o jg. 

Required the other parts. L ab 78 20 

4. In the right-angled spherical triangle abc, 

^ . / The leg a c 76° 52' f Za 27° 43' 

oiven I .j,j^^ j^ ^ ^ 27° 6' Ans J Z b 83° 56' 

Required the other parts. L ab 78 20 

--: — ^ 

(d) By substituting — for cot Z b in the first logarithmic 

stating, and for cot a ia the second, the two analogue become 

sin B c : rad : :" tan a c : tan b, and sin a c : rad : : tan b c : 
lau A ; whi^h are those used in the iostrumefital compatation; 

1 



CASE VI. 
Whoi the two oblique angles are given, to find the rest. 

1. Tojind either of the legs. 

As an one of the given ^*: rad :: cos other Z : 
cos its oppo^te leg. 

Which leg is lijte its opposite /■, 

2. To find the hypothenuse, ■. 

As rad : cot either /. :: cot others ; cos hyp. 
Which hyp. is less thMi 90" when the given /.* are 
like ; but greater than 90° when they are unlike. 

EXAMPLES. 

1. In the right-angled spherical triangle abc, hav- 
ing the angle a 48°, and the angle b 64° 35^, to find 
the rest. 

BY CONSTRUCTION. 




1. Describe the circle edcc with the chord of 60°; 
and draw the diameters £ e, d c, at right angles to each 
other. 

«. From E, -with the chord of ^ b f64° ^S^\ set off 
zbynb; and from o take on equal to thesemitangent 
of the complement of that angle. 

3. Through the points fi, n, b, describe a circle ; 
and from o, with the eemitangent of 2 a (48°) de- 
scribe the arc c c, cutting the former in p. 



100 



4. Through p^ o draw the diameter p s^ and another 
A a, at right angles to it. 

5. Set off o m equal to the semitangent of the comple- 
ment of the 2 A (42^) ; then through the points a, m, a, 
describe a circle, cutting dc in b; and abc will be the 
triangle required. 

To measure t%e required parts. 
Through the points />, b, draw the line/) Br, cutting 
the circle EDec in r; then at, taken on the chords, 
gives A B 64*^ 40', a c on the same scale is 54° 48^ and 
o B, taken on the line of semitangents, and then sub- 
tracted from 90°, gives bc 42° 12'. 

BY CALCULATION. 

Sin 2: A . - . . 48°0' . . 9.8710735 

Rad, or sin ... 90° - - - . 10.0000000 

: Cos / B .... 64° 35' - . 9.6326576 

Cos A c ..... . 54° 43' - . 9.7615841 • 

Which side is less than 90°, being like its opp. Z a. 

Sin / B 64° 35' . - 9.9557890 

Rad, or sin ... 90° ... - 10.0000000 
: Cos ^ A .... 48° 0' . . 9.8255 109 

Cos BC .... . 42° 12' . . 9.8697219 

Which side is less than 90°, being like its opp. Z A. 

Rad, or sin . ^ . 90° . - - . 10.0000000 

Cot 2: A .... 48° ... . 9.9544374 

: Cot 2: B .... 64° 35' - . 9.67686g6 

Cos A B 64° 40' . . 9.6313060 

Whicti side is less than 90°, because Z ^ a and b are like. 
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INSTRUMENTALLY. 

1. Extend the; compasses from 48° ( /. a) to 90^ 
on the sines, and that extent will reach, on the same 
line, from 25° 25' (complement of Z b) to 35° 17', 
the complement of a c. 

2. Extend from 64° 35' ( 2! b) to 90° on the sines, 
and that extent will reach, on the same line, from 42° 
(comp^ oi jL a) to 47° 48', the complement of bg. 

8, Extend /ron> 48° ( i^ a) to ?5° 25' (complement 
of Ji b) on the tangents, and this extent will reach, on 
the sines^ from 90° to 35° 20' the comp^ of Ap (e). 

2. In the right-angled spherical triangle a b e, 

^. r The Z A 23° 30' f ac 27° 54' 

oiven I r^^^ ^ ^ ggo 22' Ans J b c 1 1^ SO' 

Required the other parts. L ^ b 30 

3. In the right^^angled spherical triangle a b c, 

n.Vo« / The Z A 37° 25' f ac 75° 25' 

oiven I The Z b 81° 12' Ans.<^ bc 36° 31'^ 

Required die other parts. L^b 78 20 



4. In the right-angled sphe^i^ral triangle a b c. 

The jL a 104° 8' fAC 28° 51' 

The 2: b 31° 51' Ans.<^BC 76° 52^ 

Required the other parts, t ^ b 1 1 3 55 



Given < 



(e) The analogy for obtaining the value of a b by the instru- 



r« 



mentjf is got l^y suljstituting for cot a, in the numeral solu-» 

tion^ which then becomes tan a : cPtB :: rad : cos ab, 
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OF QUADRANTAJL SPHERICAL TRIANGLES. 

The different cases, or varieties, that may happen in 
the solution of quadrantal spherical triangles, in which 
two things, together wkh the quadrantal ade, are al* 
Ways given, to find a third, are the same as in right- 
angled spherical triangles. 

And since the sides and angles of any quadrantal 
spherical triangle are the supplements of the opposite 
angles and sides of a right-angled spherical triangle, 
described ' from its angular points as poles, the three 
general formulae which have beep given for the latter, 
may be readily converted into the following ones, 
which are equally applicable to all the cases of quar 
drantal spherical triangles : 

f sin its opp. side X sin hyp^ Z , 

1. r X sin eith, ^ =\ or 

(^ cot its adj^ side X tan other /, . 

r cos its opp. Z X sin other side, 
2.rXcoseith.side=< or 

(^ tan its adj^ Z x cot hyp^ Z . 

Tcos one Z X cos other Z , 
3. r X coshyp^ Z= < or 

l^cot one side X cot other side. 

Where it is to be remarked, that the angle opposite 
the quadrantal side is called the hypothenusal angle, 
and the other parts simply the sides and angles. And 
in applying these forms to practice, it is only necessary 
to attend to the observations that were m^ide for right* 
angled spherical triangles. 
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AFFECTIONS OF 
QUADRANTAL SPHERICALr TRIANGLES. 

1 . The sides are of the same kind as their opposite 
angles ; and conversely. 

, 2. The hypothenusal angle is greater or less than 
90°, according as a side and its adjacent angle, or the 
two sides, or the other two angles, are like or unlike. 

3. An angle at the quadrant is obtuse or acvite ac- 
cording as its adjacent side and the hypothenusal angle, 
or the other angle and hypothenusal angle, are like 
or unlike. 

4. ^ A side is greater oi* less than 90®, according as 
its adjacent angle and the hypothenusal angle, or the 
other side and the hypothenusal angle, are like or un- 
like. 

OTHER PROPERTIES OF 
QUADI^ANTAL SPHERICAL TRIANGLES. 

1. Tf the hypothenusal angle be 90% one of the 
Other angles and its opposite side will be each 90°, and 
the other side and angle will be measured by the same 
number of degrees. 

2. If an angle, or a side, be 90°, the opposite side, or 
angle, and the hypothenuse will be each 90°; and the 
other angle and side will be measured by the same 
number of degrees. 

3. If an angle at the quadrant be less than the hy» 
pothenusal angle, their sum will be less tlian 1 80° ; 
and if it be greater than the hypothenusal angle, their 
sum will be greater than 1 80°. 
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Given -J 



to find the other 
parts. 



4. If a side be less than its opposite angle, their s^Tt^ 
will be less than 180°; and if it be greater than its op- 
posite angle, their sum will be greater than 180°. 

5. The difference of the two sides is less than 90°; 
and their sum is greater thao 90°^ and less than 270®* 

6^ The three angles are either all equal to, or less 
than, 90°, or t;wo of them are greater than 90°, and 
the other less. 

The six cases of quadrantal spherical triangles al- 
ready mentioned, may be ranged as follows : 
"A side and its opp. /. 
A side and its adj^ Z 
The hyp^ Z and a side 
The hyp*. Z and another Z 
The two sides 
.The two Z 5 

CASE I. 

When a side and its opposite angle are given, tq 

find the rest. 

1. To^nd the other Z. 

As rad ; tan giv. Zy. zoii opp. or giv. side : sin other Z . 

Which Z may be either an acute Z or its sup^ 

2. To find the other side. 

As cos giv. Z : cos opp. or giv. side : : rad : sin other side. 

Which side may be an arc less than 90°, or its sup^ 

3. To find the hypothenusal Z . 
As sin giv. side : sin opp. or giv. Z : : rad ; sin hyp^ Z . 

Which hypothenusal Z may be either an acute Z , 
or its supplement. 
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EXAMPLES. 

1. In the quadrantal spherical triangle a b c, having 
A c 64^ 35^, and its opposite angle b 54° 43', to find 
the rest. 

BY CONSTRUCTION. 
A 




1 . Describe the circle a ba b with the chord of '60% 
^d draw the diameters a a, b Z', at right angles to 
each other. 

2. Set oflF Ad^ Ad, with the chord of ac (64"" 35")^ 
and take o n equal to the semitangent of the comple- 
ment of that arc (25° 25'), and o m equal to the semi- 
tangent of the complement of /, b (35° 1 70* 

3. Through the points b, m, i, and rf, w, d, describe 
two circles, cutting each other in c ; then if a circle 
bj^ described through the points a, c, a, the triangle 
ABC, or^AC, will be the one required, each having 
the same data; which shows the case to be ambiguous. 

To measure the required parts. 

1. Take or oh the scale of semitangents, and set 
pflF its complement, on the same scale, from o to p. 

2, Make op equal to the semitangent of the Z b 
(54*^43'), and through the points cp, cj&, draw the 
lines c e, and c/. 
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S. Then jis^ taken on the scale of chords, gives 
B c 48° } efj on the same scale, gives / c 64° 40\ 
and the complement of the degrees in o r, taken on the 
semitangents, gives /!• a 42° 12'. 



BY CALCULATION. 



Cos Z B - ' 

Cos AC - - 

: Rad, or sin - 
Sin B c - - - 



. 54° 43' . . - - 9.7616424 
. 64° 35' . . - - 9.6326576 
.90° 10.0000000 

. 48° 0' or 132° 9.8710152 



Rad, or sin .. 90° 10.0000000 

: Tan Z b - - - 54° 43' - - - 10.1502104 
Cot A c ... 64° 35' ... . 9.6 768686 

Sin Z A 42° 12' or 137° 48' 9.8270790 (/) 

Sin A c - ... 64° 35' . - . . 9.9557890 

Sin 2 B ... 54° 43' ... . 9.9118528 

: Rad, or sin .. 90° 10.0000000 

Sin 2: c 64° 40' or 1 15° 20' 9.9560638 



INSTRUMENTALLY. 

1 . Extend the compasses from 35° 1 7' (complement 
oi Z b) to 25° 25' (complement of a c) on the sines, 
and this extent will reach, on the same line, from 90* 
to 48°, the side b c. 

2. Extend from 64° 35' (ac) to 54° 4S' (Z b) on 
the tangents, and this extent will reach, on the sines, 
froni 90° to 42° 12', the Z a. 



if) This analogy, by proper substitution, becomes tan a c : 
tan B :: rad : sin a, which is that used in the instrumental com- 
putation. 
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8. Extend from 64° 35' (a c) to 54,° 43' ( i^ b ) on 
the sines, and this extent will reach, on the same line, 
from 90° to 64° 40', the Z c. 

2. In the quadrantal spherical triangle a b c, 

g r The side AC 1 13" 1 8' ^ f b c 64''5l'or 1 15° 9' 

.5 \ The opp. ^ B 1 1 5° 55' I <[ Za 62"26' or 1 1 7° 34' 

Required the other parts. I ^ c 78''56' or lOl' 4' 

3. In the quadrantal spherical triangle a b c, 




Required the other p; 

CASE II. •' 

When a side and its adjacent angle are given, to 

find the rest« 

1. To Jind the other A. 

As cot given side : sin adjacent or given ^ : : rad ; 
tan other A. 

Which JL is of the sajne kind as its opp. side. 

2. To Jind the other side, 
/is rad : an giv. side : : cos adj. or giv. A : cos other side^i 

Which side is of the same kind as its opp. /. . 

3. To find the hypothenusal JL . 
A8 tan given A : cos adjacent or given side : : rad ; 
f:ot hypothenusal JL . 

Which hypothenusal Z is greater than 90° when the 
given side and /, are like } but less than 90° whei\ 
(hey are unlike. 



EXAMPLES. 



1. In the quadrantal spherical triangle a b c, having 
^en the side ac 64° 35', and its adjacept angle a 
42° 13', to find the rest. 



BY CONSTRUCTION. 




1 . Describe the circle a i a b with the chord of 60% 
and draw the diameters xa, b i, at right angles to each 
other. 

2. Set off Ad, Ad, with the choM of ac (64" 3 J*), 
and take o n equal to the semitangent of the comple- 
ment of that arc (25° 25'), and or equal to the semi- 
tangent of the complement of ^ a (47° 48'). 

3. Through the points d, n, rf, and a, r, o, describe 
circles cutting each other in c ; then if a circle be de- 
scribed through the points b, c, Bj the triangle a b q 
will be the one required. 

To measure the required parts. 

1. Set off the semitangent of the Z a(42'' 12') from 
o to p } also take om, on the same scale, and set off 
its complement from o to p. 

2. Through the points c, p, and c,p, draw the lines 
c e and * cf; then b *, taken on the scale of chords, 
gives Bc 48°; efj on the same scale, gives Z c 64° 40', 
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(or 115° 20'); and the complement of the degnees in 
o m, taken on the semitangents, gives JL b 54^ 43^ 

BY CALCULATION. 

Rad, or sin . - . 90° - - . - 10.0000000 
Sin A c ...... 64° 35' . - 9.9557890 

: Cos /a .... 42° 12' . . 9.8697037 

Cos B C 48° O' . . 9.8254927 

Which side is less than 90% being like its opp.^ii a. 

(^) : Cot A c - - - - - 64° 35' - - 9.6768686 
Sin -^ A .... 42° 12' . . 9.8271887 
: Rad, or sin - . . 90° - . . . lO.OOOOOOQ . 

Tan A^ .... 54° 43' - - 10.1503201 

Which jL is acute, being like its opposite side a c. 

Tan Ik .... 42^ 12' - . 9.9574850 

Cos a c 64° 35' . . 9.6326576 

: Rad, or sin ... 90° . - . . 10.00 00000 

Cot i^ C 1 15° 20' (sup^ 64°40') 9.6751726 
Which A is obtuse, because a c and ^^ a are like. 

INSTRUMENT ALLY. 

1. Extend the compasses from 90° to 64° ^5' (ac) 
on the sines, and that extent will reach, on the same 
li^[ie, from 47° 48' (the complement of L a) to 42°, 
the complement o£ b c. 

2. Extend from 90° to 42° 1 2' on the sines, and this 
extent will reach, on the tangents, from 64° ZS' (ac) 
to 54° 48', ii B. 

(g) The two la^t of these analogies^ by proper substitutions, 

, frad : sin A :: tan AC : tan b1 , . , , , i 

Decome< , ^ ^ > which are those adapt* 

X^nA : cos AC :: cot A : cot cj ^ 

ed to the use of the instrument. 
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S. Extend from 90"^ to 25'' 25' (comp^ of A c) on the 
sines, and this extent will reach on the tangents, from 
47^ 48' (comp^ of / a) to 25° 20\ the comp^ of c. 

2, In the quadrantal spherical triangle a b c, 

^. . fTheside AC 113^18' C Bc 115^ 9' 

Lriven I r^^ ^jjt ^ A 1 1 7° 34' Ans J ^ b 1 15^ 55^ 

Required the other parts. t. ^ c 101^ 4 

3. In the quadrantal spherical triangle A b c, 

^. / The side B c 62^ 26' Tag 75° 52^ 

Oiven|^j^^^jt^^3l48o 9' Ans.<^ 2:a620 28' 

Required the other parts. L ^ c 66° 5 

CASE III. 

When the hypothenusal angle and either of the 
other angles are given, to find the rest. 

1. Tojind the side opposite the given A. 

As sin hyp^ Z. : rad : : sin given /. : sin opposite 
or required side. 

Which side is like its opposite A . 

2. To find the side adjacent ike given Z . 

As rad : cot hyp^ Z : tan given Z : : cos adjacent 
or required side. 

Which side is greater than 90® when the given Z ^ 
are like ; but less than 90° when they are unlike. 

, 3. To find the remaining Zn 
As cos given Z : rad : : cos hyp^ Z : cos remain-* 
ing or required Z . 

Which Z is obtuse when the given Z ^ are like; but 
acute when they are unlike. 



HI 

EXAMPLES. 

-1. In the quadrantal spherical triangle abc, having 
the angle a 42" 12', and the hyp', angle c 115° 20', 
to find the rest. 

BY CONSTRUCTION. 




1. Describe the circle ADflrf with the chord of 60% 
and draw the diameters aq, nd, at right angles to each 
other, 

2. Set off OB equal to the semitangent of the com- 
plement of Z A (47° 48'), and through the points 
A, B, a, describe a circle. 

3. From o, b with the tangent and secant of 
^ C (115* 2tf or 64° 40') describe arcs cutting each 
other in o ; then from the point o, as a centre, with 
radius ob, describe the circle c b c, and abc will be 
the triangle required. 

To measure the required parts. 
1. In set off o/» equal to the semitangent of 
Z c (115° 20' or 64° 40'), and through ;), b, draw the 
line r *, cutting the circle in r and «. 

_ 2. Then ro, taken on the scale of chords, gives Z B 
54° 43', c s, on the same scale, gives c b 48% and a c 
b 64° 35'. 
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BY CALCULATION. 

: Sin Z C - - - - 115° 20' - - 9.9560886 
: Rad, or sin - - - 90** - - - - 10.000000O 
:: Sin -«i A 42° 12' - - 9.827 1887 

: SinBC 48° O' - - 9.8711001 

* _ 

Which side is less than 90% being like its opp. Z a. 

Rad, or sin . - . 90'' . - * -10.0000000 

Tan Z A ... - 42° IS' . - 9.9574850 

: Cot -^ c . - - . 115'' 20' - . 9.6752372 

Cos A c 64° 35' . . 9,6327222 (A) 

Which side is less than 96% because the / ^ a and c 

are unlike. 

: Cos i^ a . - . - 42"" 12' - - 9.8697037 
: Rad, or sm - - - 90° ... . 10.0000000 
:: Cos ii c- - . - 115°20' - . 9.631 3258 

: Cos if B .... 54° 43' - . 9.7616221 
Which Z is acute, because the given Z * are unlike. 

INSTRUMENTALLY. 

1. Extend the compasses from 47° 48' (complement 
of Z a) to 90^ on the sines, and this extent will reach^ 
on the same line, from 25° 20' (complement of Z c) 
to 35^ 1 7', the complement of Z b. 

2. Extend from 64° 40' ( Z c ) to 90^ on the sines, 
and this extent will reach, on the same line, from 
42° 12' ( 2 A ) to 48°, the side B c. 

3. Extend from 64° 40' ( 2: c) to 42° 12' (-^J a) on 
the tangents, and this extent will reach, on the sines^ 
from 90° to 25° 25', the complement of a c. 

{h) This analogy may be converted into tan c : tan a : : rad : 
cos A c for the instrumental computation. 
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Si t{i the quadrantal spherical triangle a Be, 

*,. r The hyp'. A c 101" 4' f -^ b 1 15' SS' 

driven I Yjjg ^ ^ _ 117° SO' Ans.^ bc 115° 9' 



-^. r The hyp^ i^ c lOr 40' f^Al 

Oiven|Yj^^^^ . . lOS^ 8' Ans.^ bc 

Reauifed the other D^rtS. L ^^ ^ 



Required the othet parts* Lag113 18 

3* in the quadrantal spheric^ triangle a b c^ 

152^52^ 

Required the other p^rtS. L ac 1S2M6' 

CASE IV* 

When the hypothenusal angle and a »de are giveUi 
16 find the rest. 

1 k Tojlnd the JL opposite that dde. 
As rad : sin hyp^* i^ : : sin given side t sin ppposit^ 
or required 4- • 

Which ^ is like its opposite side* 

2. To find the ^ adjacent given side. 
As cot hyp^» Z : rad : : cos given side : tto its adj^ Z • 

Which Z is obtuse when its adjacent side and the 
hyp^ Z are like ; but acute when they are unlike. 

S. 7 find the other side* 
As cot given side : rad : cos hyp^ ^ : : cot other side* 

Which side is greater than 90^, when the other side 
and the hyp^ Z are like j but less than 90^ when they 
are unlike. 

EXAM?L£S. , 

1. In the quadrantal spherical triangle abc, having 
AC 64^ 35^, and the hypothenusal Z c US'" 2(f, tp 
find the rest. 
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BY CONSTRUCTION. 




1 . Describe the circle ad ad with the chord of 60*, 
and draw the diameters a a, d d, at right Z ' to each other, 

2. Set off AC (64° S^) fi'om a scale of chords, .and 
draw the diameter c c, and another b e, at right 
angles to it. 

3. Take o n equal to the semitangent of the com- 
plement of the Z c (25° 20'), and through the pc^ts 
c n c, describe a circle, cutting the diameter d din b. 

4. Then if a circle be described through the points 
A, B, a, the triangle a bc will be the one required. 

To 'measure ike required parts. 

1. Make op equal to the semitangoit of the angle c 
( 1 1 5° 20' or 64" 40'), and through p, b, draw the line 
rsj cuttmg the circle in r and s. 

2. Then o b, taken oa the semitangents, and sub- 
tnictedfrom 90°, gives /. a 42° 12'; t-d, on the chords, 
gives / B 54° 43' ; and c *, on the same scale, gives 
c B 48". 

BY CALCULATIOK. 

: Rad, or wn - - 90° 10.0000000 

: Sin 2 c - - - 115° 20* - - -, 9.9560885 

:: Sin A c - - - - 64° 35' - - - 9.9557890 

: Sin 2 B . - - - 54° 43' - - - 9.9118776 

Which Z is acute, being like its opposite side AC. 



Cot i<; c . - - 115" 20' - - - 9.6752372 

Rad, or sin - - QCf 10.0000000 

: Cos AC - - - - 64° 35' - - - 9.6826576 , 

Tan Z A ... 42° 12' - - - 9.9574204 
Which Z is acute, because ac and Z c are unlike. 

Cot A c - - - . 64^ 35' '^ ^ 9»6768686 

Cos -^ c - - - 115^ 20' - - - 9.6313258 

: Rad, or sin - - 90° 10.0000000 



^l^~Amm^mmB^^~ 



Cot BC . - •- - 48^0". - - - 9.9544572(0 

Which side is less than 90% because a o juxd Z c are 
unlike. 

INSTRUMENTALLY. 

1. Extend the compasses from 90*" to 64"* 40' ( -^ c ) 
on the sines^ and this extent will reach, on the same 
line, from 64^ 35' (a c) to 54^ 43', the Z h. 

2. Extend from 90'' to 25^ 25' (complement of a c) 
on the sines, and that extent will reach^ on the tan* 
gents, from 64"* 40' ( ^ c ) to 42"^ 12', the Z a. 

3. Extehd from 90° to 25"" 20' (complement of Zc) 
on the sines, and this extent will reach, on the tan- 
gents, from 64^ 35' (a c) to 42% the comp^. of b c . 

2. In the quadrantal spherical triangle ab c, 
p._„ f Theside AC 113' 18' f bc 115° 9" 

Required the other parts. L -^ a 11 7 30 

(i) These two analogies are easily converted into the following: 
rad : cos ac :: tan c : tan a 
rad : cos Z c , : :' tan a c : cot b c, 
which are those used for the instrumental computation. 

12 



, In the quadrantal spherical triangle abc. 
f The side bc 152" 17' 



f The side b c 152" 17' f ac 

I The hyp'. / c 101" 40' AasJ Z b 103° 
. Required the other parts. L ^ ^ 



Given ^ 

. Required the other parts. L ■^ a 152" 5*' 
CASE V. . 
When the two sides are given, to find the rest. 

1. Tojind either of the other /*. 

As an either side : rad : : cos other side : cos op- 
posite or required / . 

Which / is Uke its opposite side* * 

2, To Jind the hypothenUsal Z. 

As rad : cot either side : : cot other side : cos hyp'. /. . 
Which /. is obtuse when the given sides are like j 
but acute when they are unlike. 

EXAMPLES. 

1 . In the quadrantal spherical triangle abc, having 
the side a c 64° 35', and the side b c 48", to find the rest. 

BY CONSTRUCTION. 




1. Describe a circle with the chord of 60", and draw 
the diameters ar, dc^ at right angles to each other. 

2. Take ac equal to the chord of 64° S5', and set 
off c /', c i', with the chord of 48° (cb). 

3. Make o /* equal to the semitangmt of the com- 
plement of cB (42°), and through the points b, n, t, 
describe a circle, cutting nrf in b. 
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4. Draw the diameter c c, and through the points 
c, B^ c, describe a circle ; then a b c, will be the tri- 
angle required. 

To measure the required parts. 

1 . Draw the diameter e e perpendicular to c c ; and 
having taken o m, in degrees, on the semitangents, set 
off its complement from o to p. 

2. Through p, b, draw B/>r, cuttmg the circle in r; 

then r d, on the chords, gives Z b 54*° 43'; ob, taken 

« 

on the semitangents, and subtracted from 90% gives 
Z A 42° 12'; and om, taken on the same line, and then 
subtracted from 90°, gives Z c 64° 40' or J 15° 20'. 

by calculation. 

: Sin bc . - - . . 48°0'. * - 9.8710735 
: Rad, or sin - - - 90° - - - - 10.0000000 
:: Cos A c . - - - - 64° 35' - - 9^6326576 

: Cos Z B .... 54° 43' - . 9.7615841 

■ I - ■ 

Which Z is acute, being like its opposite side ac. 

Sin A C 64° 35' - - 9.9557890 

Rad, or sin - - . 90° • . . . 10.0000000 
: Cos B c . - . . - 48° O' . . . 9.8255109 

Cos ii A .... 42° 12' - - 9.8697219 

Which Z is acute, being like its opposite side b c. 

Rad, or sm ... 90° ... - 10.0000000 

Cot A c 64° 35' . . 9.6768686 

: Cot B c 48° O' . - . 9.9544374 

Cos i: c .... 115° 20' . . 9.6313060 (k) 
Which Z is obtuse, because a c and b c are like. 



(k) This analogy becomes tan a c : cot b c : : rad : cos c for 
the instrumental computation. 
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INSTRUMENT ALLY. 

1 . Extend the compasses from 64^ 35' (a c) to 42* 
(complement of b c ) on the tangents, and that extent 
will reach, on the smes, from 90® to 25® 20', the com* 
plement of 2 c. 

2. Extend from 48® to 90® on the smes, and that 
extent will reach, on the same line, from 25® 25^ (com- 
plement of A c ) to S^ 1 7', the complement of Z b, 

S. :pxtend from 64® 35' to 90® on the sines, and that 
extent will reach, on the same Kne, from 42® (com* 
plement of b c ) to 47® 48', the complement of 2 a. 

2. In the quadrantal spherical triangle a b c. 

The side ac 113® 18' f ^^ ^^^° *' 

The side b c 115® 9' AnsJ ii b 1 15® SS^^ 

Required the other parts. I. -^ a H7 30 

3. In the quadrantal spherical triangle a b c, 

^. /Theside AC 148® 9' r lo 66® 5' 

^^^^^ I The side B c 75® 52' Ans-^ 2^b151® 9' 



Given < 



Required the other parts, \ / a 73® 56 

CASE VL. 
When the two angles are given, to find the rest* 

I ; To find either of the two sides. 
As tan either given 4 * : rad : : sin other Z ; cot, 
its adjacent side. 

Which side is like its' opposite angle. 

2. To find the hypoihenusal angle. 
As rad : cos eith. giv. ^ * : : cos other A ; cos hyp^, Z , 

Which hyp^ Z is obtuse when the given Z^ are likej 
but acute when they are unlike. 
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EXAMPLES. 

1. In the quadrantal spherical triangle Afic, having 
the angle a 42° 12', and the angle b 54° 43', to find 



the rest. 



BY CONSTRUCTION. 




-S Of 

J . Describe a circle with the chord of 60°, and draw 
the diameters a a, Bb at right angles to each other. 

2. Set off o m equal to the semitangent of the com- 
plement of ^ A (47° 48'), and through the points 
A, m^ a describe a circle. 

3. Set off on equal to the semitangeiU of the com- 
plement of i^ B (35^ 17'), and through the points 
by n, B describe a circle, cutting the £3rmer in c ; then 
ABC will be the triangle required. 

To measure the required parts* 

Set off o p, o/), equal to the semitangents of tjie ^ ® 

A and B, and through the poiM c draw the lines e r 

znd/s: then rs, on the chords, gives /> c 115°20'j 

Ae, on the same line, gives a c ^4° 35^ j and b/ gives 

£C 48° 

BY CALCULATION. 

Tan Z A ... - 42° 12' - . 9.9574850 

Rad, or sm . - - 90° . - - • 10.0000000 

: Sin i^ B 54° 43' . . 9.9118528 

Cot B c 48° O' . - - 9.9543678 

Which side is acute, being like its opposite Z a. 
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Tan ii B - - . - 54° 43' - - 10.1502104 

Rad, or sm -.- - 90° - - - . 10.0000000 

:Sia Z A - , - - 42° 12' - - 9.8271887 

Cot A c 64° 85' - - 9.6769783 

Which side is acute, being like its opposite Z b. 

: Rad, or sin, - - - 90° - - - - 10.0000000 
: Cos ^ A - - - - 42° 12' - - 9.86970S7 
:: Cos ii B - - - - 54° 43' - - 9.7616424 

: Cos / c ... - 115* 20' - - 9,6313461 (/) 

Which Z is obtuse, because the / ^ a and b are like« 
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INSTRU MENTALITY. 

. Extend the compasses from 54^ 4S' ( i^ b ) tp 
on the sines, and this extent will reach, on the 
tangents, from 42^ 12' ( ^ A ) to 48*^, the side B c. 

2. Extend from 42"^ 12' ( ii a ) to 90"^ on the anes, 
and this extent will reach, on the tangents, from 54^ 43' 
( ^ B ) to 64"* 35', the side a o. 

3. Extend from 90° to 47° 48' (the comp*. of Z a) 
on the sines, and this extent will reach, on the same 
line, from 35° 1 7' (the complement of /• b) to 25° 2(/, 
the complement of Z c. 

*2. In the quadrantal spherical triangle a b Cj^ 

^. /The Z A 117° 34' f bc 115° 9f' 

Uiven I The ii B 115° 55' AnsJ ac 113°18; 

Required the other parts. L -^ c 101 4 

(/) The first two of these analogies are convertible into the fol<« 

- fsin B : rad :: tan A : tan Bc") ^ , . , 

lowing ones : < . , ^ ^ > for the instrumeU'* 

(^smA : rad :; t9nB:tanAc/ 

tal computation. 
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3. In the quadrantal spherical triangle ab c, 

^. ^„ r The A A 10S° 8' f bc 101'' 40' 

Uiven^^^ ^ B 152^54' AnsJ AG 152^ lY 

Required the other parts. L -^ c 78° Stf 

03LIQUE-ANGLED SPHERICAJL TRIANGLES. 

The different cases, or varieties, that may happen 
in the solution of oblique-angled spherical triangles, 
where any three things are given io find a fourth, 2cr^ 
in all, twelve ; but, by restricting them to such as de- 
pend upon the same principles, they may be reduced 
to six* And if a perpendicular be drawn from one of 
the angles to the opposite side, each of these cases, 
except the two where the three sides or the three an- 
gles are given, may be resolved by means of the rules 
already proposed for right-angled spherical triangles. 

Qr, all the cases of oblique-angled spherical triangles 
may be resolved, without drawing a perpendicular, by 
means of one or the other of the four following the- 
orems, which are better adapted to practice, and more 
easily retained in the memory, than the various parti- 
culvs which must be attended to in the former method, 
with respect to the falling of the perpendicular, and 
the species of the different parts of the triangle. 

I. 
Sin either side : sin its opp. ^ :: sin any other ^de 
: »n its opp« Z . 

Sin ^ sin "^ 

or V^ sum any two sides : or >|- their diff. : : cot 
Cos J cos J. 

fidiff. 
^ flic*', Z I tan< or other two Z •, 

t i sum 
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in. 

I 7 

Sin '^ sin "j 

ur >|^ sum any two /^ : or > ^ their diff. :: tan^ 
Cos J cos J 

r^diff, 

inc^. side : tan< pr other two sides. 

\^sum 

IV. 

r any two sides 
Rect, sines < or : square of rad. 

(^any two A^ ^ 

sin ^ sum 3 sides X sin difF. this ^ sum and 3d side 

or 
cos ^ sum 3 Z " X cos diff. this^ sum and Sd i^ 

^ f cos* ^ inc^. ii 
• \ sin* I inc^. side. 

The six cases of oblique-angled spherical tnangIeS| 

akeady mentioned, may be ranged as follows: 

"Two sides and an Z^ opp. to one of them' 

Two / ^ and a side opp. to one of them 

Two sides and thdr included Z 

Two /^ * and their included side 

The three sides 

.The three angles 

CASE I. 

When two sides and an angle opposite to one of 
them are given, to find the rest. 

1. To find the other opposite angle. 

As sin side opp. given /• : sin that Z : : sin other 
given side : sin its opposite Z^ . 

Which ^ is either an acute /- or its sup% according 
as it makes the greater side opposite the greater angle. 
And if each of them agree with this rule, the triangle 
is zmbignoviSy or admits of two difiereht solutions* 



Given-^ 



i 



I 

o 



2. To find the angle contained by the given sides. 

Find the ^ opp. the other given side, by rule i, 
and note whether it be ambiguous or not. 

Then, Sin -J- dif. two given sides : sin -j. thdr sum 
; : tan 4- dif. their opp. ^ * : cot -i- inc"". Z . 

Which 4- / is always acute ; and if the angle fouQ4 
by rule i. be ambiguous, the required angle will be 
ambiguous, otherwise not, 

3. Tofind the third side. 

Find the angle opp. the other given side, by rule i, 
and note whether it be ambiguous or not. 

Then, Sin ^ dif. these ^ * : sin -;- thdr sum : : tan 
4- dif. given sides ; tan 4- remdning side. 

Which -i- »de is always less than 90° ; and if the 
angle found by rule I. be ambiguous, the required dde 
will be ambiguous, otherwise not. 

EXAMPLES. 

]. In the oblique-angled spherical triangle abc, 
having the side ab 80° 19', the side ic 63° 50', and 
the angle b 51° 30', to find the rest. 

BY CONST RtlCTI ON. 




1. Describe a circle with the chord of 60^, and draw 
the diameters a a, D(f at right angles to each other. 

?. Set off the side AB (80° 19') from a to b, by the 
^ale of chords, and draw the diameter b&, and an- 
other E e, at right angles to it. 
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3. Take on equal to the semitangent of the com^ 
plement of Z b (38° 30% 2Uid through the points 
B n b describe a circle. 

4. Set oflF the side a c (63° 50'), by a scale of chords,^ 
from Atohyk; and make o m equal to the semitan- 
gent of the complement of a c (26° 10'). 

5. Through the points A, tti, h describe a circle, cut- 
ting the former b w ft in c ; then, if a circle be de- 
scribed through the points a, c, a, the triangle abc, 
or A B c, will be the one required, each having the same 
data ; which shows the case to be ambiguom. 

To measure the required parts. 

1 . Take o t; in degrees, on the semitangents, and set 
off its complement from o to p : also take op equal to 
the semitangent ojF ^ b (51° SO'). 

2. Through the points c, p a^d c, p draw the lines 
c r, and s ^, cutting the circle in r, s, and t\. then rs, 
on the chords, gives the ^ c 59° 1 6'; o v^ taken on the 
line of semitangents, and then added to 90°, gives ^ a' 
J 31° 32' ; and b^, ou the chords, gives bc 120° 46, 

And if the triangle abc had been taken, the angle 
A c B would have been found 1 20° 44', angle b A c 
24° 36', and B c 28° 34'. 

BY CALCULATION. 

: Sin A c - - - - 63° 50' - - . 9.9530418 

0.0469582 
; Sin 2: B - - - - 51° 30' - - - 9.8935444 

:: Sin AB 80° 19' - - - 9.9937679 

; Sin ^ c 59° 16', or 120° 44' 9.9342705 
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Sin L^±2 . . 8° 14'4. 9.1564435 



Sin AB+Ac 

2 


- 72° 4'^ 

- - 3° 53' 

- 65° 46' 

2 

131°32'ii 


A. 


0.8435565 
9.9783906 

8.8317478 


Cot - - . 


9.6536949 



And had 2! c 1 20° 44' been taken, the result, by the 
same method, would have given ^ a, or bac, 24° 36'. 

: Sin ^ . . - 3° 53' ... 8.8307495 



: Sin ^ ^ ^ SS"" 23' 

2 



1.1692505 
9.9153846 



:: Tan^5^^^^ . - 8° 14'^ 9.1609021 

2 ^ 

: Tan ? - ... 60° 23' ... 10.2455372 
2 2 



120°46' bc. 

And had Z c 1 20° 44' beeh taken in this case, the 
result, by the same method, would have given b c 
28° 34' (m). 



(m) This example affords an opportunity of remarking, that the 
angle first found, or that opposite the otlier given side, in this 
case, is always either an acute angle or its supplement 3 but it is 
evident, both from the construction and calculation, that this may 
not be the case with respect to the remaining side or the remaining 
angle; for the two values of Z a are 131*» 32' and 24^ 36', and 
of Bc 120^46^ and 28<> 34', which are not supplements of each 
other. 
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mSTRUMENTALLY. 

1 . Extend the compasses from 63° 50' (a c) to 
51° so' (^ B ) on the sines, and this extent will reach) 
on the same Une, from 80° 19' (ab) to 59° 16' / c. 

2. Extend from 8° 14'i (^-^j to 72° 4'i(^^) 
on the sines, and this extent will reach, on the tangents, 
from 3° 53' {^) to 24° 14', the comp^ of 4.1^ a. 

S. Extend from 3° 53' (^) to 5^ 23' (^) oft 
the sines, and this extent will reach, on the tangents, 
from 8° 14'i (^^^) to 60° 23', which is 4. side B c. 

2. In the obIique>angled spherical triangle a b c, 

rThesideAB 57° 30' rBc82°26' 

Given -l The side a c 1 15° 20' Ans.<J ^ c 48° SO' 

tlhe-^B- 126° 37' t'^A61°40' 

Required the other parts. 

3. In the obIique>angIed spherical triangle a b c, 

a rThesideAC 62°42' . f ab 27° 47' or 119° 5' 
.|s^ ThesideBC 79°13' c<J ^b58° 8'orl51°52' 
O (^The Z A - 50° 12' *^ t ^c23°45'orl30°57' 
Required the other parts. 

4. In the oblique>angled spherical triangle a b c, 

rThe side A B 56° 40' r ac 83° 1 1' 

Given < The side b c 114° SOf Ans.<{ Z a 48° 30^ 

(.The Z c - 125° 20' I Z b 6^ S4,' 

Required the other parts. 
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CASE 11. 

When two angles and a side opposite to one of them 
are given, to find the rest. 

1. To find the other opposite side. 

As sin ^ opp. given side : sin that side : : sin other 
pven ^ : sin its opposite side. 

Which side is anarc less than 90% or its supplemait, . 
according as it makes the greater side opposite the 
greater angle. 

And if each of them agree with this rule, the tri- 
angle is ambiguous, or admits of two different solutions. 

2. To find the side included hy the given A *. 
Find the side opp. the other given angle, by rule i, 
and note whether it be ambiguous or not. 

Th^n, 
Sin 4- dif. two given jL ^ : sTn -j- theu: sum : : tan 4- 
dlf. their opposite sides : tan \ inclined side. 

Which \ side is always less than 90°; and if the side 
found by rule i. be ambiguous, the required side will 
be amUguous, otherwise not. 

3. To find the remaining angle 4 
Find the side opp. the other given angle, by rule i^ 
and note whether it be ambiguous or not. 

Then, 
Sin 4- dif* two given sides : sin 4. thdr sum : : tan 4^ 
dif. their opposite ^ * : cot 4. inclined ^ . 

Which 4- ^ is always acute ; and if the side, found 
by rule i, be ambiguous, the required angle will be 
ambiguous, otherwise not. 
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EXAMPLES. 

]i In the oblique-angled spherical triangle abC* 
iiaving the angle c 51° 30', the angle a 59'^ 16*, and 
the side ab 63° 50', to find the rest. 

BY CONSTRUCTION. 




1 . Describe a circle with the chord of SO", and draw 
the diameters Aa, nd at right angles to each other. 

2. Take o n equal to the semitangent of the cbm- 
plement of / a (30° 44'), and thiDUgh the points 
A, n, a describe a circle. 

3. Set off AT, Ar, each equal to aB (63" 50*) from 
a scale of chords, and having made om equal to the 
semitangent of the complement of a b, describe the 
circle rmr, cutting a Ba in b. 

4. With the tangent of ^ c (51° SO'), and o as a 
centre, describe an arc ; and with secant of the same 
angle, and b as a centre, cross it in o. 

5. With the centre o, and radius oB, describe the 
circle b sc ; and a e c, or a b c, will be the triangle 
required, each having the same data ; which shows the 
question to be ambiguous. 

To measure the other parts. 
I . Set off the semitangent of the ^ a (59° 1 6') from 
oto p, and draw 8 p s j also, with the semitangent 
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of Z 4: (51° so'), and o as a centre^ cross o o in />, 
and draw t;j>Bc. 

2. Then sv^ taken on the scale of chords, and sub- 
tracted from 180*^, gives 2 ABC 131^30'; cc, on the 
same scale, gives bc 80*^ 19'j and ac is 120° 47'. 

And, if the triangle a b c' had been taken, the angle 
ABC would have been found 1 52° 22', the side b c' 
99° 41', and Ac' 151° 27'. 

BY CALCltLAtlON. 

: Sin 2 c - - - * 51^ SO' - - - 9*8935444 

0.1064556 
: Sin AB 63° 50' - . . 9.9530418 

:: Sin -^ A .... 59° 16' - . - 9.9342737 

: Sin B c - 80° 19' or 99°,4l' . 9.993771 1 



Where it is to be observed, that, as each of these 
values of b c,. agrees with the rule, in making the 
greater ade opposite to the greater Z , 'the A, in this 
case, is ambiguous. 

- Sin^^ ..... 3° 53' - . . 8.8307495 

1.1692505 

: Sin^ .... 55° 23' - - - 9.9153846 
;: Tan^-^ - 8° 14'^ . . 9.1609021 



AC 



: Tan — 60°23'4^. - 10.2455372 

2 2 



120° 47' AC 



Andihad b c' (99° 41') been taken, the result, by the 
same method^ would have given a c' 151° 27'. 

K 



Ida 



i Sin ^^^^^ ... 8° i4''4- . - * 9.1563935 

0.8436065 

: Sm ^^^^ - - 72? 4'i - - - 9.9783906 
:: Tan ^^ . - * - 3° 53' - - - 8.8317478 

: Cot—"- - . - - 65° 45' - - - 9^537449 

2 2 



131° 30' -^ABCv 

And had b c (99"^ 41') been taken, the restilt, by the 
same method, in this case, would have given 2! a b c^ 
152^22' (n). 

INSTRUMENTALLY. 

1. Extend the compasses from 51^ SO' ( ^ c ) to 
63^ 50' (a») on the sines, and this extent will reach, 
on the same line, from 59° 16' ( ii a ) to 80"^ 19', the 
side B c. 

2. Extend from 3° 53' (^) to 53° 23' (^) on 
the sines, and this extent will reach, on the tangents^ 
from 8° 14'-|. (^^^1^) to 60° 23'4., which is -J- ac. 

3. Extend from 8°14'i(^^^) to72°4'i(^^) 
on the sines, and this extent will reach, on the tan- 
gents, from 3° 53' (^y^) to 24° 15', the complement 

ofi^B* 

(n) From this example it also appears that the side b c, first 
found, miLst be eitlier an arc less than 90°, (80** I9O or its sup*. 
(99«41')> but the two values of the side^AC (120*>47' and >51«27') 
are both obtuse, as are, also, the two values of Z » (131* 3tf mi 
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2. In the oblique-angled spherical triangle a b 0, 

rThe ^ c - 48°S0' r Bc 82° 26' 

Given .( The i^ a - 61° 40' Ans.< ac 115° 20' 

t The side a b 57° 30' [^ Zm2^° sf 

Required the other parts. 

3. In the oblique-angled spherical triangle a b c, 

rThe Zc - 48° 30' r A B 56° 40' 

Given <{ The /l a - 125° 20' AnsJ a c 83° 12' 

t The side BC 114° 30' (. ^ b 62" 54' 

Required the other parts. 

4. In the oblique-angled spherical triangle a B c, 

ABll9° 4'orl52°14' 
AC 79°12'orlOO°48' 
/:cl36°56'orl56°14' 

Required the other parts. 

. CASE III. 
When two sides and thdr included angle are given, 
to find the rest. 

1. Tofiryi either of the other two angles. 

As cos 4. sum given sides : cos 4- their diflf. : : cot 4. 
their inc*^. ^ : taa ^ sum other two / ^ 

And, As sin -i- siun give^ sides : sin ^ their diffl : : 
cot 4- their inc'*. ^ : tan 4. dif. other two Z, \ 

TI)en, if 4- diff. of these two Z ^ be added to 4 their 
sum, it will give the / opp. the greater side ; and, if 
it be subtracted from the 4- sum, it will give the angl§ 
opposite the less side* 

In which case, 4- the sum of the two Z ^ is like 4. the 
sum of their opposite sides, and 4 their difference is 
always less than 90^ 

SL2 
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2. To Jlnd the remaining side. 
Find (he two remaiiuDg angle* by the first part of the 
rule. Then, 

Sin 4 diff. of these / ' : sin -t thdr sum : : tan -i- 
dif. their opp. ades : tan 4 remaining side. 
Which -;- ade b always less than 90*. 

EXAMPLES. 

I. In the oblique-angled spherical triangle & b c, hav- 
ing the side ab 80° 19', the side BC 120" 47', and the 
Included angle b 51" 30', to find the rest. 

BY CONSTRUCTION. 




1. Describe the circle Aoarf with the chord of 60^*, 
and draw the diameters Aa, vd at right angles to each 
dther. 

2. Set off AB (80" 19')fromascaleof chonls, and 
draff the diameter b/*, and another Ee, at right angles 
to it. 

3. Make o n equal to the semitangent of the com- 
plement of Z B (38° SO"), and through the points Bn,6 
describe a circle. 

4. Set oS bs, bs each equal to the chord of thesi^ 
plement of b c (59° ! S'), and having made o r equal 
to the semitangent of the complement of the same arc# 
describe the circle i rs. 
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Sy Through the points a, c, a desbribe a circle; and 
ABC will be the triangle required. 

To measure the required parts. 

1. Take om, on, in degrees on the line of semi- 
tangents, and set their complements from o to p, 
and p ; and through c p, c /), draw the line u c ;ancj[ v iv. 

2. Then aw^ measured on the scale of chords, gives 
A c 63^ 50'; u v, on the chords, gives Z c 59® 1 6'; and 
om, taken on the semitangents^ aad added to 90^ 
gives Z A ISl^'SO'. 

BY CALCULATION. 

: Cos~^ - . 100® SS' - . . 9.2626729 

0.7373271 
; Cos^-^^^^^- - . 20® 14' . - - 9.9723380 

:{ Cot — - - - - r 25" 45' - - 10.3166443 

: Tan '^^j'^P 84" 37' or 95^23' 1 ] .0263094 

T|ie latter of which 95° 28' must be taken, to make 
the \ sum of the A^ agree with the \ sum of their 
opposite sides. 

: Sin *'t'° - - 100° 33' - - - 9.9925957 



0.(3074043 



,. AB<->BO 



; Sin ■ r - - 20° 14' - P - 9.5388804 

;; C0t4^ . r n T %^ 45' - r 10,3166443 



; Tan ^""^^"^ . - 86^ 7' . - r 9.8629290 

^ 95° 23' ■ ■ ■ • 

i31°30' 2;A 
59° 16' 2 c 
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: s^ -^A^zc _ 3go ^. 9,7704832 

0.2295668 
. Sin .£^i-i^ . - 95° 23' • . - 9.9980802 

2 

:: Tan— '^— - - 20M4' - - - 9.5665424 

: Tan — 31^ 55' ^ - ^ 9,7941894 

2 2 



63° 50- AC. 

INSTRUMENT ALLY. , 

1. Extend the compasses from 10° 33' (comp*. of 
^^) to 69° 46' (comp^ of t^:^) on the sines, 

and this extent will reach, on the tangents, from 64° 15^ 
(comp^ of -i -^ b) to 95° 23', the -4- sum of Z ^ a and c. 

2. Extend from 79° 27' (supplement of ii±^) to 

— - — ) on the sines, and the same extent 

will reach, on the tangents, from 64° 15' (cbinp*. of 
4. ii b) to 36° 7', the 4. diff. of ii« a and c. 

3. Extend from 36° 7' ( ^^^^° jto 95°23'(^^tj^) 
on the sines, and this extent will reach, on the tan> 
gents, from 20° 14' (^^^) to 31° 25', the 4. of AC. 

2. In the oblique-angled spherical triangle a b c, 

r The side A B 57° 30' ( A\ 61° 40^ 

Given < The side b c 82° 26' Ans. 
t The inc^. i^: B 126° 37' 

Required the other parts. 



r Za 61° 40^ 

u\ Ac 48° 80' 

Lac 115° 20' 
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3. In the oblique-angled spherical triangle ab c, 

r The side ab 114^30' r Za 49"" 30' 

Given < The side bc 56° 40' Ans.< Zc 125'' 20' 

tThe me^. i^B 62^ 54' (^ ac 83° 12' 

Required the other parts. 

4. In the oblique-angled spherical triangle a b c, 

rTheside AB 79^13' f2B49° 4' 

Given ^ The side AC 119^ 5' AnsJ ii c 58° 8' 

tTheinc^.i^A 50^12' t»<2 62°40' 

Required the other parts, 

CASE IV. 

When two angles and their included side are given, 
to find the rest. 

I. To find either of the other two sides. 
As cos \ sum given Z * : cos \ their diff. : : tan 4- 
kidia^ si4i^ : tan -^ sum other two sides. 

And, 

As sin^ sum given ^^^ : sin 4- their diflf. :: tan ^ 
kjclvided ^de : Xm ^ diff* other two sides, 

Ai|d if 4- diff. of the sides be added to -i- their sum^ 
\t will give the side opposite the greater A ; and, if it 
ht subtracted from \ the sum, it will give the side op* 
poake th^ less Z,. 

In which case, \- the sum of the two sides is like ^ 
die svm of tib^ ^^osite .^,% and -^ ^eir diff. ^ less 

than 90°. 

2, f'ojmd the. renaming migle.. 

Find €he tmp ywiftioin^ ^des \fy tlie iqv^er part of 
^he rule. 
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Then, 
Sin ^ diff. these ^des : an ^ their sum : : tan ^ diff. 
given ^ ' : cot ^ remaining ^ . 

Which ^ 4 is always less than 90°. 

EXAMPLES. 

1. In the oblique-angled spl^erical triangle abc, 
havuig the angle A 131° 30', the angles SI" 30^, and 
the included side a b 80^ 19', to find the rest. 

BY CONSTRUCTION. 




; 1. Describe the circle ado rf with the chord of 60^, 
and draw the diameters a a, d </, at right angles to 
each other. 

2. Set ofFAB(80° 19') fromascaleof chords, and 
draw the diameter b /', and another e e, at right angles 
to-it. 

3. Make o n equal to the semitangent of the com- 
plement of the / B (38° 30'), and Arough the p<»ntv 
B, n, b describe a circle. 

4. Also, makeomequaltDthesetnitangaitof'40°30' 
(the excess of / a above 90^). 

5. Through the points a, m, a describe a circle, cut- 
ting the former in c } and a b c will be the triangle; 
requhred. 
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I 

To measure the required parts. 

1. Set off the semitangent of 51^ 30^ (i^ b) from» 
o toj&, and the semitangent of 48° 30' (sup^ of 2 a) 
from o to /». 

2. Through the points p, c and />, c draw the lines 
aVj rsi then a s^ on the chords, gives a c 63® 50'; 
Bi;, on the same line, gives b c 120*^ 47'; and ra is 
59® 16', the Z c. 

BY CALCULATION* 

: Cos ^^3 ^° - - 91' 30' - . > 8>41 79 190 



1.5820810 



ZAC-^ZB .^0 rx» 



: Cos - .40° 0' ... 9.8842540 

2 

:: Tan— 40' 9'^ . . . 9.9262496 

: Tan^^^i^ 87' 41' or 92" 19' 11.3925846 

2 

The latter of which 92** 19' must be taken, to n^dke 
the i sum of the sides agree with the ^ sqm of their 
opposite angles. 

. Sin ^^^^' . . 91' 30^ r - ^ 9.9998512 

0.0001488 

: Sin ^^""^^ -.40^*0' ...9.8080675 



AC«->CB 



:: Tan — 40' 9'^ . - - 9.9262496 



: Tan ^ . . . 28' 28' . . . 9.7344659 
^ 92' 19' 

120'47' bc 

63' 51' AC. 
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g.^ Acc^c3 . ^ . 28*^ 28' - . . 9,6781972 



0.3218028 
I Sin "^^^" - r . 92M9' . . r 9,9996398 

: Tani^-^^-^ - - 40' O' . - - 9.9238135 



,_._ AC + CB ^^0 tri/ 



: Cot--^ -. - - - . 29' 38' t - 10.2452561 
2 ' 2 ^ 



59' 16 Z c, 

INSTRUMENTALX.Y. 

1. Extend the compasses from 1° 30' (coipp*. of 
—-) to 50^ (comp^ of —^) on the sines, and this ex- 
tent will reach, on the tangentg, frojn 40"^ 9'^ (— ) 
to 92° 19', which is ^-^±^. 

2. Extend from 88^ 30' (supplement of ^-^•) to 4ff 



(— — ^ on the sines, and this extent will reach, on the 
tangents, from 40° 9'i (^) to 28^28', which is -^^^ 
3. Extend from 28° 28' (^^^~^) to 2° 19- (conxp^ 
of — - — ] on the sines, and the same extent will rea,ch, 
on the tangents, from 40° 9'^ (-^) to 60"* 22', the 
complement of 

2. In the oblique-angled spherical triangle a B c> 

a fThe Z a - - . - 61° 40' . f bc 82^26' 

> { The Z B . . . . 126^ S7' S < ac 115° 20' 

O t The inc''. side A B 57° 80' *^ L -^c 48° 30' 

Required the othen parts. 



Zc 
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3. In the oblique-angled spherical triangle a b c, 

a fThe Z a - - - • 125° 20' . f BC 114° 30' 

J <; The ^ B 48° 30' J < ac 56° 40' 

O l^Theinc<'.side AB 83° 12' ^L^c 62° 54' 

Required the other parts. 

4. In the oblique-angled spherical triangle a b c, 

a rThe 2! a - - - - 50° 12' . r ^^b 58° 8' 
J <J The 2: c - - - - 130° 56' a J a b 1 19° 5' 
O (^Theinc'^.sideAc 79° 13' **' ( bc 62°42' 

Required the other parts. 

CASE V. 

When the three ' sides are given, to find either of 
the angles. 

As rect. sines any two sides : sin ^ sum 3 sides X 
andiff. their ^ sum and 3d side : : rad"* : cos'' ^ their 

inclined Z. 

Which 1^ ^ is always ^cute. 

Or the same theorem may be expressed logarithmi- 
cally thus : — ^Add together the logarithmic ^es of 
tbe two sides about the required Z , and, after reject- 
ing 10 from the index, find the complement of their 
$)»p. To this complanent add the log sine of ^ the 
sum of the three sides^ and the leg sine of the diff. of 
this ^ sum and the third side, and the result, divided 
by 2, will give the log. cos. of ^ the Z sought. 

EXAMPLES. 

!• In the oblique-angled spherical triangle A9C, 
having ab 80'' 19\ b c 120'' 47', and c a 63"" 50', to 
find the angles. 

1 
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BV CONSTRUCTIOIf. 




1 . Describe a circle with the chord of 60", and drav 
the diameters Aa, nd at right angles to each other. 

2. Set off A c (63° 50') fi-om a scale of chords, and 
draw the diameter c c,' and another Be, at right angles 
to it. 

3. Set off the Nde ab (80° 19') by a scale of chords, 
each way fi'om a to r ; also mak^ o m equal to the 
semitangent of the complement of a r ; and through 
the points r, m, r tiescribe a circle. 

4. Set off the supplement of c b (59° 1 3') by a scale 
of chords, each way from c to 5 ; also make o n equal 
to the semitangent of the complement of cs, and 
through the points 5, n, s describe a circle, cutting the 
former In b. 

5. Through the point b draw the circles aba, and 
CBc, and ABC will be the triangle required. 

To measure the angles. 

1. Take ox, in degrees, on the semitangents, and 
set off its complement from oto p; also take o z, in the 
same way, and set off its complement from o to p. 

2. Through the points c/», draw the line c/)«j and 
through B, p and s,p draw bi; and Bif. 
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8. Then v w, on the chords, gives 2 b 51* 3(/; c «, 
on the same line, gives Z c 59° 16*; and o z, taken on 
the line of semitangents, gives 41" SO' for the excess 
of Z A above 90". 

BY CALCULATION. 

A 8 80° 19' 

B c 120° 47' 

CA 63° 50' 

2|264° 56' 

132° 28' - - ^ sum 
63° .50' . - AC 
68° 38' - - ^ sum— AC. 

Sin AB --.-.. 80° 19' - - - 9.9931619 

Sin BC 120° 4,7' ■ - - 9.9340482 

8.3278161 

0.0721839 

Sin i sum .... 132° 28' ..- . 9.8678623 

Sin (J sum— Ac) - 68° 38' - . . 9.9690746 

2!19.!I09120S 

Cos J .^ B 25° 45' - - -"Mliseoi 

2^ 

51° 30 ' Z a, 

132° 28' . . ^sum 
80° 19' - - AB 
52° 9' . . ^sum— AB. 

Sin B C 120° 47* . . 9.93 t04S2 

Sin A C 63° 5tf . - 9.9530418 

9.8870900 
O. 129100 

Sin } sum 132° 28' . - 9.867S623 

Sin (^ sum— ab) . 52° 9' ..9.8974181 . 
2 ]l9l7il904 

Cos i Z c 29° 38' . - 9.9390952 

2 

.59° 16' Z. c. 
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132° 28' - - ^ sum 
120** 47" - - BC 
11° 41' - - ^sum— BC. 



Sin A c 63° SO* . - - 9.9580418 

Sin A B 80° 19' - - • 9.9937679 

9.9 468097 

0.0531903 

Sin 4 sum ... - 132° 58' - - - 9.867862S 

Sin(^6um— Bc) - 11° 41' - - - 9.306 4303 

2| 19.2274 82& 

Cos i 2 A - - - - 65* 45' - - - 9.6137414 

2 

131° SCf ^ A. 

2. In the oblique-angled spherical triangle a b c, 

rThesideAB 57*30' ( ^^ 61-40' 

Given ^ The side b c 82' 26' Ans.«J ^ b 126" 37' 

tTheside AC 115"20' t^c 48''80^ 

Required the Z. "• 

3. In the oblique-angled spherical triangle a b c, 

rThe side A B 1 14° 30' ( /.a. 48" 31' 

Given <^ The side b c 83M3' Ans.< /. b 62" 56' 

tThe side a c 50" 40' [^ Zc 125" 19' 

Required the Z ^ 

4. In the oblique-angled spherical triangle a b c, 

rThe side a b 73" 13' C Zk 44» 18' 

Given ^ The side Bc 62" 42' Ans.< i«iBl36°40' 

(.Theside AC 119" 5' \_Ac 48° 48' 

Required the ^ ^ 

rThe side ab 100^ 
Given < The side a c 80° Ans, 
tThesideBc 90° 

Required the ^^ 
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CASE VI. 

When the three angles are given, to find ather of 
the sides. 

As rect. sines of any^two /' : cos ^ sum three /■* 
k cos diff. this -^ sum and Sd ^ : : rad' : an' ^ in- 
clined side. 

Which ^ side is always less than 90°. 

Or the same theorem may be expressed logarithmi- 
cally thus : 

Add together the logarithmic sines of the two ^* 
adjacent to the required side, and, after rejecting 10 
from the index, find the complement of their sum. 

To this complement add thelog cosine of ^ the sum 
of the three / % and the log cosine of the diff. of this 
J sum and the 3d ^ , and the result, divided by -2, will 
give the log sine of ^ the side sought. 

EXAMPLES. 

In the oblique-angled spherical triangle a b c, having 
the^ A 1 31" 30*, the 2 b 51" SO*, and the i^ c 59° 16', 
to find the ^des. 

BY CONSTRUCTION. 



^ 


tx 


o n/^>-- 


^^r^ 


"^ 


'0 


>=- 





1 . Describe the circle ad ad with the chord of 60% 
atid a. w the diameters ao, nd, at right angles to each 
odier. 
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2. Make o m equal to the semitangent of 41^ SOf 
(the excess of Za above 90^) and through the points 
A^TTiy a describe a circle. 

S. Set oS op equal to the semitangent of the com^ 
plement of the same arc (48° 30'), and draw a Jb p j 
from which point p set off p w;, p w^ each equal to the 
chord of 2: c (59^ 16'). 

4. Draw aw^ aw^ cutting the diameter lydms^Sj 
and upon s s describe a semicircle : also, from the 
point o, with the semitangent of -^^ b (51° 30') as 
radius, describe an arc cutting the former in a;. 

5. Through the points x^ o, draw the diameter e e, 
on which take o r equal to the semitangent of comple- 
ment ii b (38° 30'). 

6. Make si perpendicular to Ee, and through th^ 
points B, r, b describe a circle, cutting Am a in c } and 
ABC will be the triangle required. 

To measure the sides. 
Draw p u through the points p^ c, and .r v through 
iT, c; then av, taken on the chords, gives ac 63°' 50^, 
B M, on the same line, gives B c 120° 47', and a b on 
the same line, is 80° 19'. 

by calcui/ation. 

Za--... 131° 30' 

Zs 51° 30' 

Zc 59° 16' 



2|242° 16' 

121" 8'- -l^sum 
59" 16- - Z c 



Gl*52'- -(^sum— c). 



M4 

Sin / A - * • - - 131* SO', - . . 9.8744J61 
Sin ^ B ------ 51" 30' .. . y.S935444 

9.7G80OO5 

oSf) 19995 

Cos J sum - - - . 121" 8' - . - 9.7135169 

Cos(^8um'-,c) - el" 52* - . - 9.6735047 

2|1 9.61802n 

Sin } A B - - r - - 40° 9 J' - . -~M0900J5 

2 "- 

80° 19" AB. 

121° 8' - - Jsum 
51°30f . . Zl 
69° 38' - - (Jsum^B). 

Sin .^ A lsj° SCf . - 9.87*4561 

Sin .^ o 59° lef - - 9.9342 737 

9.8087298 

0.1912702 

Cos i sum . - - . 121° e' - - 9.7135169 

Cos (^ sum'.^B) - - 69° 38' - - 9.5416126 

2| l9.44 6.$997 

Sin J A c 31° 55' - - 9 723 998 

2 

63° 5a A c. 
131° 30' . - .^ A 
igl° 8' - . i sum 
10° 22' - - (^sum'^A). 

Sin .^ B - 51° SO' - - . 9.89S5444 

Sin ^ c 59° 16' - . - 9.9342737 

9.8278181 ■ 



0.1721819 
Cos Jjum .... lal» 8' . - . 9.7185169 
Cos (J sum ^a) - 10^22' . - . 9.9928522 



Sin Jbc eo'ts'i . 



« 

jso°»r »c. 



2| 19.8785510 
9.9392755 
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^., In the oblique-angled spherical triangle a » c, 

CIk 61° 40' fAB sfsd 

Given <j Zb126°S7' Ans.<jBC 82° 26' 

\,Iq 48° 30' Lac 115° 20' 

Required the sides. 

3. In the oblique-angled spherical triangle a b c, 

r ^ A 48° 31' Tab 1 14° 29' 

Given <f ii b 62° 52' Ans.^BC 88° 9' 

X^lz 125° 20' Lac 56° 42' 

Required the sides. 

4. In the oblique-angfed spherical triangle a b c^ 
I A. 121° 36' Tab 






B 34'' 15' Ans.< Bc 



Required the sides. 



SOLUTIONS OF ALL THE CASES O^ RIGHT-ANGLED- 

SPHERIOAL TRIANGLES. 

A 




I. Given the hypothenuse and either of the oblique 
angles, to find the other oblique angle. 

RULE. 

As rad : cos hyp : : tan given A : cot rem^. or x^. A • 

Which A is acute when the hyp. and given A are 
like ; but obtuse (or the supplement of the former) 
when they are unlike. 

Where it may be observed, that this affection, as well 
as all the rest in the following iables, may be readily 
deduced from the algebraic formulae, by attending to 
thesiffiB of thequanlitie9 which compose them. 
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Or, 

^ . COS c tan B ^ cos c tan a 
Got A = ; cot B = • 

. L cot A = L COSC+LtailB— lOj JLCOtB^=:JbCOSC-f> 

JL tan A— 10. 

Note. In this, and the two following cases, the hyp, 
and given ^ may be each of any magnitude imder 
180'*; but, if either of them be 90% the required Z 
or leg will be 90°, or else indeterminate. 

II. Given the hypothenuse and either of the oblique 
angles, to find the leg adjacent to that angle^ 

RULE. 

As rad i tan hyp : : cos giv. JL : tan adj^ or req^. leg. 

Which leg is less than 90® when the hyp. and given 
jL are like ; but greater than 90® (or the supplement 
of the former) when they are unlike. 

Or, 

rri tail C COS B ^ , tan C COS A 

Tana = ; tan 6 = — 

r ' r 

JLtana=iL tan C'\'i. cos B— 10; l tan i=Ltanc4- 

LCOS A— 10. 



III. Given the hypothenuse and either of the ob- 
lique angles, to find the leg opposite to that angle;. 

RULE I. 

« 

As rad : sin hyp :: sin giv. -^ : sin opp. or req**. leg. 

"Which leg is less than 90® when the opp. or given 
/^ is acute; but greater than 90® (or the supplement 
of the former) when it is obtuse. 

l2 



148 
Or, 

^. sine sin A • , sine sin b 

Sma = ; sin 6= • 

r ' r 

Lsina==Lsm c + L sin A— 10; Lsini=i.fflnc+ 
L sins— 10. 

RULE II. 

Find the other oblique angle by case i ; then, by means 
of the hyp. and this angle, find the leg adjacent to it, 
by case ii ; which will be the leg required, or that 
opposite the given angle. 

IV. Given the hypothenuse and either of the legs, 
to find the angle adjacent to that leg. 

RULE I. 

. jVs rad : cot hyp : : tan giv. leg : cos adj*. or req**, Z • 

Which Z is acute when the hyp. and given leg aire 

like J but obtuse (or the supplement of the former) 

when they are unlike. 

Or, 

^ tan b cot c tan a cot c 
Cos A = ; COS B = • 

L COS A = L tan i + L cot c— 10 ; l cos b = l tan a 

^ L cot C— 10. 

RULE II. 



Tan jA = r\/^ 

^ . V sin ( 



c-^b) 



T ^,^ 1 . _ €Lsin(c4-^)-f-Lsin(c^^)H-10 

L ran § a — 

The tan of ^ b may also be found by the same fof- 
mula, using the leg a instead of b : and in each of 
ihese cases the ^Z i$ always acute. 
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Note. In this, and the two following cases, when 
the given leg is less than the hypothenuse, their sum is 
less than 180^; and when it is greater than the hypo- 
thenuse, their sum is greater than 1 86°. If the hyp. 

be equal to the leg, the triangle is indeterminate. 

^___ . ^ I 

V. Given the hypothenuse and either of the legs, to 
find the angle opposite to that leg. 

RULE I. 

As dn hyp : rad : : sin given leg : sin opp. or req^. Z . 

Which ^ is acute when the opp. or given leg is less 
than SO®; but obtuse (or the supplement of the former) 
when it is greater than 90**. 

^. r sin a • r sin ^ 

Sm A = -^ — ; sm B = — — . 
sin c ' sin c 

LsinA = €Lsinc+Lsin«; LsinB = €Lsinc-f- 
x.sinZ'. 

RULE. II. 



Tan (45^ + i a) = +. a/ tan ^ (c+a) cot ^ (c— a) 

L tan (45°+ i A) = ^tani(c4-a)4-Lcoti(c<.a) 

The tan of (45° + |^ b) may also be found by the 
same form, using b instead of a ; and the whole ^ ^ a or b 
will be acute or obtuse, according to the rule given above. 

VI. Given the hypothenuse and either of the legs, 
to find the other leg. 

RULE I. 

As cos giv. leg : rad : : cos hyp : cos rem^. or req^. leg. 
Which leg is less than 90° when the hyp. and given 
leg are like ; but greater than 90° (or the supplement 
of the former) when they are unlike* 
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r 

Or, 

Cos a = r ; cos b = • 

co$b ' CQsa 

L COS a = €L COS b -{- 1, (fos c ; l cos A = €j^ cos a 

+ L COS C. 

RULE II. 



Tan ^a = V'tan^ (c+fc) tan|(c— A) 

^ ^^" 1 ^ L tan J (c+^) 4- L tan* (f5 ,.i) 

li UUl -a- tt — — ■ ^ 

-« 2 

The tangent of ^b may also be found by the samp 
form, using the leg a instead of b : and in each of these 
cases the ^ leg is always less than 90^. 

Vn. Given either of the legs and its. adjacent angle^ 
to find the hypothenuse. 

9.ULE. 

As cos given 4 • tan adjacent or. given leg : : rad : 
tan hyp. 

Which hyp* is less than 90^ when the given leg and 
angle are like ; but greater than 90° (or the supple- 
ment of the former) when they are imlike, 

Or, 

m r tan a r tan ^ 
Tanc = = • 

CQSB COS A 

I. tan c = €L cos B + L tan a = €L cos a + l tan i^ 
Note. In this, and the two following cases, the givea 
leg and Z may be each of any magnitude under 180^. 



f » - n 



VIIL Given either of the legs and its adjacent angle^ 
to find the other leg. 

RULE, 

As rad : $in given leg :: tan adjacent or given Z ^ 
ti^n opposite or required leg. 
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Which leg is less than 90^ when the opp^ or given Z 
is acute ; but greater than 90^ (or the supplement of 
the former) when it is obtuse. 

br, , 

rri sin & tan A . j sin a tan b 

Tan^ = ; tan 6 =; 



r ' , r 

JL tan a = JL sin 6+Jt- tan A— 10; L tan 6=5 jL.sin a4r 
Ltaas — 10« 

IX. Given either of the legs -and its adjacent anglei^ 
to find the other angle; : ' - v 

RUfcE I. 

As rad : sin given Z :: cos adjacent or given leg ; 
cos opposite or required if . 

Which /. is acute when the opp. or ^ven leg is less 
dian 90^ ; but obtuse (or the supplement of the for- 
xatr) when it is greater than 90°. 

^ COS a siiv B . cos h sin a 
Cos A = --r- ; cos B = U-— • 

Lcos A = L cos a+JL.anB— lOj jl cos p ss l (:0s i 
+ Lsin A— 10, 

RULE 11. 

Find the hyp. by case vii ; then, by means of the 
hyp. and given Z , find the other Z by case i. 

I M '■■ ■ ■ ■ I. I 1.1 I. . I ■ 11 ■ II. 

X. Given the two legs, to find either of the oblique Z *« 

KULB. 

As sin either leg : rad : : tan other hg ; tan oppu 
or required Z . 
8 



Which" 2 is acute when its opp, leg is less than 90® j 
but obtuse (or the supplement of the former) when it 
is greater than 90®. ^ 

rri rtatt« \ r tan d 

Tan A = — . -,- ; tan B = — --• 

sm^ . sin a 

h tan A=?CLsin6 + Ltana; ttanB = CLsina 
4-ttan*: 

Note. In this, and the following c^se, the two giv» 
legs may be each of any magnitude imder 1 SO**. 

XL Givee the two legs, to find the hypothenuse. 

As rad : cos either leg ; : cos other 1^ ; cos hyp. 
Which hyp. is less than 90^ when the legs are like; 
but greater than 90^ (or the supplement of the former 
arc) whep they are unlike. 

Or, 

^ cos a cos b 

Cosc = — — — ♦ 

r 

L cos c s i« COS a + L cos ^ "^ 10« 

RULE II* 

Find either of the oblique Z ^ by case x ; then, by 
means of this angle and its adjacent leg, find the hy» 
pothenuse by case vii. 

XII. Given the twb oblique angles, to find the hyp, 

RULE I, 

As rad ; cot of eith, of giv. /.^ :: cot other Z i coshyp^ 
Which hyp. is less than 9(f when the 2l * are like ; 
but greater than 90** (or the supplement of the formef 
grc) whin they are unliker 
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Or, 

^ cot A cot B 

Cos c = • 

r 

h cos C == L cot A + JL cot B — • 10, 

RULE II. 

Tan A c = rx/E^if±»> 

V COS (a^ ^b) 

, €L COS (a«-3B) + L COS (A-f-B) -f 10 

JL tan ^ c = 5= — ^' '^ — 

Where ^ c is always less than 90°. 
Jfote. ha this, and the following case, the two ob. 
lique angles must be so taken^ that their sum shall bd 
greater than 90^, and their difference less than 90*^. 



1 9 I ■■ [ ■>'■ I 



XH'L Giv^n the two oblique' angles^ to find either 
of the legs. 

RULE I, 

As sin of ^ther of given Z ^ ; rad : : cos other 4!^ ; 
cos opposite or required leg. ^ 

Which leg is Jess than 90^ when its opp. Z is acute; 

but greater than 90° (or the supplement of the former 

arc) when it is obtuse. 

Or, 



r cos A ' f r COS b 



Cos a = - . - J cos 6 = —. 



6in B ' sm A 

L cosa = CLsinB+L COS Aj L cos A = €L sin A'+ 

h cos B. 

RULE lU 

Ta?iia=y^tan (^--40 cot (1^ + 45^ 
^ tani « = ^taa(i±-*-4y.)+tcot (^+450) 
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The tan. of^ b may, also be found by the same fonni 
putting A in the place of b, and b in that of a : and in 
each of these cases the ^ leg is always less than 90®. 

<0' .1 I I - I* Ill I I , ■ ..■■ ■..,■■ , ,1 , , 

XIV, Given either of the I^gs and its opposite angle, 
to find the other leg. 

RULE I. 

As rad : cot given Z : : tan of opp, or given leg : 
sin remaining or required leg. / 

^ Which leg is ambiguous : that is, it piay be rither 
?m arc less than 90°, or its supplement. 

Or. 

f«.^ tan ^ cot 9 •> 7 tan a cot A 
Sin a = ; sm 6 c= -,; • 

L sinfl= L tani+j.cotB— 10; Lsinfe = j-tana 
+ 1. cot A— 10. 

J^tTLE II. 

Tan(45-+ia)== + rv^f!^ii±^ 

V -6 / — V Sin (b— ^) 

L tan (45*+^ a) ^ €t.in (>^^)4>^.sin(>+i) + io 

The tangent of (45®+ ^ b) may also be found by 
the same form, using a and a instead of b and b: and 
a or 6 is subject to the sjime ambiguity a$ in rule i. 

Note. In this, and the two following cases, if the 
given leg be less than its opposite ^ , their sum will bo 
less than 1 80°; and if it be greater than its opposite ^ , 
th^ sum will be greater than 1 80°. If the leg bo 
equal to its opposite 2 the A is indeterminate. 



/ 
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XV. Given either of the legs' and its opposite angle, 
to fii^d the other angle. 

RULE I. 

As cos given leg : cos opp. or given £ : i rad ; 
sin remaining or required JL . 

Which Z is ambiguous } that is^ it may be either 
m jiWte Z or its supplementt 

Or, 

^. r cos B . r cos A 

Sm A = 7- ; sm b = • 

COS& oos a 

Lsin A=:€;^ gosf i+J^ ^osB J I*, sin 5 = € L COS a + 

L COS A. 

*^ RULE II. 



Tan (45° + ^ a) =? ± '/cot ^ (b+Z^) cot ^ (b— Z>) 
L tan (45°+ ^ a) = i^coti(B+ ^ ^ Lcot^B^^) 

The tangent of (45°+^ b^ may also be found by the 
same form, using a and q instead of b and b : and a 
or B is subject to the same ambiguity as in rule i. 

J^VI. Given either of the legs and its opposite angle, 
to find the hypothenuse. 

RULE I. 

^ sin given Z : sin opp. or given leg : : rad : sin hyp. 
Which hyp. is s^nbiguous ; that is, it may be eithei^ 
9x1 arc less than 90°, or its supplement. 

Or, 

o. rsina rsiaS 

Sm C = -V = -: • 

^in A sin A 

;. sin c=€L6in A + sin a = CLsm, B+Lsini* 
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RULE II. 



Tan (45' + ^ c) = i Vtan ^ (A+a) cot ^ (a— a) 

I. tan (45° + i c) == ii2ILiil±fL+lf2iiii^ 

The same form may also be applied to the other side 
and its oj^posite JL , using b and h instead of a and a : 
and the hyp, c will be subject to the same ambiguity 
as if found by rule i. 

SOLUTIONS OF ALL THJE CASES OF QUADRANTAL 

SPHERICAL TRIANGLES* 




a 

I. Given the hypothenusal angle and either of the 
sides, to find the other side. 

RULE 

As rad : cos hyp', -i^ : : tan given side : cot remain^ 
ing or required side. 

Which side is less than 90® when the given side and 
hyp^. Z are unlike ; but greater than 90^ (or the sup- 
plement of the former) when they are like* 

Or, 

r^ ^ tan ^ cos c ^ , tan a cos c 

Cot a = = — I cot 6 = — • 

r ' r 

L cot a = L tan ft + i- c^s c — 10 j l cot ft = l tan « 

rf-JuCOS C — 10, 
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Note. In this, and the two following cases, the given 
^de and hyp^ Z, may be each of any magnitude under 
1 80® ; but, if either of them b^ 90°, the remaining dkle; 
and angle will be indeterminate* 

II. Given the hypothenusal angle and either of the 
sides, to find the angle adjacent to that side. 

RULE. 

As rad : tan hyp^. Z : : cos given side : tan adja- 
cent or required Z, . 

Which Z, is acute when the given side and hyp'. Z 
are unlike ; but obtuse (or the isupplement of the for- 
mer) when they are like. 

Or, 

m COS h tan c cos a tan c 

Tan A = ; tan b = • 

r ' r 

L tan A = L cos i + L tan c — 10 } l tan b = l cos a 
-:|-Ltan c — 10, 

n_m. ■■ ■ !■ I II '- - - - f ■^- — 

III. Given the hypothenusal angle and either of the 
sides, to find the angle opposite to that side. 

6.ULE I. 

As rad : sin hyp^ i^ : : sin given side : sin oppo- 
site or required Z . 

Which Z is acute when the opp. or given side is 
less than 90® ; but obtuse (or the supplement of the 
former) when it is greater than 90®. 

Or, 

^. sin a sin c . sin I sin c 

Sm A = ; siUB = • 

L sin A = L sin a + 1- sin c— 10 ; l sin B = L sin 6 
+ L sin c — 10. 
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RUUE II. 

Find the other side by case i ; then, by means of fferf 
hyp^ Z and this side, find the Z adj*. to it by case ii j 
which will be the req^. Z , or that opp. the given side* 

tV*. Given the hypothehusal angle and either of the 
other angles, to find the side adjacent to that angle. 

RULE !« 

Asrad : cothyp^-i^ :: tan given Z : cos adjacent 
or required side. 

Which side is less than 90* when the hyp'. Z and 
given Z are unlike ; but greater than 90° (or the sup- 
plement of the former) when they are like. 

Or, 

^ tati B cot c , tan a cot C 

Cos a = ; cos o =3 . 

L cos flj =: L tan B 4" ^ cot c — 10 ; l cos Zt = l tan a 
+ L cote — 10. 

RULE II. 

Tan 4 a = r v/?i£±"> 

V sin (c b) 

2 CLsin (c^b) + L sin (c-f b) -f lO 

L* tan "S" cb — —————— ————-- ' ": ' ~ 

« 2 

The tan of ^ 6 may also be expressed by the same 

form, usmg Z a instead of b ; and, in either of these 

cases, the ^ side will be always less than 90°. 

JVbte. In this, and the two following cases, if the 
given Z be less thaii the hypothenusal Z , their sum 
will be less than 180°; and if it be greater than the 
hypothenusal Z , their sum will be greater than 180°. 
If the two Z^ be equal, the A is indeterminate. 
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V. Given the hypothenusal angle and either of the 
other angles, to find the side opposite to that angle. 

RULE I. 

As sin hyp^. /^ : rad : : sin given A : sin opposite 
or required side. 

Which side is less than 90°^ when opp. or giVen A 
is acute ; but greater than 90° (or the supplement of 
the former) when it is obtuse. 

Or, 

^. r sin A • « r sin B 

Sm a = —, — ; sm 6 = ~- ^ • 

sin c ' sm C 

Lsina = CLsinc-fLsinA; LsinZ'=€Lsinc-f' 
1/ sin B. 

RULE II. 



Tan(45*+^a)= ^/cot^ (g—a) tan ^(c+a) 
L tan (45« + i a) = ?i^5^ii^::i^^±i^i^±^ 

The tan of (45°+ 2 ^) "^^Y ^^^^ ^^ expressed by the 
same form, using ^ b instead of a ; and the whole 
sides a or 2; will be l<!fes or greater than 90^, according 
to the rule given above. 

VI. Given the hypothenusal angle and either of tha 
other angles, to find the remaining angle. 

RULE I. 

As cos given L : rad : : cos hyp^ Z, : cos remain- 
ing or required /.. 

Which / is acute if hyp\ 2! and given 2! are un- 
like J but obtuse (or the supplement of the former) if 
they are like. q 

^ r cos c r cos c 
Cos A = ; cos B =2 '. . 

C09B ' COS A 

JL COS A = CL cos B + L COS C ; L COS B = CL CQS A -f* 
L COS C. 
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KVhE II. 



Cot|A= i^tan|(c+B)tan^(c— b) 

' L tan i (c+b) -h l tan ^ (cv,b) 
L cot ^ A = ^ 

The cot of ^ B may also be expressed by the same 
fprm, usmg Z a instead of b ; and in each of these 
cases the ^ ^ will be always acute. 



VIL Givpn either of the sides and its adjacent angle, 
to find the hypothenusal angle. 

RULE. 

As cos given side : tan adj^ or given Z : : rad : 
tan hypothenusal Z • 

Which hyp^ Z is acute when the given side and Z 
are unlike ; but obtuse (or the supplement of the for- 
mer) when they are like. 

Or, 

n^ r tan a r tan b 

Ian c = r- =ia>— • 

cos cos a 

L tan c=€L COS i+L tan a=€l cos fl+^ ^^^ b* 
Note. In this, and the two following cases, the given 

side and angle may be each of any magnitude under 

180^ 

VIII . Given either of the sides and its adjacent an- 
gle, to find tlie other angle. 

RULE. 

As rad : sin given Z : : tan adj^ or given side : 
tan remaining or required Z . 

Which Z is acute when opp. or given side is less 
than 90°; but obtuse (or the supplement of the former) 
wiien it is greater than 90°. 
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Of, 

►1^ ^ tan a sin b ^^_ tan ^ sb a 

1 an ▲ = * - -* ; tdtl B aE " r- 

\ r t 

L tan Aszt tan a-4-^ ^in B->-10} l tan bcl tan 6 

-|-x- sin A — 10, 

-- — ^- ~ ■ ■ — — — ■ - . - - 

IX. Given either of the sides and its adjacent angle, 
to find the other side. 

RULE I, 

As Kid : sin given side :: cos adjacent 6t given A : 
cos remaining or required side. 

Which side is less than 90^ when opp. or given Z, 
is acute ; but greater than 90^ (or the supplement of 
the former) when it is obtiise. 

Or, 

^ sin ^ cos A / sin a cos b 

Cos a = ' ; cos b = . 

L COS tt = L sin £ + ^ cos A-«* 10 ; L cos Z? = l sin « 

+ LCDS B--10. 

RULE IT* 

Find the hyp** A by case vii ;''then, by means of 
this angle and the given side, find the remaining or 
xequired side by case i. 

X. Given the two angkis, to find dthet of tb^ aides. 

RUL£. 

As sin dther /, : ltd ; : tan other JL : tan oppo- 
^te or required sidi. 

Which side is Uss than 90^ when opp. or given 2 
is acute; l^ut greater than 90^ (or t^ sypplem^nt of 
ihe forpi^) when it U obtuse. 

M 
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Or, 

rr> r tan A ^ , r tan b 

' Tan a = —. — - ; tan i = .— ^# 

sm B ' sin A 

Ltand = €LsinB + ^taiiA; Ltani==CLsinA 
+ L tan B. 

Note. In this, and the following case, the two given 
angles may be each of any magnitude under 1 80°. 



XL Given the two angles, to find the hypothenusal 
an rfe. 

^ RULE I. 

As rad : cos either Z : : cog other Z : cos hyp'. Z . 

"Which hyp^ Z is acute when the given angles are 

unlike ; but obtuse (or the supplement of the former) 

when they are like. 

Or, 

^ COS A COS B 

Cos c = '■ . 

r 
L cos C = L COS A + L COS B — IQ. 

RULE II. 

Find either of the sides by case x j then, by means 
of this side and its adj^ Z , find the hyp^ Z by case vii. 

XII. Given the two sides, to find the hypothenusal 
angle. 

^ RULE I. 

As rad : cot either given side : : cot other side : 
cos hypothenusal Z . 

Which hypothenusal Z is acute when the given sides 
are unlike ; but obtuse (or the supplement of the for- 
mer) when they are like. 
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Or, 

^ cot a cot b 

r 

L COS c = L cot a + L cot b — 10. 

I 

RULE il. 

-« V — cos(a-f-^) 

1 CLcos (a-f ^) + Lcos (a«-5i) -f- 10 
L tan i C = ^^ — ^ --^ 

^ 2 

Which ^ Z c is always less than 90®. 
Note. The two sicfes, in this and the following case^ 
must be ^o taken, that their sum shall be greater than 
90°, and their difference less than 90^ 

XIII. Given the two sides, to find either of the angles. 

RULE I. 

As sin either given sides ! rad : : cos other side : 
cos opposite or required Z . 

Which Z is acute when its opposite side is less than 
90° ; but obtuse (or the supplement of the former) 
when it is greater than 90°. 

Or, 

^ r cos a ' r cos 5 

Cos A = . , ; cos B = — ; . 

smb Bin a 

L cos A = € L sin & 4" 1^ cos a ; l cos b = € l sin a 

+ L COS b,. 
' RULE IK 

Cot J A = -^-tan (^+45°) tan (^+45°) 

(l4-a \ tb — a \ 

-f— +45°] -fL tan f + 45<>j 



L cot ^ A = 



2 
M 2 
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The cot of ^ B may also be expressed by the same 
form, putting a in the place of b^ and b in that of a ; 
and the ^ angle, in each of these cases, is always less 
than 90°. 

XIV, Given either of the sides and its opposite angle, 
to find the other angle. 

RULE I. 

As rad : cot given side : : tan opp. or given 2 : 
sin remaining or required Z. 

Which Z, is ambiguous ; that is, it may be dther 
an acute angle, or its supplement. . 

Or, 

^. cot ^ tan B . cot tan A 

Sm A = : sm B = . 

r ' » r 

i sin a=;l cot i+L tanB— 10; LsinB = LC0ta 
+ L tan A— 10. 

RULE IIa 

Tan (45'' + i a) = r v^SgS. 

^ V Sin (^ — b) 

L tan (4o + ^ a; = ~ . 

The tan of (45° +i^ b) may also be expressed by the 
same form, using a, a instead of ^, b ; and a or b i$ 
subject to the same ambiguity as in rule i. 

Note. In this, and the two following cases, if the 
given angle be less than its opposite side, their sum 
will be less than 1 80°; and if it be greater than its opp. 
side, their sum will be greater than 1 80^ If the side 
and opp. angle be equal the triangle is impossible. 

3 
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XV. Given either of the sides and its opposite angle, 
to find the other side. 

RULE. 

As cos given 2! : cos opp. or given side : : rad : 
•in remaining or required side. 

Which side is ambiguous ; that is, it may be either 
an arc less than 90%. or its supplement. 

Or, 

-^. r cos h ' , J r cos a 

Sin a = ; sm 6 = . 

cos B ^ cos A 

L sin a = €L cos b + i* cos b i l sin Z> = c l cos a 
+ L cos a. 

' RULE II. 

Tan (45° + ^ a) = i/cot^(6+B)cot ^ (Z^-b) 
L tan (45Hi «) = ^^^^H^+b) ^ Lcoti(^c.B) 

The tan of (45° +2 ^) niay also be expressed by the 
same form, using a, a instead of b^ b ; and a or Zr is 
fiubject to the same ambiguity as in rule i. 

t 

XVI. Given either of the sides and its opposite angle, 
to find the hypothenusal angle. 

RULE I. 

As sin given side : sin opp. or given Z : : rad : 
sin hypothenusal Z • 

Which hyp^ angle is ambiguous ; that is, it may be 
either an acute angle or its supplement. 

Or, 

^. r sin A r sin B 

bm C = — ; = — : — r» 

sm a sm 

Lsinc = €Lana-fLsinA = €Lsin£ + L^B. 



166 

RULE II. 



Tan (45°+! c) = Vtan ^ (o+a) cot ^ (a— a). 

L tan (45Hic) = ^tan|(a + A).fLCoti(ac,A) ^ 

The same form may also be applied to the other 
side and its opposite 2! , using i, b instead of /?, a; 
and in each of these cases the hypothenusal jL c will 
be subject to the same ambiguity as in rule i. 

SOLUTIONS OF ALL THE CASES OF OBLIQUE-ANGLED 

SPHERICAL TRIANGLES. 

A 




I 

* 



I. Given two sides and an angle opposite to one of 
them, to find the angle opposite the other. 

RULE I. 

As sin side opp. given /. : sin given A : : sin other 
side : sin opposite or required L . 

Which is either an acute 2! or its supplement, ac- 
cording as it makes the greater JL opposite the greater 
side ; and if each of them agree with this rule, the A 
is ambiguous, or admits of two different solutions. 

^ « sin a sin b 

Or, sm A = — : -7 — . 
L sin A = €L sin ft + L sin a + L sin b— - 10. 

RULE II. 

€ L sin Z? + L sin a + L sin B— - 10 = L tan <p. 
Then, I, tan (45°+^ a) = '«> + ^ *^" <^^° "^ ^> ; 
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Where arc (p is always less than 90°; and 2 a is 
subject to the same ambiguity as in rule u 

The -^ B or c may also be expressed by the same 
fbrm^ using the sides and angle which are similarly si- 
tuated ; and the same obsfervation may' be extended to 
all the other cases of the table. 

^ote. In this, and the two following cases, the given 
sides and angle must be so taken, that the result, found 
by the operation, shall not be greater than radius ; 
otherwise the triangle is impossible. 

II. Given two sides and an angle opposite to one 
of them, to find the included angle. 

RULE. 

Find the angle opp;the other given side, by case i, 
and note whether it be ambiguous or not. 

Then, 
As sin ^ diff. given sides : sin ^ their sum : : tan ^ 
diff. thar opp. /-^ : cot ^ inclined / . 

Which ^ ^ is always acute ; and if the / found by 
die first part of the rule be ambiguous, the required /. 
will be ambiguous, otherwise not. 

Or, 

Cot^c = '!°ti'"^n tani(Ac^B). 

-^ Sin I (a^b) ^ ^ ' 

L cot ^ c = €L sin ^ (a v^i) + I* sin ^ («+^) + 
Ltan ^ (a^9) — 10. 

Or \ the included A m^y be found directly, by the 
following formula : _ 

Tan ^ C = "" ^ ^Q^ ^ -f A / sin* I cot* B ■ r* sin (g— h) 
^ sin(a+^)— V sm«(a+;0 "*" "7in(a-|-Z') ' 



ni. Given two sides and an angle opposite ta one of 
them, to finci the remaining side, 

RULE. 

Find the angle ©pp. the other given side by case i, 
and note whether it be ambiguous or not. 

Then, 

As sin J difF. these Z * : sin ^ their sum : : tan ^ 
difF. given sides : tan ^ remaining side. 

Which ^ side is always less than 90^; and if the ^ 
found by the first part of the rule be ambiguous, the 
required side will be ambiguous, otherwise not. 

Or, 

Tan * c = !!!LiiiiL».; tan ^Ca^ b\ 

L tan ^ c = CLsin ^ (a^p) + i* sin ^ (a+3) + 

Or ^ the remaining side may be found directly, by 
the following formula : 

sin*acos'B , , cosa-^c^t 
, , (cos a -4- cos i')*' cosa-Vcos^ 

IV. Given two angles and a side opposite to one of 
them, to find the side opposite the other. 

RULE h 

As sin eith. given i^ * : sin its opp. side : : sin other 
given ^ : sin its opp. side. 

Which side is an arc less than 90® or its supplement, 
according 'as it makes the greater side opp. the greater 
angle ; and if each of them agree ^ith this rule, the A 
is ambiguous, or admits of two different solutions. 
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Sine = 



Or, 

sin h sin K 



sin B 



3L ^ « = c li sin B + I* sin A + I* sin i — 10. 

RULE II. 

CL sin B + L sin A+x-sin 6 — 10=: l tan^. 
Then, I. tan (4^+^«) = '0-^^«''°^<-»'H-^) . 

Where aFc (p is always less than 90°; and side a is 
subject to the same ambiguity as in rule i. 

Note. In this, and the two fpllowing cases, the given 
4 * and side must be so taken, that the result, found 
by the operation, shall not be greater than radius. 
Otherwise the triangle is impossible. 



V. Given two angles and a side opposite to one. of 
them,' to find the included side. 

RUJLB. 

Find the side opp. the other given angle by case iv, 
and note whether it be ambiguous or not. 

Then, 
As sin ^ diff. given -^ * : sin ^ their sum : ; tan |- 
diflF. their opp. sides : tan ^ inclined side. 

Which ^ side is always less than 90^; and if the side 
found by the first part of the rule be ambiguous, the 
required side will be ambiguous, otherwise not. 

Or, 

Tan i c == '444^ tan H« ^*)- 

-^ sin^ (a^b) -^ ^ ' 

ttan|^c=sCL an^ (a«-db)4-1' sin |^ (a+b) + 
L tan ^ {a^h)^lQ^ 
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Or ^ the included side may be found directly, by 
the following formula : 

^^ 1 cot a sin A , /cot* a sin* a « sin(A4-B) 

- sin(A-B)— V sin*(A-*B) "^ siu(A-B) 

VI. Given two angles and a side opposite to one of 
them, to find the remaining angle^ 

RULE. 

Find the side opp. the other given angle by case iv, 
and note whether it be ambiguous or not. 

Then, 
As sin ^ diff. these sides : sin ^ their sum : : tan J 
difF. given A^ : cot ^ remaining I. . 

Which ^ -^ is always acute ; and if the side found 
by the first part of the rule be ambiguous, the required 
angle will be ambiguous, otherwise not. 

Or, 

Cot ^ c = '^\P-1 tan \ (A ^b). 

L cot 1^ c = € L sin ^ (a ^ /?) + L sin ^ {a +i) + 
L tan ^ (a^b) — 10. 

Or ^ the remaining angle may be found directly, by 
the following formula : 



•p ^ ^^ cos i sin A , / cos* ^ sin* A 

^ cos A — cos B n/ (cos a— cos B;* 



- COSA-HCOSB 

r*x 

COS A — COS B 



VII. Given two sides and their included angle, to 
find either of the other angles. 

RULE. 

As cos ^ sum given sides : cos 4. their difF. : : cot 
4- their inclined i^ : tan 4^ sum other two ^ ^ 
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And, 

As sin 4- sum given sides : sin 4- their difF. : : cot 
4- their inclined Z. : tan \ diflf. other two A *. 

Where \ sum of the two A^\% likje 4. the sum of 
their opposite sides ; and 4- their difference is always 
less than 90°. 

Then, if 4. the difference of these two A^ be added 
to 4. their sum, it will give the A opposite the greater 
side ; and if subtracted ' from the 4. sum, it will give 
the / opposite the less side. 

Or, 

• Tan^(A+B) = e2iiif5i)cot^c. 

* ^ ^ ' COS 4 (a-f ^7 

Tan 4. (a ^b) = . , ; . ' cot 4. c. 

* ^ ^ sin 4 (« + ^) 

L tan4-(A+B)=:€Lcos4^(a+/?) + Lcos 4- {a^b) 
+ L cot4.c — 10. 

L tan4- (a^b)=€l sin 4- (a+i) + ii sin4-(a^A) 
+ L cot 4. c — 10. 

: Or an angle may be found directly, by the following 
formula : 

^ ^ cot a sin h — cos h cos c 

Cot A = : . 

sm c 

Note. In this, and the two following cases, the two 
given sides and their included angle may be each of 
any magnitude under 1 80°. 

Vin. Given two sides and their included angle, to 
find the remaining side. 

RULE I. 

As rad : cos given 2^ : : tan either given sides : 
tan an arc ^. 
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Then, 

As cos arc (p : cos side above used : : cos diff. other 
side and (p : cos remaining dde. 

Where arc ^ is less than 90°, when the given angle 
and side used in the first part of the rule are like ; but 
greater than 90° when they are unlike. 

The required side is also less than 90°, when the 
given angle and the diff. of the other side and arc (p 
are like ; but greater than 90° when they are unlike. 

Or, L tan Z> + L cos c — 10 = L tan (p. 
Then, l cos c=€ l cos (^+1- cos Z?-|-l cos {a e-»^) — 10, 

RULE II. 

Find the two remaining angles by case vii. 
Then, As sin 4- diff. these -^ ^ : sin 4^ their sum : : 
tan 4. diff. their opp. sides : tan 4. remaining side. 
Which 4. side is always less than 90°. 

Or, 

Tan 4 c = V!Lip^ tan i (a ^O- 

ttan 4- c = €L sinj^ (a^b) + i*sin4. (a+b) + 
L tan 4- (a«-jfc) — 10. 

Or the remaining side may be found by the following 
formula : 

r cos a cos ^ <f sin a sin^ cos c 



Cos c = 



r* 



IX. Given two angles and their included side, to 
find either of the opposite sides. 

RULE. 

As COS 4- sum given i^^ : cos 4 theirdiff. :: tan 4 
inclined ^de : tan 4- sum other two sides. 
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And, 

As dn -^ sum given ^ ' : dn 4- their diff. : : tan -^ 
inclined side : tan 4- diff. other two sides. 

Where 4. the sum of the two sides is like 4- the sum 
of their opp. ^ * ; and \ their difF. is less than 90^ 

And if \ the diffl of the sidles be added to 4. their 

sum, it will give the side opposite the greater ^'^ and * 

if it be subtracted from the -^ sum it will give the side 

opposite the less -^ . 

Or, 

T» ^ (« + *) = ^1^;- + - 

Tan i (o - *) = £|^ "» + ■=• 

L tan.> (a4-i) = €LCos-j-(A+B)+L cos^^ (a^b) 
+ Ltan4:c— 10. 

Ltan^(a^Z^) = €Lsin-i.(A+B) + Lsinj (a^b) 
4- L tan ^-c— 10. 

.Or the side may be found directly, by the following 
formula : 

^ cot A sin B h cos c cos b 

Cot a = : . 

sin c 

Note. In this, and the following case, the two given 
A * and their included side may be each of any mag- 
nitude under 1 80°. 

X. Given two angles and their included side, to find 
the remaining angle. 

RULE I. 

As rad : cos given side : : tan either given A ^ : 
cot an arc ^. 
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Then, 

As sin arc (p : cos A above used : : sin diff. other 
I. and (p : cos remaining A • 

Where arc (^ is less than 90° when the given side 
and angle used in the first part of the rule are like ; but 
greater than 90° when they are unlike; 

The required angle is also like the angle above men- 
tioned, when arc (p is less than the other given smgle; 
but unlike it when it is greater. 

Or, 

tan A cos c ^ -* cos a sin (B«-9rt 

= cot (S ; then cos c = : — ^^^ — ^. 

Or, 

L tan A + L cos c— 10 = l cot 0. 
Then, l cos c=€l sin(p.+^- sin (b '-stp)-}*!. cos a— 10. 

RULE II. 

Find the two remaining sides by case ix. 

Then, 
As an \ difF, these sides : sin \ their sum : : tan \ 
diff. given L ^ : cot \ remaining Z. . 

Which -J- ^ is always less than 90*^. 

Or, 

Cot4-c = '4i44^tan.j.(AHB). 

L cot i c = € L sin -1- (a ^ Zj) + L sin 4- (a+£) + 

I- tan -J (a'-^b) — 10. 

Or, 

The remaining angle may be found directly, by 

the following formula : 

^ cos c sin A sin B — r cos a cos b 
Los C = — — . 
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XL Given the three sides to find dther of the angles- 

RULE^ 

As rect. und^r the sine of -^ the sum of the three 
sides and the sine of the difference between this 4- suni 
and the side opp. the Z sought : square of rad. 

So is rect. under the sines of the differences of the 
same ^ sum and each of the other two sides : square 
tan ^ required Z . q 

m 

If s denote the sum of the three sides, c the side opp. 
the required Z , and a^ b the sides about that Z . 

Then, 

V sin ^ 5 sin (J s—c) 
I tanJlr €L8in^^-|-€L8in(|^"c)-hLsin(jj>" fl)4-L5in(|^'*/;) 

Which ^ -^ is always acute. 

Or this logarithmic formula may be expressed in 
words, as follows : 

Add together the log sine of 4- the sum of the three 
sides, and the log sine of the difference between this 4. 
sum and the side opp. the angle sought, and find the 
complement of their sum, by taking the index from 
19, and the rest of the figures from 9, as usual. 

To this complement add the log sines of the diffe- 
rences between the same ^ sum and each of the other 
two sides, and the result, divided by 2, will give^the 
log tan of ^ the required Z, . 

Or the whole angle may be found by the following 
formula : 

r« cos c — r cos a cos h 



Cose = 



' sin a sin ^ 
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Note. In this case the three ades must Be so takettf 
that the sum of any two of them may be greater than the 
thii'd, and the sum of all three of them less than 360**. 
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ZIL Given the three angles, to find either of the sides. 

RlTLE. 

As rect. under the cosine of ^ this sum of the three 
/. ^ and the cosine of the, diflP, between this ^ sum and 
the ^ opp. the side sought : square of rad. 

So is the rect. under the cosines of the differences 
of the same ^ sum and each of the other two /^ * : 
square of cot ^ required side< 

Or, 

If s denote the sum of the three ^ % c the ^ opp. 

the required side, and a, b the /. ' adj'. U> that side. 

Then, 

Cot hc = r\ /£"iii!--li>-e^L'n!>. 

V — COS ^ S COS (i s — c) 

, €L cos ?r S -f- €L cos '-1 S - C") -f L COS ("4 S — a") -4- 1 COS(^ S— B) 
I. cot * C = ' = '— ^ 

2 

Which ^ side is always less than 90*'. 

Or this logarithmic formula may be expressed in 
words, as follows : 

Add together the log cosine of ^ the sum of the 
three ^ ^ aiid the log cosine of the diff. between this ^ 
sum and the /• opp. the side sought, and find the com- 
plement of their sum, by taking the index from l9, 
and the rest of the figures from 9, as usual. 

To this complement add the log cosines of the diffe- 
rences between the same ^ sum and each of the other 



^6 Z\ iand the result, divided by 2, will give the log 
cot. of i the required side. 

Or the i^hole side may be found by the following 
fbrmula: 

^ r* cos c + '* cos A cos B 

Cos C = 7-^—: . 

Bin A Bin B 

Note* In this case the three angles must be so taken, 
that die sum of any two of them may be greater than 
the supplement of the third, and that the sum of all 
three of them may fcdl between 1 80° and 540^ 

kSMAltK, 

When the triangle, in any of the cases of the pre- 
ceding table, is isosCeleS;^ it may be readily resolved by 
one or other of the four following analogies, which 
taken directly, or by permutation, contain all the va- 
rieties of this kind that can happen in practi(:e. 

1. As rad : sin ^ vert, i^ : : sin either side : sin ^ 
the base. 

2. As rad : cos either Z at base : : tan either side 
: tan 1^ the base. 

S. As rad : .tan either Z at base : : cos either side 
: cot J vert. Z. 

4. As rad : sin either Z at base : : cos ^ the base 
: cos ^ vert* Z . 

Where it is to be observed, that when ^ the base, or 
^ the vert. Z becomes the 4th term of the proportion, 
or the thing sought, it is always less than 90^ 

And that when one of the equal sides, or angles, 
is the thing sought, it will be like its opposite angle, 

N 



at its bpposite side, according as it is a side or attl 
angle (o). . , 

Also, if the triangle have two of its sides, or two of 
hs angles supplements of each other, it may be rcscJyed 
by one or other of the four following analogies, which 
have the saihe generality as the former. 

!• Asrad : cos ^ vert. Z :: sin either side s cos^ 
the base. 

2. As rad r cos either /. at base : : tan its opp. 
side t cot |- the base. 

3. As rad : tan either Z at base : : cos its opp* 
side : tan |- vert. Z. 

4. As rad : sin either. Z at base : : sin ^ the base 
; sin -J vert. Z . 

In which cases, when J the base, or ^ the v«t. -^ , is 
the 4th term, or thing sought, it is always lesis than 90?. 

And when a side, or an angle, is the thing sought, 
it will be like its opposite angle or opposite side, as in 
the isosceles triangle- 

■ ■■■!■■ I ■ ■ ■ ■ ■ '■■ ' ■ " ! i I H 

t 

(o) As every isosceles spherical A is divided into two equal right- 
angled spherical A% by a perpendicular drawn, from the vertical Z 
to the base^ it is evident that the solutions of all the cafes of thf 
former may be derived from those of the latter, by referring ihem 
to the right-angled A to which they belong. 

Also, in the species of A which has the sum of two of its sides 
equal to 180^, the sum of their opposite Z ' will likewise be equal 
to 180^^ and it is evident, that if the bage and one of these ffi|d# 
be produced to semicircles, or till they rjieet, the supplemental A| 
thus formed, will be isosceles, and can, therefofie, be resolved 
by some of the cases of right-angled triangles, in a sutiUar niai^ 
ner with the former. 
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MISCELLANEOUS QUESTIONS FOR E:«:ERCISIKG THE 
RULES IN THE PRECEDING TABLES. ' 

1. In a right-angled spherical triangle abc, one of 
the oblique angles a is 60°, tod the other b 45° ; re- 
quired the side b c opposite the former. Ans. b c 4^. 

2. In aright-angled isosceles spherical triangle abc, 
the two equal sides ac, cb are each 30°; required the 
hypothenuse a b. Ans, ab 41° 24' 35'\ 

3. It is required to find the angles pf an equilateral 
spherical triangle abc, each side of which is 60°. 

Ans. each ^ l(f 31' 44^ 

4. In a quadrantal spherical triangle abc, the hy- 
' pothenusal angle c is 87^^, and one of the other an- 

gles a 95^ 13' ; required the side a c adjacent <o that 
angle. Ans. a c 61° 25' 5S\ 

5. In a right-angled ^herical triangle ab c^ the 
hypothenuse a b is 84° 23' 20", and one ©f the legs 
A c 96° 36' 22" J required the angle a adjacent to that 
leg. Ans. Z a 148^ l' 49". 

6. In an isosceles spherical triangle abc, each of 
the two equal sides ab, ac are 95°^, and their included 
angle 100^ required the base b c. Ans. b c 99° 22' 24". 

7. In an oblique-angled spherical triangle abc, one 
of its sides a b is 96° 50', the other a c 83° lO', and 
their included angle a 120°; required the base bc, and 
the other two angles b and c. 

Ans. B c 120° 28' 10", Z b 86^ 4' IS", 
Z c 93° 55' 47". 
n2 
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8. In a right-angled spherical triangle A b c, the ty- 
pothenuse ab is 61'' 4' 56% and the leg bc 40° 30' 20''; 
required the other leg ac, and the angles a and b. 

Ans.Ac50°30'30", /a47°54'20'', 2:b61''50^29% 

9. In the quadrantal spherical triangle abc, the side 
bc is 132° y 40", and the sid^ ac 118° 9' 31''; it is 
reqiiired to find {he hypothenusal angle c, and the 
other two angles a and b. 

Ans. c = 1 1 8° 55' 4", ii a 139° 29' 40% 
I B 129° 29' 30", 

10. In the oblique-angled spherical triangle a b c, 
the side a b is 76° 35' 36", a c 50° 10' 30", and B c 
40° O' 10" ; required the three angles a, b and c. 

Ans. ii A 34''15'2", I B 42''l5'l3"4, 
I c 121° 36' 20". 

11. At each of three objects, on the surface of the 
earth, the angles subtended by the other two were 
54° 29' 2,Q\ 93° 32' 59", and 31° 57' 25" respectively, 
from which it is required to find the distances ©f the 
objects from each other. 

Ans. 106213, 130224.4, and 69058 feet. 

» 

Note. A great variety of examples of this kind may 
be found in that part of the Trigonometrical Survey of 
jLngland and Wales already published ; in which, as 
well as in several other similar performances, these 
kind of geodetical operations are amply detailed. 
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APPLICATION OF SPHERICAL TRIGONOMETRY- 

TO THE 
RESOLUTION OF ASTRONOMICAL PROBLEMS, 

Astronomical Problems are such as chiefly relate to 
the determination of the relative situations and positions 
of the heavenly bodies with respect to each other, or 
to certain imaginary points and circles of the sphere, 
to which they are usually referred. 

These circles, &c. may be considered as belonging 
equally to the globe of the earth and the concave 
sphere of the heavens which surrounds it ; and are di- 
stinguished as follows : 

77ie axis of the celestial sphere, is ag imaginary line 
passing through the centre of the earth, about which 
the sun and stars appear to perform their daily revo- 
lutions (p). 

The north and south poles of the celestial sphere, are 
the two extremities of its axis f and the points lying 
directly under them, oi^ the terrestrial sphere, are the 
north cfnd south poles of the earth (o). 

(p) Although it is the diurnal rotation of the earth upon Its axis in 
M hoors^ and its annual revolution round the sun in 365 days^ 5 
hov^s, 43 minut^l, 48 seconds^ which occasions the various pha^-^ 
nomena of the heavens^ yet as the places and appearances of the 
celestial bodies will be the same^ whether the earth moves and tlie 
celestial sphere be at rest, or the earth at rest and the celestial sphere 
in raotioii, astronomers, for the ease of calculation, assume tlie 
earth as a point at rest in the centre of the system, and ascribe to 
the heavenly bodies tliat motion which they appear to have to a 
spectator on the earth. 

(^) The star commonly called the north-pole star is not djrectly 
ia the {>oiat which is the true north pdo of the heavens j its d^cU« 
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The equinoctial^ or celestial equator ^ is a great cir- 
cle which divides the northern half of the heavens 
from the southern ; and, when referred to the earth, it 
is called simply the equator. 

The ecliptic is a great circle oblique to the equator, 
in which the sun appears to perform his annual revo- 
lutibn through the heavens. 

This circle is divided into twelve equal parts, of 30 
decrees each, called signs, the names and characters 
of which are as follows : 

•ies Taurus Gemini Cancer Leo Virgo 

« n © SI '»9t 

{Libra Scorpio Sagittarius Capricornus Aquarius Pisces 

The sun continues about a month in each of these 
signs, and goes through nearly a degree in a day. 

Meridians are great circles passing through the poleft 
of the world, and cutting the celestial equator at right 
angles. 

They are also called hour circles^ or circles of right 
ascension^ and, when referred to the earth, circles of 
terrestrial longitude. 

The horizon is a circle which is distinguished by two 
different names, according to the sense* in which it i^ 
employed : thus. 

The rational^ or tru^ horizon^ is a great circle which 
divides the upper half of the heavens from the lower } 
being that in which the sun, moon, and stars appear 
to rise and set. 



nation, for the beginning of the year 1790, having been found io 
be 88^ ll' 8"^ and its Annual. variation 19"^. . ' 



The sensible horizon is a small circle of the earth, 
parallel to the former, which is the bouncjary of the 
spectator's view at sea or land (;). 

The former of these two circles is also divided, by 
mariners, into 32 equal parts, of 11^ 15' each, called 
the^points of the compass j the principal of which, east^ 
west, north and souih^ are called the four eardinal 
points. 

The zodiac is a space which extends about 8** on each 
ade of the ecliptic, like a belt or girdle, being that in 
which the paths or orbits of the planets are situated. 

The obliquity of the ecliptic is the angle which it 
makes, at either of its two intersections, with the 
equator ; being usually reckoned 2^° ^8' (s). 

Grcles of celestial longitude are great circles pass-, 
ing through the poles of the ecliptic, and cutting it at 
right angles. 

The tropics are two small circles at the distance of 
28® 28^ from the equator j the one in the northern he- * 
misphere, being called i/ie tropic of cancer, and the other 
in the southern hemisphere, the tropic ofcapricorru - 
' ■ ' > ' 1 ^ 

" (r) The sensible horizon is also frequently considered as a plane 
passing through the eye of an observer^ perpendicular to a plumb* 
line hanging fireely, And if this plane be refierred4D a parallel one^ 
passuig through the earth^s centre^ it is then called the reduce4 
horizon. 

(s) By comparing the observations of the antients with those of 
the modems, it has been found that the angle which the ecliptic 
makes with the equator is continually diminishing ; but the varia^ 
tJQn is v^iy sgiall^ and is diiferentl^ stated b^ different authors. 



The polar circl^^ are two small cirpl^ at tlie distance 
of 23° 28' frppi thp poles '; the onp in th^ northern feet 
misphere being called fhe arqtig civQlej an4 the pther,^ 
in the southern hemisphere, the antarctic circle^ 

All cirples pf this ^ind, whi^h are parallel to tha 
equatqr, ^e s^lso ca^ed par^ljels pf terrestrial latitu4f» 
or of declination. 

Parallels of celestial latitude are small circles p^ 
rallel to the ecliptic ; 2Xi^ parallels of altitude j or almor 
canter^^ are small circles parallel to the horizon. 

The equinoctial points are the two poirits where t|ie 
ecliptic cuts the equinoctial ; and the soJ^i\cial pointy 
are the two points where it touches the tropic§ (<)• 

Tlie zenith (ind nadir are the two poles of the hp^ 
zon; the former being the point directly over our h^ads^ 
2^nd the latter that imder onr fept. 

The^quinoctial colure is a meridian passing through 

{t) When the sun appears ip cither of the equinoctial points th^ 
days and nights are equals or 12 hours each, all over the world ; 
which happens about the 21st of March and the 22d of Septem- 
ber J the former being called the vernal equinox, and the latter tkt 
autumnal equinox. 

Also, when the sun comes to the northern solsticial points or 
tropic of cancer, it is the longest day ; and when he comes to the 
southern solsticial^ point, or tropic of Capricorn, it is the shortest 
day; tlie former of these happening about the 21st of June, and the 
latter about the 22d of December. 

The solsticial points caqcer (® ) and capricom (V5') are so call^ 
because when the sun is in this situation he seems to have nearly, 
the same altitude at noon for several days together, and on t^Mlt 
account appears to stop or stafid still« 
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the equinoctial points ; an'd the solsticial coJure is a 
meridian passing through the solsticial points. 

A'limuthj or vertical circles^ are great circles pass* 
ing through the zenith and nadir of any place^ and 
glutting the horizon at right angles* 

The prime vertical^ or six o'clock hour line, is the 
azimuth circle which passes through the east and west 
points of the horizon; being that on which the sun 
rises and sets when the days and nights are equal. 

The latitude of any celestial object^ is its^distance 
north or south from the ecliptic, as measured on a qir^: 
cle of longitude passing through its centre. ^ 

The latitude of any place on tfie earthy is its distance 
north or south from the equator, as measured on a 
ijderidian passing through that place. 

The longitude ofaiiy celestial object^ is its distance 
from the first point of aries, as reckoned in degrees, 
minutes, &c. quite round the ecliptic (u). 

The longitude of any place on the earthy is its di- 
stance east or west from the first meridian ; which, in 
this country, is reckoned to be that passing over the 
rpyal observatory at Greenwich. 

' ^ ' ' ' ■ ' I 1 III I I ■ ■■ II. ■ II ■ ■■ ■ ^ ■■ ^ 
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(if) The sun has no latitude^ being always situated in some part 
qf the ecliptic : and instead of hU longitude, his distance in 
^gn9> degrees, minutes, &c. from the first point of aries, is some* 
tiroes called his place in the ecliptic. 

It may also be observed, that the latitude of any place is equal 
to the height of the pole above the horizon, or to the distance of 
t|ie zenith of that place from the equinoctial $ and the co*latitud# 
ffsL place is equal to the distance of the pole from the zeniths 



The co-latitude^ or polar distance^ of any celestial 
object is an arc of a meridian contained between the 
centre of that object and the north or south pole. 

The dip of the horizon is the angle formed by an hori* 
zontal line, drawn through the place of observation, and 
another Kne passing through the eye of the spectator, and 
meeting the earth at a greater or less distance (y). 

Refraction is the diflference between the real and ap»^ 
pai-ent place of an object, as occasioned by the rays 
of light ^passing through the atmosphere in a curvili- 
neal instead of a right-lined direction. 

Parallax is the difference between the places of any 
celestial object as seen from the surface of the earth 
and from its centre. 

Horizontal parallax is the angle under which the 
semidiameter of the earth would appear if seen directly 
from the centre of the sun, or a planet. 

Parallax in altitude is the angle under which the 
semidiameter of the earth would appear if seen ob- 
liquely from the centre of the sun, or a planet (ui). 

(v) As the Z of depression, or dip of the horizon, occasions ob- 
jects to appear higher than they really are, it must be subtractecl 
from the observed altitude, in order to obtain the apparent altitude. 

(w) The more elevated a planet is above the horizon, the less i% 
itti parallax> its distance from the earth's centre continuing the 
same. When the })lanet is in the zenith it has no paraUax, and 
when in the horizon its parallax is the greatest. 

Refraction and tlie dip of the horizon make all objects appear 
higher than they really are ; but parallax, having a contrary effect, 
nikakes them appear lower. The fixed stars are at such immense* 
distances that they have no sensible parallax. 
1 
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Tlie altitude of any of the heavenly bodies^ is an arc 
of an azimuth, or vertical, circle, contained between 
the centre of the object and the horizon. 

The observed altitude is that which is taken simply 
with a sextant, or other instrument, without being cor- 
rected for the dip of the horizon, refraction, or parallax. 

The apparent altitude is that wliich has been cor- 
rected for the dip of the horizon, without considering 
the eflfect of refraction or parallax. 

The true altitude is that which is found after making 
all the corrections arising from the dip of thi^ flbrizon^ 
refraction, and parallax. 

The zenith distance is the complement of the alti- 
tude, or the arc of a vertical circle, contained betweea 
the centre oiF the object and the zenith. 

The declination of the sun^ moon^ or stars^ is an arc 
of a meridian contained between the centre of that ob- 
ject and the celestial equator. 

The amplitude of any of the heavenly bodies, is an 
arc of the horizon contained between the centre of the 
object, when rising or setting, and the east or west 
points of the horizon. 

T/ie azimuth of any of the heavenly bodies, is an 
arc of the horizon contained between an azimuth cir- 
cle, passing through the centre of the object,* and the 
north or south point of the horizon (x). 

{x) The amplitude of any of the heavenly bodies may also be 
considered as its bearing, when in the horizon, from the true east 
or west point of the compass 5 and the azimuth, as its bearing from 
one of thes^ points, when it is at any height above the horizon. 
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The right asceimon of any celestial body, is an art 
cf the equinoctial contained between the first point of 
aries and a meridian passing through the centre of the 
object (y). 

Or, it is that measure of time which shows how much 
sooner, 6r later, than the first point of aries any star 
comes to the meridian ; and consequently the difference 
of time between one star coming to the meridian ajul 
another. 

The oblique mcension^ or descensioriy is the distance 
of the%rst point of arie^ from the horizon when the 
object is rising or setting ; or it is that point of the 
equinoctial which rises or sets with *tbe object in an 
^oblique sphere. 

The ascensional difference is the diffierence between 
the right and oblique ascensioft or descension ; or it is 
the time that the sun rises before six o'clock in th^ 
summer, or sets after six in the winter. 

Aberration is an apparent change of place in the 
stars, arising from the motion of the earth combine4 
with the motion of light. 

The achronical rising or setting of a planet, or star, is 
when it rises at sun-set, or sets at sun-rise ; and the cosmic 
cal rising or setting is when it rises or sets with the sun^ 

The heliacal rising of a siar^ is when it appears 

* ' ■■ .!■ ■■.■■■ ^ , . ■ ^ ■ ■ I I 

{y) Astronomers reckon the sun*s longitude and right ascension 
from tlie first point of aries quite round the globe j hence, though 
>t equal distances from llie equinoctial points, his declination maj 
be of the same name, n. or s., and the same quantity, yet the Ipu^ 
^itudes and right ascensions will be materially different. 



1&9 

above the boii25on juSt before the suifm the morning ; 
and its heliacal settings is when it sinks below the ho- 
rizon immediately after him in the evening* 

Thne fe a portion of duration^ which, in astrono- 
mical t^mpu^ations, is divided into three kinds, yiz. 
apparent, mean, and sidereal time^. 

Apparent time is that shown by the sun ; being rec* 
kcMied from the instant of his passing over ^my meridian, 
in one day, to the instant of his passing over it the next# 

Sidereal time is that which is measured by a clock 
or watch, so adjusted as to count 24liours from the 
passage of a star over any meridian till it r^ms to that 
meridian again. 

Mean^ or true time^ is that which is measured by a 
clock or watch, so adjusted as to count 24*? 3"* 56^^ 
in a mean solar day^ or SQ5^ 5^ 48"^ 48' in a mean 
adar year. 

Apparent noonls the time when the sun comes to 
the meridian ; and true^ or mean noon^ is 1 2 o'clock, 
as shown by a well-regulated chronometer^, so adjusted 
as to go 24 hours in a mean solar day (^). 
*■' ■ ■ 1 1.. ■ ■ - I ■ . , II., I. 

{%) It may also be remarked, that besides tlie divisions of time 
above mentioned, there are four kinds of lunar months, and three 
kinds of solar years, which are distinguislied as follows : 

The periodical month is the period in which the moon returns to 
the first point of aries, consisting of 27<^ 7** 43"* 5*. 

7%e sidereal month is the period in which the moon returns to 
the same star, consisting of 27** 7^ 43"* 12*. 

The iynodkal month is the period in which the moon returns to 
the sun, consisting of 29** 12^ 44" 3*. 
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Might ascensitm of the mid heaven j is the distance of 
the fir$t point of^ aries from the meridian^ at the Jime 
and place of observation. 

The nonagesimal degree^ or medium cceli^ is the 
90th degree of the ecliptic, reckoned from it$ inters 
section with the eastern part of the horizon at any 
given time. 

Its altitude is equal to the distance between the ze* 
nith.and the pk}le of the ecliptic ; or it is measured by 
th6 angle which the ecliptic makes with the horizon, 
at any elevation of the pole. 

The crepusculum circle^ is a small circle parallel to 
the horizon, at the distance of 1 8^ belo^ it, where 
the twilight is supposed to begin and end. 

The rising of any celestial object, is when its centre 
appears in the eastern part of the horizon ; and its 
setting is when its centre comes to the western part of 
the horizon.. 

The culminating of any celestial object, is the time 
when it transits or comes to the meridian of any place* 

f^ariation of the compass^ is the deviation of the mag* 
i;ietic needle from the true north or south point ; or the 



The anomalistic month Is the period in which the moon returns 
to its apogee, consisting of 27^ 13** 18™ 34*. 

7he tropical year is the period in which the san returns to the 
same point in the ecliptic, consisting of 365** 5*» 48"* 48*. 

The sidereal year is the period in which the sun returns to the 
same star, consisting of 365^ 6^ g™ 10*. 

The anomalistic year is the period in which the sun returns to 
the same apsis, consisting of 365^ 6^ 15™ 46*, 



difi^erence between the true and magnetic amplitude, or 
azimuth, of any of the heavenly bodies. 

The hour angle^ is an angle at the pole of the equa- 
tor, contained between the meridian of any place and 
the meridian which passes through the sun or a star, . 

Diurnal and nocturnal arcs, are such portions of the 
parallels of declination, above and below the horizon, 
^ are described by any celestial body from its rising to 
its setting, and from its setting to its rising (a). 

The equation of time, is the difference between ap- 
parent or solar time, as shown by a true sun-dial, and 
mean or common time, as shown by a well regulated 
clock (Z^). 

Consequential^ the motion of a planet eastward, or 
according to the order of the signs ; and antecedentia is 
its apparent motion westward, or contrary to the order 
ofthe^gna. 

The conjunction, opposition, &c» of the planets, are 
as follows : 



(a) In places situated on tlie equator, the horizon cuts ^U the 
parallels of decliuation into two equal parts 3 and, in this case, the 
sun and stars are 12 hours above the horizon and 12 hours belosr 
it But in places lying between the equator and tbfs elevated pde, 
the parallels of declination are unequally divided, the greater arc 
being above the horizon, and the less below. And in all cases be- 
tween the equator and the depressed pole^ the greater arc is below 
tli« bpritoii; and the less above it. 

, {h). Xb^ equation of time arises from three causes, viz« the oUi- 
qutty of the ecliptic^ the earth*s unequal motion in its orbit, and. 
the precession of the equinoxes 3 which variation is always e^ual 
to the difference between the sun's apparent increase of right 
cension in 24^ end 3" 5Q\*, the mean increase in that time. 
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d ccmjunction^ when two planets are referred to tli^ 
ssame point of the ecliptip/ 

•}f sextihy when, they are 2 signs, or 60*^ distant. 

D quartilcj when they are 3 signs, or 90^ distant«^ 

A irinej when they are 4 signs, or 1 20^ distant. 

^ oppositioTij when they are 6 signs, or 1 80^ distant. 

The conjunctions and oppositions are also called the 
sj/zygesj and the quai^e aspects the quadratures^ these 
terms being chiefly applied to the moon. 

The nodes are the two points of the ecliptic where it 
is intersected by the orbits of the primary planets ; or 
the points of the orbits of the primary planets which are 
the intersections of the orbits of their secondaries, or 
satellites. 

That point, or node, where the planet ascends froiii 
the south towards the north of the ecliptic, is called the 
north, or ascending node ; and the other the south or 
descending node ; the two points being marked thus : 

S Moon's north, or ascending node. 
e Moon's south, or descending node. 

The names and characters of the sun, and the seven 
principal or primary planets, are also as follows : 

The sun g mercuiy ? venus © earth 
(? mars -^ jupiter h sat urn ig georgian. 

Ihe nutation of the earth* s axis, is a periodical rie-^ 
volution of it, depending upon the place of the moon^a 
ascending node ; by which the situations of the stars 
are ap|5arently changed. 

The precession of the equinoxes is an uniform retro- 
grade motion of the equinoctial points in the plane^of 
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the ecliptic, which affects the longitade, right ascension, 
and declination of the stars (c)- 

Jl constellation is a collection of stars supposed to 
be circumscribed by the outlines of some assumed 
figure, as a. ram, a serpent, an hercules^ &c. which 
division was found necessary in order to direct an ob- 
server to that part of the heavens where any particular 
star is situated (^d)^ 

PROBLEM !• 

To reduce the time, under any knovm meridian, to 
the corresponding time at Greenwich; and the converse. 

RULE. 

Convert the longitude of the place into time, by 
reckoning 15 degrees to an hour. 

Then, this time, added to the time from the preced- 
ing noon, if the place be west, or subtracted from it, 
if cast, will give the Greenwich time. 

(c) fiy compariDg together the places of the fixed stars, deduced 
firom observation, astronomers have found that their longitudes 
iocreaae about nd'^ annually 5 which increase must necessarily 
cwae an irregular motion in the same star with respect to the 
equator : hence, the right ascensions and deplinations of the stars 
are constantly varying ; so that some of those which had formerly 
north declination have now south declination 5 and the contrary. 
Thdr latitudes are also subject to a small variation. 

(d) In order that the memory may not be overburthened by a 
multiplidty of names, astronomers mark the stars of each constel- 
k^on with a letter of the Greek alphabet, denoting those which 
are the most conspcuous by a, the next by |3, and so on in succes* 
sion j fay iKdiich means they may be easily spoken of and referred 
to, as occasioQ requires. Several of the brightest stars have also pro^ 
per names, as Arcturus, Orion, Aldebaran, Antares, &c« 
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Or, conversely. 

Reckon the Greenwich time from the preceding 

fioon, as before, to tvhich add the longitude in time, 

if east, or subtract it, if west ; and the sum or diflFe-> 

rence will be the corresponding time under the given 

meridian (e), 

' Example 1. 

It is required to find the time at Greenwich, when h 

is 6^. 15' p. M, at a place in longitude 76° 45' w. 

3 

5 



76° 


45' 


25° 


35' 


S'^ 


7' 



Time at given place - .» - * 6^ 15' 
Longitude in titne ----- 5^ 7' W. 
Time at Greenwic^h - - - 11^ 22' 

(e) Since the earth makes one revolution on its axis, from west to 
east^ in 24 hours^ the sun must apparently make one revolution, 
round the earth, from east to west, in the same time. And as the 
longitude of all places on the earth is reckoned on the equator, the( 
whole of this circle, which is divided into 360^, must pass the son 
in 24 hours \ therefore, every 15 degrees of motion is one hour in 
time, every degree 4 minutes, &c. Whence a place one degreo 
eastward of Greenwich will have noon, and every hour of the day, 
4 minutes sooner than at Greenwich -, and a place one degree west' 
ward of Greenwich will hare noon, and every hour of the day, 4 
minute later. 

It may also be observed, that the astronomical day is supposed \b 
begin at noon, or 12 hours later than tlie civil day of the same de- 
nomination; and is counted up to 24 hours, or the succeeding noon, 
when the next day begins : so that, for instance^ January 10th, at 
1 5 hours, is the same as January nth at 3 ia the mornir^, by tbe- 
civil reckoning. 
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Example 2. 
What is the time in longitude 68° 44' w. when it is 
16^ 8 1' 36'' at Greeenwich ? 

Apparent time at Greenwich - 16^ 31' 36'' 

Longitude in time 4^ 34' 56'' w. 

Irime at the given place - - - ll*' 56' 40" 

Example 3« 
It is required to find the time at Greenwich answer- 
ing to 5^ 46' 39" of May 1st in Ion. 1 13° 2' j 5" east. 

Ans. April 30th at 22^ 14' 30". 

Example 4. 
It is required to find the time at a place in longitude 
109° 48' east, which corresponds with 3^ 51' 30" Green- 
wichtime. . Ans. 11 ^^ 10' 42". 

PROBLEM II. 

To reduce the declination of the sun, as given in the 
Nautical Almanac, to any other meridian, and to any 
given time of the day. 

RULE. 

Convert the longitude of the pkce (if different from 
that of Greenwich) into time, as in the last problem. 

Then, as 24 hours : change of the sun's declination 
in that time : : the time from noon : the proportional 
part required. 

' Which added to, or subtracted from, the declina- 
tion at noon, according as it is increasing or decreasing, 
will give the declination at the time required. 
. Note. The sun's change of right ascension may also 

02 



19^ 
be reduced to any giveii time and place^ by a dmllar 
process (/). Example I. 

, Required the sun's declination August 1 3th 1 796, 
at 5^ 46' A. M. in longitude 143"^ 7' west. 

143'' 7'= 9^ 32' 28% the time at which the inhabi- 
tants of Greenwich have the sun before those in longi- 
tude 143° 7^ w. Hence, when it is 5^ 46' in the morn- 
ing at this place, it is 15^ 18' 28" at Greenwich, or 
3^ 18' 28" P.M. 
Sun's declin. at noon Aug. 13th 1796, 14° 24' 14" n. 

Ditto 14th - . - 14° 5^37'' N. 

Decrease of declination in 24 hours - - 18' 37" 



As 24^ : 18' 37'' :: 3^ 18' 28" : 2' 34" 

Sun's declin. at noon Aug. 13th 1796, 14° 24' 14" 
Decrease of declination in 3^ 1 8' 28" - 2' 34" 

Sun's true declination -..-.... I4°2l'4(/' 

Example 2. 
Required the sun's declination on the 25th of May 
1803, at 10^ 48' Greenwich time. Ans. 20° 4'-^ 

Example 3. 
Required the sun's declination on Feb. 19th 1792, 
at 2^ 15' p. M. m Ion. 164° 56' east. Ans. 1 1° 23'-f. 

What is the sun's right ascension at Greenwich, 

October 1 8th 1 801, at 8^ 40' p. m. ? Ans. 13^ 32' 36". 

""-^^►'——i^— "— — ^— — i— — ^■^^— — ^^~— ^~™^— — ™~— ' ' ■ »-^— ^1^^^— ^^«i^p— ^>— i^^».«^^— ^t»— 

(/) The sun's longitude, right ascension in time, and declinadoil» 
are given in the Nautical Almanac for every day in the year^ at noCHL 
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Example 5. 
What is the sun's right ascension at noon on the 
22d of April 1804, in longitude 76° 45' west. 

Ans. 2^0' 33". 

PROBLEM IJI. 

To reduce the declination of the nioon, as given in 
the Nautical Almanac, to any given time under a 
known meridian- 

RULE. 

Reduce the given time (if necessary) to the meridian 
of Greenwich ; and find the variation of declination in 
12 hours by the almanac. 

Then, as 1 2 hours : this variation : : the interval 
between the reduced time and- the preceding noon or 
midnight ; the proportional part required. 

Which being added to, or subtracted from, the 
moon's declination at the preceding noon or midnight, 
according as it is increasing or decreasing, will give 
the declination at the time required. 

Note. The horizontal parallax and semidiameter of 
the moon may alsp be reduced tb any- time ^nd placQ 
t>y a similar process (§")♦ See Prqb. xxii. ' 

Example 1. 
Required the declination of the moon at Green^ 
wch on the ISth of August 1796, at 8^ 15' 53" p. m, 
apparent time. 

(g) The moon' Slight ascension, declination, semidiameter, hcdn 
zontal parallax, and time of passing the meridian at Greenwich, are 
ghren in the Nautical Almanac for every day in th^ year, at nooi\ 
f«i4 midnigfat, 
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Moon's declin. at noon IStb Aug. 1796, 21" 53' s. 

Ditto at midnight -- -.-- 22° 32' 

Increase of declination ia 1 2 hours • - - 0° 39^ 

12'' : 39' :: 8" 15' 53" : 26' 51 

21° 53' 
26' 51" 

Declin. required 22" 19' 51" 



// 



Example 2, 

Required ^he moon's declinatipn Sep, 19th 1805, at 
5^ 13' apparent time, under the iperidian .pf Qreeu- 
^^^- Examples. Ans.l8?16's, 

Required the moon's declination Dec. 30th 1792, at 
14^ 9' apparent time, in longitude 65*^ 14' w. 

Example 4. ^' ^*' 21' N. 

Required the moon's horizontal parallax and semi* 

diameter, December 7th 1792, at 11*^ 15', inlon^tud^ 

SS'^ 40' east. . / Red^. parallax - 56' 

^ AXIS. I Red^; semidiam. 15' 15" 

PROBLEM IV. 

To find the culminating of the stars, or the times oif 
their coming to the meridian, 

RULE. 

Subtract the sun's right ascension for the given day 
from the right ascension of the star (increased by 24 
hours, if necessary), and the remainder will be the titae 
of the star's culminating nearly. 

Then, as 24 hours, added to the increase of the sun'$ 
right ascension in that time : 24 hours : : the rime of 



199 

the star's culminating nearly ; the true time of cujini- 
»ating, at Greenwich. 

And if the time of culminating be required for any 
other meridian than that of Greenwich, add the longi- 
tude in time to the time of culminating nearly, if the 
place be west, or take their difference, if it be east, and 
use the result instead of the time of culminating nearly j 
observing only, in the latter case, if the longitude in 
time be greater than the time of culminating nearly, 
that the minutes and seconds resulting from the pro- 
portion mu$t be added to the time of culminating near- 
ly, instead of being subtracted from it (A), 

Example 1. 
At what time will the star Arcturus come to the 

* • • 

meridian pf Greenwich on the 1st of Pec, 1796 ? 



Sun's right ascen. at noon Dec. 1st 1796, 16*^ S3' 5* 

Ditto Dec. 2d 1796, 16^ 88' 14 

Sun's increase of right ascen. in 24 hours 4' 20 

Arcturus's right ascen. (1796) + 24^ - p 38^ 6' 25 
Sun's -right ascension ^r-r-.^-r-- 1$^ S3' 54f 
Tim? of star's culminating nearly - t - -21^^31 

Then, 24^4^20": 24^ :: 21^32' 31'' : 21*^28' 38 
true time of Arcturus's culminating at Greenwich, or 
9** 28' 38'' December 2d 1796. 

(A) If to any given time there be added the sun's right ascension 
for that time^ the sum (rejecting 24, if necessary) is the right 
gspensioo of the mid heaven, which, being sought among those of 
(l^e stars^ wiB^how what star is on, or near, the meridian at that tUnet 



// 



'/ 



// 



// 



// 
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Example 2. 
At what time will Aldebaran culminate at Greenwich 
on the 20th of November 1796, his right ascen^on 
being 4^ 24' 14'' ? Ans. 12** 35' T at night. 

Example 3. 
At what time will Regulus culminate at Greenwich 
on the 6th of February 1 796, his right ascension being 
9^ 57' SV ? Ans. 35' 21'' past 12 at night. 

- Example 4. 
At what time, on the 26th of February 1784, will 
Syrius, or the dog-star, be on the meridian of a place 
whose longitude is 1 66'' 30' east ? Ans. 7^ 58' 58", 

PROBLEM V. 

To find the time when the moon^ or a planet, will 
culminate, or pass the meridian. 

RULE. 

Take the difference between the sun's and planet^s 
motion in Tight ascension in 24 hours, if the planet bb 
progressive, or their sum, if retrograde ; observing, in 
t:he former case, that 24 hours must be added to the 
right ascension pf the planet before you subtract, if it 
be less than that of the sun. 

Then, as 24 hours, diminished by this sum or diffe* 
rence, when the planet's motion is greater than the 
sun's, or increased by it when the sun's apparent mo- 
tion is the greater : 24 hours : : the planet's right as? 
cension at noon, diminished by the sun's : the time of 
its transit at Greenwich. 

• • • \ 

1 
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And if the rime of culminiiring be required for any 
other meridian than that of Greenwich, it may be ob- 
tained by the following rule : 

As 24 hours, added to the daily retardation of the - 
moon or planet : the longitude of the place, convert- 
ed into rime : : the daily retardation : the reduction. 
Which added to, or subtracted from, the time of the 
moon^s passing the meridian of Greenwich, according 
as the longitude is west or east, will give the apparent 
time of the transit at the required place (i). 

Example 1. 

Required the rime of the moon's culminating at 
Greenwch, lat. 51° 28' 40'' n. on the 13th Aug. 1796. 

Sun's right ascen. at noon ISth Aug. 1796, 9^ 34' 54"^ 
Ditto ....'...-..- 14th Aug. 1796, 9^ 38' 39'' 
increase of motion in 24 hours 3' 45^ 

Moon's right ascen. at noon 13th Aug. 1796, 263*" ST' 

Ditto 14th Aug. 1796, 276^^24' 

Increase, or progressive motion in 24 hours 1 2° 47' 

From 12° 47'= 51' 8" of tim^ 
take 3' 45" 
leaves 47' 23" 



Which is the excess of the moon's morion above the 
son's in 24 hours. 



(i) The right ascensions of the planets are not given in the Nau* 
tical Almanac 3 but they may be readily computed from their geo-. 
^ntric longitudes and latitudes (which are to be found in that work ), 
and the obliquity of the ecliptic. 
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Moon s right ascension 263'' 37'= 17^ 34' 28" 

Sun's right ascension -^ 9^ 34' 54*" 

Diflference 7^ 59 ~34" 

Then, as 24 hours— 47' 23'' (23^ 12' 37") : 24 hours 
: : 7*^ 59' 34" : 8^ 15' 55" the true time of the moon's 
passing the meridian of Greenwich, in the evening. 

Example 2. 
It is required to find the time of the moon's passing 
the meridian of Greenwich on the 1 st of July 1 767. 

Ans. 4^ 2' 9" apparent time. 

Example 3. 
At what time will the planet Mercury pass the me- 
ridian at Greenwich on the 22d of December 1 804^ 
his right ascension being 1 9^ 4'^ ? 

Ans. 1^ 2' apparent tim?t 

Example 4. 
Required the time of the moon's passing the meri- 
dian of a place in longitude 20"^ west, on the 13th of 
November 1804. Ans. 8*^ 45' apparent time, 

^ PROBLEM VI. 

The sun's declination, and the obliquity of the eclip. 
tic, being given, to find his longitude and right ascen- 
sion. «-. I , 

Example 1. 

On the 2 1 St of April 1 804, the sun*s declination w^ 
12° 12', and the obliquity of the ecliptic 23"" 28' j re-. 
quired his longitude and right ascension (k). 



(k) The construction of die figures in all the follo\^Tng examples, 
is left for the exercise of tlie learner, 




1, To find Q's longitude. 

. Asau i^ O r A - - 23° 28' - - 9.600II81 

fe to an dec. a - 12° 12' - - 9.3249505 

So is rad, or sin . - 90° - - - - 10.0000000 

Tosin O'slon.T O 52° 1' - - 9.7244324 

2. To find O's right ascension. 
As rad, or sin - - - 90° - - - - 10.0000000 
Is to tan dec. a - 12° 12' - - 9.3348711 
So is cot / r A - 23° 28' - - 10.3623894 
To an right asc. T a 29° 52'4 - 9.6972605 
And if this be converted into time, at the rate of 15° 
to an hour, the right ascension will be 1'' 59™ 29^ 

Note. As the sun's declination is the same at equal 
distances from the equinoctial points, it is necessary to 
Itnow the time of the year, or what part of the ecliptic 
he was in when an observation was made, in order to 
determine his longitude and right ascension, which are 
reckoned &om the first point of aries quite round the 
globe. 

Thus, while the sun is moving from r towards s , 
or is in the 1st quadrant of the ecliptic, the longitude 
is r O , the declin- © a, and the right ascen. r a. 

When he has passed the solstice s , and is descend- 
ing towards :^ , he is then in the 2d quadrant, and his 
longitude, or distance hosp. r , must be taken from 
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180% in which case the remainder ^ becomes the 
hypothenuse^ and the declination is still north; but 
the arc A £i: is the supplement of the right ascension^ 
and must, therefore, be taken from 1 80°. 

When he has passed the point :!^ , and is descending 
towards >y, he has got into the 3d quadrant ; in which 
case the excess above 1 80°, or his distance from ^^ , will 
be the hjrpothehuse :£S: © ; the declination will be south, 
and the arc :ii A must be added to 180°, for the right 
ascension, estimated from r . 

"When he has passed the solstice v^*, and is ascend- 
ing towards r , he is then in the 4th quadrant ; in 
which case the longitude must be taken from 360° to 
give the hypothenuse ^ © ; the declination is south, 
and the arc £z a must be taken from 360° to give the 
right ascension from r . 

Example 2. 
Given the obliquity of the ecliptic 23° 28', and the 
sun's declinj^tion 17° 16' n., and increasing; required 
his longitude and right ascension. 

^°'- 1 Q 's right asc, 45° r 

Example 3. 

Given the obliquity of the ecliptic 23° 28', and the 

sun's right ascension 134° 54'; required his longitude 

and declination. . / O *s long. 4^ 1?° 26' 

^^'1 O'sdecl. 17^ 6'n, 

Any two of the four things mentioned in this pro^ 

blem being givai, the rest may be found by one of 

the cases for right-angled spherical triangles. 
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PROBLEM VII. 

The latitude of the place, and the sun's declination, 
being given, to find his amplitude, ascQi^onal difie* 
rence, and the time of bis rising and setting. 
Example 1. 

Given the latitude of London 51" 32' n., and the 
son's declination on the 21st of June, being the longest 
day, 2S°28'r. ; required his amplitude, ascensional 
difference, and the time of his ridng and setting. 




1. To find, the swris amplitude. 

: Sin colat. z! a r O 38° 28' - - 9.7938317 

: Sin declin. a © - - 23° 28' - - 9.6001181 

: : Rad, or sin .... 90" - - - - 10.0000000 

: Sin G's ampl. r O 39° 48' - - 9.8062864 

"Which is the amplitude from the east or west point 

of the horizon; and its complement 50" 12' shows 

how fiir from the north the sun rises or sets on the 

longest day, at London. 

2. To find the suTCsascensionai difference. 
Rad, or sin ... - 90° - - - - 10.0000000 
Tanlat.^ n r O - 51° 32' - . 10.0999135 
:: Taadeclin. O a - - 23° 28' - - 9.6376106 
Sin asc. diff. r a - 33° 7' - - 9.7375341 
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Which 33® Y being converted mto time, at the rate 
of IS'' to an hour, gives 2^ 12' 28'' for the time the Am 
rises before, and sets after 6 o'clock, on the longest day* 
Hence 6^ — 2*^ 12' 28'= 3*^ 47' 32" time of sim rising 

and 6*^ + 2^ 12' 28"= 8*^ 12' 28" time of sun setting. 

And if the latter of these be doubled, it gives 
16*^ 24' 5&' for the length of the longest day at London. 

And if the former be doubled, it gives 7^ S5^ 4" for 
the length of the night 

But when it is the shortest day at London, v^hich is 
when the sun has 23^28' of s. declination, the lengths 
of the days and nights change place, the day being 
7^ 35' 4", and the night 16^ 24' 56". 

It may also be remarked, that if r ^ be a parallel of 
declinadon as far to the south as n m is to the norths 
the hour-circle n b s, passing through O , the place of 
the sun, at its rising or setting, will form a A r O b = 
A T O A, where the amplitude r O is to the south* 
ward of the east and west points. 

From which it is evident, that when the latitude atid 
declination have the same name, the sun rises before 
and sets after 6 ; but when they are of contrary names, 
the sun rises after and sets before 6. 

When the sun's declination is equal to, or greater 
than, the co-latitude of the place, (which, can only 
happen to places upon or within the polar circles) the 
parallel of declination n m will not cut the horizon HO, 
and consequently the sun will never set at these times. 
And the same will hold with respect to those stars 
whose co-declination, or polar distance N O , is eqod 
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to, or less than^ the latitude of the place, or the ele- 
vation of the pole n o, and in the same hemisphere (/). 

Example 2. 

Given the sun's amplitude S9° 48' n. and his decli- 
nation 23^ 28' N., to find the latitude of the place, and 
the time of the sun's rising said setting. 

{latitude 5 1"" 32' n* 
© rises 3** 47' 32^^ 
O sets 8*^ 12' 28'' 

Example 3. 

Given the latitude of the place 51® 32' n., and the 

sun's amplitude 39"^ 48' n. of the east, required his 

declination, ascensional difference, and time of rising 

and setting. r declin. - 23^ 28' n. 

. J asc. difF. 33° 7' 
^"^* ] rises 3^ 47' 32 
L © sets 8*^ 12' 28 

Note, Any two of the five things mentioned in this 

problem being given, the rest may be found by some 

of the cases in right-angled spherical triangles. 

PROBLEM VIII. 

The latitude of the place being given, and the decli- 
nation of a star, to find its amplitude, ascensional dif- 
ference, and the time of its rising and setting. 

( Wiicn the latitude and declination have the same name, the 
ditference between the right ascension and the ascensional diflercnce 
is the oblique ascension ) and their sum is the oblique descension. 
But when they are of contrary names^ their sum is the oblique as- 
cension, and their diiTjrence the oblique descension. 






Example 1. 
Required the amplitude, ascensional djfieredce, and 
the time of rising and setting of Arcturus, at London, 
lat. 51°* S2' N. on December Ist 1796, its right ascen- 
aon bang 14'' 6' 25", and declination 20" Iff" n. 




1. To find, ike amplitude T -X-. 
: Sin co-lat./ A r * 38° 28' - - 9.7938317 
: Rad, or sin - - - - 90'" - - - - 10.0000000 
:: Sin declin. a * - - 20° 16' - - 9.5395658 
: Sin amp. r -X- - - - 33° 50' - - 9/7457336 
"Which amplitude is always of the same name as the 
declination ; and since the Tariation of a star's declina- 
tion is extremely small, the same star may be con^- 
dered as having constantly the same amplitude during 
the whole year, in the same latitude. 

2. To find the ascensional difference r A. 

: Rad, or sin -..-90°.-,. 10.000000O 

: Cot co-lat. at* - 38° 28' - - 10.0999135 

:: Tan declin. a -jf - - 20° 16' - . 9.5673 205 

. : Sin asc. diff. at .27° 42' - - 9.6672340 

Whichj converted into time, gives I** 50' 48". 
; And 6"+ 1" 50' 48"= 7'' 50' 48"= arc AE, or half 
the time of the star's ccaitinuance abQve the horizon. 



»// 



.// 



»// 
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From time of ^'s culmin^. prdb^i/ - 9^ 28' 38'' 

Take 7^ 5Qf 48^ 

Time of -J^'s rising in morn^. Dec. 2d 1^ 37' 50' 

To time of -X-'s culminating • . . . 9»^ 28' 38' 

Add - 7^ 50' 48 '' 

Time of the -X-'s setting ^ 1 7^ 19' 26" 

Or 5^ 19' 26" in the afternoon Dec. 2d 1796. 

Where it may be observed, that on account of the 
small change in the declination of the stars, the same 
star, in any latitude, may be considered as having the 
same ascensional difference throughout the year. And 
as the diurnal difference of the same star's rising, cul- 
minating, and setting, in the same latitude, is nearly 
equal to the diurnal difference of the sun's right ascen- 
sion, which is 3' 56"|^, this may be taken for the daily 
difference of the rising, southing, and setting of any 
fixed star in the same latitude (m). 

Example 2. 
It is required to find at what time Sinus, or the dog- 
star, will rise and set at Greenwich, lat. 51° 28' 40" n., 
on the 1 8th of December 1 7 96, its right ascension being 
6^ 36' 1 1", and declination 16° 25' 58" s. 

. f Sirius rises at 8^ 12' 8" in evening 
^^^' \ sets at 5^ 18' 8" next morn?. 

(m> The mode of solution made use of in this and the preceding 
problem may be also applied to the rising or setting of the moon, 
or a planet. Bat when great exactness is required^ the declination 
of the sun or {danet must be calculated as near to the time of rising 
and getting as possible^ especially for the moon, oa account of her 

P 
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Example S. 

It is required to find the amplitude, and time of 

rising and setting of Aldebaran at Greenwich, on the 

20th of Nov. 1796, its right ascension being 4** 24' 14'', 

and declination 16° 5' 19'' n. 

r Amplitude 26"^ 25' towards N, 
Ans.< Rises at 5^ 10' 9" evening 
(^ Sets at 8^ next morning. 

Note. Any two of the five things, mentioned in this 

problem, being given, the rest may be found, as in the 

former. 

PROBLEM IX. 

The latitude of the place, and the sun's declination 
being given, to find his altitude and azimuth at 6 o'clock. 

Example 1. 
At London, in latitude 51° 32' n. on the longest 
day, when the sun's declination is 23° 28', it is require4 
to find his altitude and azimuth at 6 o'clock in the morn- 
ing, or evening. 




I. Tojind the altitude a. 

: Rad, or sin - - - 90° - - - . 10.0000000 
: Sin declin.r O - 23° 28' - - 9.6001181 
:: Sinlat. 2 © r a - 51° 32' - - 9.8937 452 

: Sin alt. ©A - - - 18° 10' - - 9.4938633 

' '■ - - - ■ 

ftwifl and irregular motion. Also, the declination of the son near 
the equihoi&es changes consider^ly ui the compass of an hour. 
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2. To find the azimuth A o. 
: Rad, or sin - - - 90"" - - ^ . lO.OOOOOOO 
: Coslat.O r a- - 51^ 32' - - 9.7938317 
:: Tan declin. r O 23° 28' - - 9.6376106 

: Cot azim. A o - . 74^ 53' - - 9.4314423 
On the shortest day, at London, the parallel of s. 
decUnadon r s cuts the 6 o'clock hour-circle n s be- 
low the horizon ; and as the A' Ota, © t a, are 
equal in all their parts, the depression a O below the 
horizon, on the shortest day, at 6 o'clock, will be 
equal to the altitude G a, at the same hour on the 
longest day ; and the azimuth will also be equal, if 
estimated from the south. So that on the 21st of June, 
at London, the sun will bear n. 74° 53' e. at 6 o'clock 
in the morning, and n. 74° 53' w. at 6 in the evening ; 
but on the 21st of December, at the same hours, it 
will bear s. 74° 53' e., and s. 74° 53' w. (w). 

Example 2. 
Given the sun's declination 23? 28' n. and his alti- 
tude at 6 o'clock in the morning 18° 10', required his 
azimuth and the latitude of the place. 

. f Azimuth - 74° 53' from n. 
^^'l Lat. of place 51° 32' north. 



(n) From a due consideration of this problem^ it is evident, tliat 
as the declination increases^ the altitude increases and the azimuth 
leagens ; and the contrary when the declination is diminishing. So 
that on the days of the equinoxes^ on which the sun has no decli- 
nation^ his altitude at 6 o*clock will be nothing, or he will be in the 
horizon J and the azimuth being then go^^ thie sim will be due east 
in the nmnnjg, and west in the evenii^ ; that is^ on the days of 
theeqainaoCQi^ tbe sun rises and lets at 6 o*clock^ in the east and west 
points of the horizoA. 

P2 
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Example 3. 

Given the sun's deelination 23° 28' n., and his 42jf« 

muth at 6 o'clock in the morning 74° 53' from the n., 

required his altitude and the latitude of the place, 

. /Altitude - IS'' 10' 
^^- 1 Lat of place 5 r 32' n. 

Any two of the four things, mentioned in this pro- 
blem, being given, the rest may be found as before. 

PROBLEM x; 

The latitude of the place, and the declination of a star 

being given^ to find at what time it will be upon the 

6 o'clock hour-circle, and its altitude and azimuth at 

that time. -t* i , 

Example 1. 

At what tinie, on the 1st of April 1796, will the star 

Arcturus appear upon the 6 o'clock hour-circle, at 

London, lat. 51° 32' n. j and what will be its altitude 

and azimuth at that time, its declin. being 20° 16' n*? 




1. The time of the star's passing the meridian, as 
found by problem iv, will be 13^ 18' 30''; and conse- 
quently it will be upon the 6 o'clock hour-circle at 
( 1 3*» 1 8' 30" — 6^) 7^ 1 8' 30'' in the evening, in the east- 
em hemisphere; and ar (IS** 18' 30" + 6^) 19^ 18' 30", 

or 7^ 18' 30" the next morning, in the western hemi- 
sphere* . ^ • 
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2. Tojtnd the altitude ^ a. 
Rad, or sin - - - 90° - - ^ - 10.0000000 
Sin declin. r ^ - 20° 16' - ^ 9.5395653 

: Sin lat. -X- r a - - 51° 32' . - 9.893 7452 
Sin alt. ^ A - - - 15° 44' - ^ 9,4333105 

3. To find the azimuth a o. 
Cot d^din. r ^ 20^ 16' - - 9.4326795 
Rad, or sin ... 90° r - - . 10.0000000 

: Cos lat. / A r -)f 51° 32' . - 9.7938317 
Cot azim. o a - - 77° 3' , . 9.3611522 

In which case, it may be observed, that on account 
of the small change in the right ascension and decUna^ 
tion of a star, it n^ay, without material error, be said 
to have the same altitude and azimuth every time it 
arrives at the 6 o'clock hour-circle j and the difference 
of the times it arrives there may be considered as equal 
to the diurnal difference of the sun*s right giscension. 

Example 2. 
At what time will Aldebaran appear upon the 6 
D*clock hour-circle at Greenwich, lat. 51° 28' 40'' n., 
on the 20th of November 1 796, and what is its aW- 
tude and azimuth at that time, its right ascension being 
4h 24' 14% and declination 16° 5' 19'' n.? 

{In the evening at 6*" 35' T 
^'s altitude- - 12° 31' ir 
^'s azimuth . 79° 39' e" from n. 

Example 3, 
At what tiipe will Castor appear upon the 6 o'clock 
hour-circle at Greenwich, lat. 51° 28' 40" n,, on the 
Ist^of December 1796, ^d what will b? \% altitude 
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and azimudi at that time, its right ascensoii being 
7" 21' 35", and declination 32* 19' 20"? 

r In the evening at S** 45* 

Ans.^ 4f-'s altitude - 2*° 43' 2" 

t -Jf-'s azimuth - 68° 29' 31" 

Note. Any two of the five things, jnentioned in this 

problem, being given, the rest ma; be foupd as before. 

PROBLEM XI. 

The tatitu<^e of the place, and the sun^s decIina.tion, 
being given, to find hi? altitude, and the rime when he 
will be due east qr west. 

Ei^ample 1. 

In ladtude 51° 32' n., when the sun's declination Is 
19° 39', it is re<}uired to find his altitude, and the time 
when he will appear upon the prime vertical, or due 
east or west. 




1. Tojlnd the altitude r ©. 
Sin lat, A r O - - 51° 32' - - 9.89S745S 
Sindeclin.OA - J9°39' - - 9.5266927 

: Rad, or sin - - - 90° - - - . 10.0000000 
Sin alt. T O - - - 25° 26' - - 9. 6329475 

2. Tojind ike hour from 6, r a. 
Rad, or an - - - 90° - - - - 10.0000000 
Tan declin.OA - 19° 39' - - 9.5527504 

: Cot lat. ZatQ 51° 32' - - 9.9000865 
Sin T A - - - - - 16° 28' 48" 9.4528369 
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Which converted Into time, gives l^' 5' 55^' for the 
time from 6. 

Hence, the sun will be exactly east at 7^ 5' 55'' in the 
morning, or west at 4*" 54' 5'' in the afternoon (o). 

Example 2. 
The sun's declination being 1 9° 39' n, and his alti- 
tude, when upon the prime vertical, 25° 26', it is re^^ 
auired to find the latitude of the place, and the hour 

of the day. rLat. 51*" 32' north 

Ans. < Time 7^ 5' 55'' morning 
t or 4^ 54' o' afternoon. 

Example 3. 

In latitude 51° 32' n. the sun's altitude, when on the 

prime vertical, was 25° 26', required his declination 

and the hour of the day. 

rDeclin. 19° 39' north 
Ans.< Time - - 7^ 5' 55" morning 
(or - - 4*^54' 5'' afternoon. 

Note. Any two of the four, things, mentioned in this 

problem, being given, the rest may be found as before. 

(o) From this problem it appears, that when the latitude of tlie 
place and the sun's declination have the same names, the altitude 
and time from six increase as the latitude and declination in- 
crease J and having contrary names, the same thing happens, with 
this difference, tLit in the former case the days lengthen, on account 
of the increase of the latitude and declination, whei^eas, in the latter 
they shorten on tliat account. When the latitude of the place is less 
than the declination, the sun never appears on the prime vertical. 

If this problem be worked, in the A TO a, for the longest day, 
at London, it will give 4*^ 39' 10"' for the time before and after 
noon when the sun is due east and west; and in the A T© ^, it 
will give the time for the shortest day. 
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PROBLEM XII. 

The latitude of the place bong given, and the de- 
clination of a star, to find its altitude, and the time 
when it will be due east, or west. 
Example 1. 

At what time will Arcturus appear due east or west 
from Greenwich, on the 1st of April 1796 ; and what 
will be its attitude at that time, its right ascension being 
I4h 6' 25", and declination 20" 16'. 




1. The star culminates at 13*^ 18' 30", as found by 



prob. I. 



2. To find the altitude r -X-. 



: Sin lat. a r ■)(• - 51° 3'/ - - 9.8937452 
. Rad, or sin - - - 90° - - - - 10.0000000 
:: Sin declin. * a - 20° 16' - - 9*5395653 
: Sin ah. r 4f- - - - 26° 16' - - 9.6458201. 

2. To find the hour from i 
: Rad, or sin - - - 90° - - - 
: Tan declin. -Jf- a - 20° 1 6' - 
:: Cot lat. ^-J^ r a- 51° 32' - 
: SinTA 17° 5' - 




And if 72° 55' (the complement of r a) be con- 
verted into time, it gives 4'' 51', which subtracted from 
the time of the star's southing, leaves 8'' 26' In the 



// 

// 
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evening, when the star will appear due east, and added, 
gives 18° 10', or 6** 10' the next morning, when the 
star will appear due west (/> ). 

Example 2. 
At what time will Aldebaran appear due east or west 
at Greenwich, lat. 51° 28' 40'' n., on the 20th Novem- 
ber 1796 J and what will be its altitude at that time, 
its right ascension being 4^ 24' 14"; and its declina- 
tion 16° 5' 19" N. ? r Altitude 20° 44' 43 

Ans.< East at - 7^ 28' 13 
t West at 17^42' 1 

Example 3. 
At what time will Regulus appear due least or west 
at Greenwich, lat. 51° 28' 40" N-, on the 6th of Fe- 
bruary 1796; and what will be its altitude at that 
time, its right ascension being 9*" 57' 31", and decli- 
nation 12° 57' 82" N. ? r Altitude 16° 39' 24 

Ans.< East - - 7^7' 45 
tWest - 17*^53' 17 

Note. Any two of the things, mentioned in this pro- 
blem, being given, the rest may be found as before. 

PROBLEM XIII. 

The sun*s declination, and the latitude of the place, 
being given, to find the time of day-break in the morn- 
ing, and the end of twilight in the evening. 

(/) ) The height of the same star upon the prime vertical, in any 
place, • is always nearly the same, for the reasons already assigned j 
and the difference of the times of its coming to the prime vertical 
will be equal to the difference of the times of its culminating, 
which is nearly equal to the diurnal difference of the sun*s right 
ascension. 






2ia 



Example I* 
Given the latitude of the place 51° 32' n., slad the 
suri*s declination 10° n., to find the time of day-breakin 
the morning, and the end of twilight in the evening. 

In 







The crepusculum circle r^ being 18° below the hori- 
zon, we shall have 

Sun*s polar dist. o n = 80^ 
Sun's zenith dist. o z = 108^ 
Comp^ of lat. - N z = 38° 28' 

2 |226°~28' = sum 

113° 14'=^ sum. 



lis: 



'°14' 
108° 

5° 14' 



113° 14' 
80° 

SS"" 14' 



Log sine - • - - 
Log sine 

Sum of log €ines 

Its complement - 
Log sine - - - . 
- Log sine - - - - 



113° 14' . - 
5° 14' - . 



33° 14' . - 
74° 46' - . 



113° 14' 
38 ° 28' 

'T4°46' 

9.9632711 
8.9600517 

18.9233228 

"11 .0766772 
9.7388201 
9.9844660 



2 20.7999633 



Tan|^^ ZN© - - 68° 17' 29"" 10.39998 16 

2 ' 

1 36°34'58^ i^ZNG. 
And if this be converted mto time, it gives 9** 6' 20" 
= time from noon when the © is 1 8° below the horizon. 
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Hence the day breaks at 2^ 5S' 40" in the morning, 
and twilight ends at 9** 6' 20" in the evening, supposing 
the sun's declination to undergo no change during that 

^'''* Example 2. 

Given the latitude of the place 51^ S2' n., and the 

$un's declination 10° s., to find the time of day-break 

in the morning, and the end of twilight in the evening. 

. r Day breaks at - 4^ 54' 22'' morning 
* \ Twilight ends at 7^ 5' 38'' evening, 

(q) When the declination becomes greater than the difference 
between the co-latitude and ]8**, the parallel of declination ntn will 
not cut the parallel rs, and consequently there will then be no nighl> 
at that place, the twilight continuing from sun-setting to sun-riang; 
which takes place at London from22d May to about the 2 1st of July. 

It may also be observed, that as the sun sets more obliquely at 
some times of the year than at others, it follows that he w^ill be 
longer in descending 18** below the horizon at one season than at 
another. When he is on the same side of the equator as the visible 
pole, the duration of twilight will constantly increase till he enters 
the tropic, at which time it will be tlie longest. It will then decrease 
till some time after he passes the equinox, but will increase again be- 
fore he enters the other tropic \ whence, there must be somo point, 
between the tropics, where the duration of twilight is the shortest ; 
which point may be found by the following analogy ; 

As rad : tan 9** : : sin lat. of the place : sin sun*s declination, 
when the twilight is the shortest. 

Which declination is alwa)rs of a contrary name with the latitude. 

Note. At London, lat. 5P 32' n. the time of shortest twilight 
is when the sun has 7® / 25" s. declination, answering to March 2d 
and October 1 1th 3 between which days it increases, and from the 
latter to the former it decreases > its whole duration being \^5G 32". 
For a demonstration of the above analogy, see Emerson's Miscel- 
]^es^ p. 492, and V|nce*6 Astronomy^ vol. i. 
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Example 3. 

Given the latitude of the place 51° 82 n, and the 

sun's declination on the shortest day 23^.28' s., to find 

the time of day-break in the momii^g, and the end of 

twilight in the evening, 

5^ 50' 56'' morning 
6^ 1^ 4'' evening. 



. ( Day breaks at - 
• \ Twilight ends at 



PR0B;.EM XIV. 

The latitude of the place, and the sun*s declination 

and altitude, being given, to find his a^impth and the 

hour of the day. -r, , , 

-' Example 1. 

In latitude 51° 32' n., the sun's true altitude 

was found to be 46° 20', when his declination was 

23° 28' N.; what was his azimuth, and the hour of 

day^ when the observation was made ? 




Co-lat, - - z N = 38° 28' 
Co-alt. - . z O = 43° 40' 
Co-declin, n © = 66° 32' 





2jl48° 


4<y 


— sum 




/4 


2Gf 


_ ^ sum. 


74° 20' 


74° 20' 




74° 20' 


38° 28' 


66° S2' 




43° 40' 


35° 52' 


7° 48 




30° 40^ 
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Log sine 74° 20' . . 9.9835i8SS 

Log sine 7° 48' - - 9,1326297 

Sum of log sines - 19,1161879 

Complement ... - -^ .... * 0.8838121 

Log sine . - . - - - 35° 52' - . 9.7678242 
Log sine ------ 30° 40' . . 9.7076064 

2120.3592427 

Tan ^ZiJzQ - - 56^ 31'^ - 10.17 96213 

2_ 

113° 3' = azim^ from n* 

Log sine * 74° 20' - . 9.9835582 

Log sine - 30° 40' - - 9.707 6064» 

Sum of log smes - - - 19.6911646 

Complement - - - . 0.3088354 

Log sine 7"^ 48' - - 9.1326297 

Log sine - 35° 52' - - 9.7678242 



2 19.2092893 



Tan^ Z 0NZ - - 21° 55' - - 9.6046446 



43° 50' = hour Z from noon. 



Which converted into time, gives 2^ 55' 20". 
Hence, the observation was made either at 9^ 4' 40" 

in the morning, or at 2^ 55' 20" in the afternoon (r). 

*■ ■ ■■■ ■ , ■ , 

(r) If the declination and latitude are of contrary names, the 
things required may be found by the same mode of operation, ex- 
cept that the side n Q being, in this case, obtuse, the dedination 
must be added to'go^, instead of subtracted from it, asintheabovs 
example. 

Note. The observed altitude of the sun's upper or lower limb^ 
must be corrected for refiraction, parallax, and dip of the horizon, 
in order to obtain the true altitude of his centre^ which Is that to 
be used. See ProU^n xxiK 



Example 2. 

Given the latitude of the place, 51° 32' fj. the stints 

declination, 19° 39' n. and the altitude of his centre, 

S8° 1 9'i required the azimuth and the hour from noon. 

. r Azimuth - s. 72° IS' e. 
' \ Hour from noon 3^ SO' 

Example 3. 

Given the latitude of the place, 51° SO' 54" j^., the 

sun's declination 19°39'n., and his true altitude 38° 19'} 

required the azimuth and the hour of the day. 

. f Azimuth n. 107° 46' SO" w. 
^^' I Hour from noon S»» SO' 

Example 4. 
In latitude 48° 5l' n., when the suri*s declination is 
1 8° 30' N, and the altitude of his centre 52° S5\ what 
is his azimuth from the north ? Ans. 1 34° 36' 8". 

Example 5* 
At London, lat. 51° 32' n., in the afternoon, the al- 
titude of the sun's centre was 38° 19', and his decli- 
nation 19° 39' N., required the hour of the day. 

Ans. 3^ 29' 57" P. M. 

Example 6. 
In latitude 39° 54' n,, longitude 35° 30' w, the alti- 
tude of the sim's lower limb, on the 7th of May 1 796, 
at 5^ SO' 32'' p. M., per watch, was IS"" 40' 57"; how 
much was the watch too fast or too slow (s) ? 

Ans. Watch too slow S' 1"^. 



(s) In the practical application of these kind of problems, it will 
be propo: to take several altitudes of the sun or star, and the corr©-. 
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Note. Any three of the five things^ mentioned in this 
problem, being given, the rest may be found by some 
of the cases of oblique-angled triangles. 

PROBLEM XV. 

Given the time of the year, the latitude of the place, 
and the altitude of a known fixed star, to find the hour 
of the night when the obsetvition was made. 

Example 1. 
Some time in the night, on the 1st of Sep. 1780, in 
the latitude of London, 51^ 32' n., the altitude of Arc- 
turus was observed to be 27° 12', and his declination 
20° so' N. ; required the hour of the night. 




do-lat. - - 


ZN 38° 


28' 






Co-alt. - . 


Z-X- 62° 


48' 






Polar dist. 


N-X- 69° 


30' 


85° 






2 170° 


46' 


/ 


85° 23' 


85° 


23' 


2S' 


38° 28' 


62° 


48' 


69° 


30' 


46° 55' 


22° 

% 


S5' 


15° 


53' 



sponding times^ per watch, within one or two minutes of time of 
each other, and to use the means of these observations instead of the 
single ones, as the errors arising from the imperfection of the instru* 
ment, &c. VrH, in this case, be rendered almost inset^ible. 
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Log sin ------ 85^ 23' - - - 9.9985886 

Log sin 22° 35' - - - 9.5843615 

Sum of log sines 19,5829501 

Complement 0.4170489 

Log sin 46° 55" .'.. - 9.8635376 

Log sin - 15° 53' - • - 9.437242g 



2 19^7178287 

Tan * 35^ 51' • - -" "9.8589 143 

2 

71^42' i^ ZN-)f> 

Which converted into time, gives 4^ 46' 48" for the 
time which has elapsed since the star was on the meridian. 
Right ascen. of Arcturus Sep. 1st 1780, 14^ 5' 42" 

Right ascen. of sun at noon 10^44'34'' 

Time of -Jf^s culminating nearly - - - - 3^ 21' 8" 



As 24^ : 3' 37" (decrease of O 's right ascension in 
24^) :: 3^ 21' 8" : 30" the correction. 

Hence 3^ 21' 8" 

30' 

Star souths - - 3^ 20' 38" 

The time that -X- passed meridian 4^ 46' 48" 



Hour of the night 8^ 7' 26" p. m. 

Example 2. 
In latitude 48° 56' n., longitude 66° w, on the 14th 
of April 1 796, the altitude of Aldebaran, when west 
of the meridian, was 22° 20' 1 5" ; required the appa- 
rent time of observation. Ans. 7^ 46' 1 2". 

Example 3. 
In latitude 7° 45' s., and longitude 30° 18' e., on the 
7th of September 1796, the altitude of ProCyon, when 
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east of the meridbn, was observed to be 28* 12'; re- 
quired the true time of the day when the observation 
was taken. Am. le'' 17' sa"-. 

Example 4. 
On the 30th of Jwwtry 1 804, in latitude 5A° 24' n. 
and longitude 25° 18^ w. the mean of several altitudes 
of .Procyon to the west. wkI of Alphacca to the east 
of the meftdian, were observed separatelyj by two 
persons, at the same iiistact of time, .vj?. mean time 
14^ 58' 38", mean altitude of Procyon 19° 5l'.3, and 
mean altinade of Alphacca 42° 8' ; from which it is 
required tp find the error of Ae watch.. .-.,-. . 

f Apparent time for Prw^qn 14'' 54' 43" 

Ans.-{ Ditto - - - - for Alphacca 14'' 54' 45" 

thatch too fast . 1 : 1 I - V . . 3' 54" 

PROBLEM XVL . ,i,/, /. 

The latitude and longitude of a fixed sta|^^ or planet, 
bdng ^ven, to find its light ascoidon and declination. 
Example 1. 

Reqtrfred the right ascension and decli&atbn of Al- 
debaran in Taurus, its latitude being 5^ ^S' A. its lon- 
gitude 2' 6" 56^, and the obliqmty of the ecliptic 
23** 28' (/). 




(i) A nstbod of resolving thii proUem, which is better adapted. 
ice ^taintni sccntttc nniba, io ceitain casa, ii jpven b^ MmIcc- 
Q 
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1. Tojind the co-declination s •){•. 
^STtt - - = 23° 28' the obliquity of ecliptic 
Here < ^ ^ms:^ 156'' 56' star's longitude + 90"^ 

L 771 ^ . . = 84° 32' comp^ of star's latitude. 
•Whence, by case viii. of oblk}ue Z^ spherical A% 
Rad, or sin . - . 90° - - - - 10.0000000 
Cos^^^s- . . 156° 56' - - 9.9688112 
: Tanm^-: - - - - 84° 32' . - 11.0190794 
Tanarcip. .... 95° 57' - - 10.6828906 

Cos arc (p ..... 95° 57' - - 9,0156135 

0.9843865 
Cos 7W ^ . . - . - 84° 32' . . 8.9789408 

: Cos(s^^^) . . 72'' 29' . . 9.4 785423 

Cos s ^ .... 106° 57' - - 9.4418696 

90° — 

Declination - - - . 16°57^s. 

2. Th find the co-right ascension -X- s m. 
Sin s ^^ - . . - 106° 57' - - - 9.9807120 

0.0192880 
Sin ii ^ m s - - 156° 56' . . . 9.5930666 

: Sin.m ^ - - . - 84° 32' - - . 9.9980202 

Sin 2:^sw - - 24° 6' . . . 9.6103748 

90°/ — 

The right ascenaon 65° 54' 

Example 2. 
Required the right ascension and declination of Be- 

telguese, in the eastern shoulder of Orion, its latitude 

I I II 111 ■ I 1 1. 1 1 , — ^— — 

lyoe, in his Introduction to Taylor*8 Logarithms, lliis probleia 
iliay be. varied so as to admit of several cases 5 but the one given 
above^ and its.co9yerse, are the only useful ones. 
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being 16° 8' 3" s. longitude 2« 25'' 5l' 46% and the 

obliquity of the ecliptic 23° 28'. 

. r Right ascension 8S^ 59' 28'' 
^"^- 1 Declination - ^ 7° 21' 17'' 

Example 3. 

The latitude of the moon being 4° O' 34" n. her 
longitude 7' 14° 26' 21", and the obliquity of the eclip- 
tic 23° 27' 48" ; it is required to find her right ascen- 
sion and declination. . f Right ascen. 223° 1 1' 1 1" 

^^' I Declination - 1 2° 2 1' 14" 

Exaplple 4. 

Required the latitude andlongitudeof SpicaVirginis, 

its right ascension being 198° 34' 32", its declination 

10° 4' 31" s. and the obliquity of the ecliptic 23° 28". 

. r Latitude - - - 2^ 2' 23" s. 
^^^- 1 Longitude 6' 20° SY 10" 

Example 5. 

Required the right ascension of the planet Mercury 

in time, on the 22d of December 1 804, its geocentric 

latitude being 2° 12' s. and its geocentric longitude 

9« 14° 36'. Ans. 19^4'^. 

PROBLEM XVII. 

The right ascensions and decimations of two stars, or 

their btitudes and longitudes, being given j to find their 

distance.. -c* « . 

Lxample 1. 

It is required to find the distance between Sirius 

in the great dog, and Procyon in the little dog, the 

right ascension of the former being 99°, and its decli- 

Q2 



nation 16" 26' s. and the right ascension of the latter 
1 1 2° 6', and its declination 5° 45' N. 




{^•Jfsp^is" 6' the diff. of right ascen. #• 
s ^ == 73° 34' comp^ of Sinus's declin. 
B p = Q5° 45' Rrocyon's declin. + 90°. 
Whence, by case viii. of oblique-angled spherical A*, 
: Rad, or sin - - - 90° - - - - 10.0000000 
; Cos ii -K- s p - - 13" 6' - - 9.9885483 
: : Tan s * - - - - 73° 34' - - I0.53O2J41 
■ : Tan arc ip - - - - 73** 9' - - 10.5188023 
: Cos arc ^ - - - - 73° 9' - - 

: Cos s 4f - - - - 73" 34' - - 
:: Cos (s p -, (p) - - 23° 36' - - 



: Cos * P - ... 25° 42' - - 9.954733» 
Where -Jf p is the distance of the two stars required. 
Example 2. 
It is required to 6nd the dbtance between CapelU 
in the goat, and Procyon in the little dog, the right 
ascension of the former being 75° 21' 19", and its de- 
clination 45° 46' 15"; and the right ascenaon of the 
latter 1 1 2^ 6' 47", and its declination 5° 45' 3" N. 

Ans. dist. 51'' 6' 56'. 

• Note. The star Sirius, Id the above cut, ihonld have been maric- 
ed with an « for the sake ofumformitj. 
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Example 3. 
Required the distance between Capella and Procyon, 
the latitude of the former being 22° 51' 57'' n. and its • 
longitude V 18° 57' 57"; and the latitude of the latter 
15° 58' 14'' 6. and its longitude S^ 22° 55' 42". 

Ans.* dist.'51°36'39". 

PROBLEM XVIII. 

The places of two stars being given, and their di- 
stances from a third star, or comet, to find the place 
of the third object. ^ j 

Suppose the distance of a comet, or ne,"^ star, as 
measured by a sextant, to be 65° 47' from Sirius, 
whose latitude is 39° S3' s. and longitude 3M1° 13', 
and 51° 6' from Procyon, whose latitude is 15° 58' s. 
and longitude 3^ 22° 55' ; it is required to find the lati. 
tude and longitude of this comet or star. 




1 . In the A s n p, we have given 
s w = 129° 33' dist. of Sirius from pole of eclip. 
pn =105° 58' d°- of Procyon from same pole. 
/ s n p = 1 1° 42' diff. longitude of the two stars. 
Hence^ by case viii, of oblique A ^ spherical A% 

Rad, or sin - ^ - 90° - - • • 10.0000000 

Cos ^ s n P - • - 1 1° 44' ^ - 9.9908291 

: Tan sw • - . - 129° 33' - - 10.0831235 

Tan arc ip . • • 130^ 8' . - Tao7395^ 
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Cos arc (p - - - 130° 8' - - . 9.8092691 

0.1907309 

Cos s n - . . • 129^ 33' r . - 9.8039699 

: Cos (pn^if)) . 24° Ip' - - - 9.9601655 

Cos s p . - - - - 25° 42' - . - 9.9548663 

Sin s P r • - . - 25° 42' . . . 9.6371484 

0.3628516 
: 2f s 72 P . - r r - 1 1° 44' - - - 9.3082590 
:; Sin pn - - - ^ 105° 58' - -r 9.982914Q 

: Sin 2f w s P - - - 26° 48' - - - 9.6540246 

2. In the A c s p, we haye given 

s p = 25" 42' dist. of Sinus and Procyon 

c s = 65° 47' dist. of comet and Sinus 

c p = 51° 6' dist. of comet ^nd Procyon. 

^ence, by case xi. of oblique ^ ^ spherical A% 

25° 42' 
65° 4-Y 
51° 6' 



71° 17' 
65° 47' 

5° 30' 



2|142° 35' 

71° 17' 
51° 6' 



71° 17' 
25° 42' 



Log an 
Log sin 



Log sin 
Log sin 



T?n 



20° 11' 


45° 35' 


71° 17' - 


- - 9.9764036 


20° 1 1' - 


- r 9.^378508 




19.5142544 




0.4857456 


. 5° 30' - 


- r 8.9815729 


45° 35' r 


r T 9.8538619 




2 19.3211804 


24° 36' r 


r ' 9.6605905? 



49° l^Z csp 
26°48' ^nsp 

a^*' 24' Z c s n. 
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8. In the A n s c, we have given: 
8 n = 1 29° 33' Sinus's dist. from pole of eclip. 
s c = 65° 47' dist. of Sinus and comet 
^ c s n = 22° 24' found as above. 

I 

Hence, by case viii. of oblique -^ ^ spherical A% 

Rad, or sin ... 90° - . - - 10.0000000 

Cos ^ C s n - • 22° 24' - - . 9.9659285 

: Tan so - . - . 65° 47' - - 10.3470119 

Tan arc (p - - - 64° 3' - . 10.3129404 

Cos arc (p ... 64° 3' - - . 9.6410640 

0.3589360 
Cos s c ----- 65° 47' - - - 9.6129833 

: Cos(sn^(p) - - 65° 30' . - - 9.6177270 

Cos c n - ... 67'' 8' . - . 9.5896463 

90° 

22° 52' lat. of comet. 

Sin c n ...... 67° 8' - - - 9.9644537 

0.0355463 
Sin ^ c s w - - - 22° 24^ - . . 9.5810052 

: Sin s c 65° 47' - - - 9.9599952 

Sin 2f c w s . - - 22° 10' . . . 9.5765467 

101° 13'long. ofSirius 
22^ 10' diff. long. 
79° 3' long, of comet. 

Note. The same things may also he determined from 
the right ascensions and declinations of the two stars by 
referring them to the equator instead of the ecliptic. 

Example 2. 

» 

Suppose an unknown star was found to be 65°47'42^' 
distant from Capella, whose latitude is 22° 51' 57'' n. 
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and its longitude 2* 18° SY ST'i and that its distance 

was 25° 42' 10"' from Procyon, whose latitude is 

15° 58' 14" s. and longitude 3' 22° 55' 42"; required 

the latitude and longitude of the unknown star. 

. r Latitude - -' 39° 34' 
^^^- 1 Longitude 3' 1 1° 13' 3" 

Example 3. 

Suppose the distance of an unknown star, or planet, 

was observed to be 67° 47' 42" from Sirius, whose right 

ascension is 99° O' 21", and declination 16° 26' 35" is. 

and to be 51° 6' 56" distant from Procyon, whose right 

ascension is 112° 6' 47"', and declination 5° 45' 3" N.; 

it is required to find the right ascension and declina- 

tion of this unknown star or planet (u). 

* r Declination - - 45° 46' n. 
^^- \ Right ascension 75° 2 1' 26". 

PROBLEM XIX* 

The day of the month, the sun's declination, and 
the latitude of the place, being given, to find the ap- 
parent time of his centre appearing in the horizon. 

Example !• 
Given the sun's declination, at noon, on the 2 1 st of 
June 1796, 23° 28', and the latitude of the place 

(w) By the assistance of the above problem, and a ki;iowledge 
of any one star's true situation, the places of all the rest may be 
determined 5 it being chiefly by this means that aatrotiomers have 
rectified the places of the fixed stars, and thence, by a similar mode 
of proceeding, found the true places of the planets. In the same 
manner, we may also find the distance between any t\yo places on 
the surfkce of the earth. 



51* S^ N. ;. required the apparent time of his centre 
appearing in the horizon (i-_j. 




Here, the example being given for the longest day, 
the sun's declination may be considered the same at 
his riang as at noon j the variatioij not being more 
than 5" in 24 hours at this time, though near the equi- 
noxes it varies above l' in an hour. 

Hence, by the tables, his horizontal refraction being 
= 33', bis parallax 9", and his semidiameter 1-5' 47", 
if s be the point of the sun's rising, and b that of his 
apparent rising, we snail have 33'+ 15' 47" — 9"= Jo 
the distance of his centre below the horizon ; and con- 
sequently, 

z = 90''48'38"app.disl. ofo'scentrefromzen. 

N O = 66° 32' 0" dist. of O 's centre from N . pole 

2 N = 38° 28' 0" the complement of the latitude. 

(v) The Bpproxiiiiate time of rising aod setting of the heavenly 
bodies always differs from the true, on account of ihetr being ele- 
vated by refraction, and depressed by parallax. The sun's hori- 
zontal parallsut is about 9" ; and therefore his upper limb will ap- 
pear in the horizon when be is 32' 5 1" below it ; and as his semidi- 
•meter is then is' 47",hlg centre will appear in the horizon when it 
b 4S' 38" below it : but a star, hanog no sensible parallax, will ap* 
pear in the horizon when it is 33' below it, or giy 33' from the 
Sfnith. 



2S4 

Hence, by case xi. of oblique-angled spherical A% 

90° 48' 38'' ' 
66"" 32' O' 
38"" 28' O" 



2195° 48' 38" 



97° 54' 19" 97° 54' 19" 97° 54' 19"^ 

66° 32' O" 90° 48' 38" 38° 28^ O 

31° 22' 19" 7"" 5' 4r" 59° 26' 19 



// 



// 



Log sin - ... 97° 54' 19" - - - 9.9958513 
Log sin ... - 7° 5' 41" - - - 9.0917024 

19.0875537 

0.9124463 
Log sin - - - - 31° 22' 19" . . - 9.7164972 

Log sin .... 59° 26' 19" - - - 9.9350460 



2 20.5639895 

Log tan - - - - 62° 25' 2" . - - 10.2819947 

2^ 

124° 50' 4" 2: ZNO. 

• - ■ ^»»^^ 

Which, converted into time, gives 8*^ 19' 20"= the 
true time from noon, when the sun's centre appears in 
the horizon. 

Hence, his apparent central rising is 3^ 40' 40", and 
his setting 8*^ 19' 20r (^tv). 

The true time of the sun's rising and setting on this 
day, has before been shown to be S^ 47' 32^^, and 

(w) As the refraction causes an error in the rising and setting of 
all celestial objects^ so it will cause an error in. the amplitudes^ as 
may be seen by comparing the triangles <Y> a s and T * ^* which 
may be avoided by making the altitude of Q's lower limb = iff + 
dip of the horizon. 
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8^ 12' 28'Vhence the apparent day is 9' 14"' longer, 
than the astronomical day. ' 

Example 2. 
Required the apparent rising and setting of the sim*s 
centre, in latitude 51° 32' n. supposing his declination 
to be 23° 29' s. Ans. 8^ 8' 2" and 3^ 5l' 58". 

Example 3. 
Required the apparent time of the rising and setting 
of the sun, in latitude 51° 32' n. when his declina^ 
tion is 17° 32' n. supposing it to undergo no variation 
from sun-rise to sun-set. 

Ans. 4^ 22' 16" and 7^ 37' 44". 

PROBLEM XX. 

The latitude and longitude of the place, and the day 
of the month, being given, to find the time of the 
moon's rising and setting. 

Example 1. 
Required the time of the rising and setting of the 
moon at Greenwich, latitude 51° 28' 40" n. on the 
13th of August 1796(jr). 




{%) The horizontal parallax of the moon, being from 53' to 62', 
always exceeds the horizontal refraction j therefore, when the 
nioon*s upper limb appears in the horizon she is really above it, by 
a quantity equal to the horizontal paraUax, minus the refraction. 



236 



Let n be the place of the moon, when in the hori- 
zon, m the point where she becomes visible, and e her 
place on the meridian ; in which case, d e will repre- 
sent her change of declination from the time of her 
rising to that of her transit* 

Then, by calculating, as in problem v. the true time 
of her passing over the meridian will be 8** 15' 53'*' in 
the evening. And by problem iii, her declination, when 
on the meridian, will be found to be 22^ 19' 51''. 

Also, by the Nautical Almanac, the horizontal re* 
fraction = 33', and horizontal parallax 54' 1 8''. 

Hence, in the A z n ;;?, we have given 

rzm = 9CP+ 33'— 54' 1 S" ;= 89° 38' 42' 
J NW = 90°-f22°19'5r' = 112° 19' 51 
tzN =90°— 51°28'40" = 38° 31' 20' 

Therefore,, by case xi. of oblique-angled spherical A% 

112° 19' 51 
89° 38' 42' 
38° 31' 20'^ 

2|240° 29' 53" 



^ff 



i// 



L^/ 



// 



k/' 



120P 14' 56" 
112° 19' 51" 


120° 
89° 


14' 

38' 


56" 
42" 


120° 14' 56* 
38° 31' 20" 


7° 55' 5" 


30° 


36' 


14" 


81° 43' 36" 


Log sin - - - 
Log sin - - - 


120° 
- 30° 


14' 
36' 


56" 
14" 


- - 9.9364360 

- - 9.7068030 

1 9.6432390 


Log sin - - - 
Log sin - - - 


- 81° 

- 7° 

- 29° 


43' 
55' 


36" 

5" 

25" 
2 . 


0.356761O 

- - 9.9954566 

- - 9.1391127 




2 19.4913303 


Log tan - - - 


- - 9.7456651 

• 



58° 12' 50"i!: ZNW. 
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r 

Which (Converted into rime, gives S^ 52' 51"= nearly 
the time the moon rises before she comes to the men* 
dian. Whence 8^ 15' 53"— 3*^ 52' 5l"= 4*^ 23' 2"= 
estimated time of the moon's rising. 

Then, by calculating as in problem iii. the moon's 

declination at nearly the time of her rising, will be 

found = 22^ 7' 14" s. 

» Also, the moon's horizontal parallax on this day, 

at noon, is 54' i8", and at midnight 54' 19"; and 

therefore the variation in 4^ 23' will be too small to 

affect' the calculation. 

Hence, in the A z n m, we have, agsdn, given 

r z m = 90°+ 33'— 54' 1 8"= 89*" 88' 42" 

<^ Nm = 90°+ 22° r 14" = 112° 7' 14" 

t z N = 90^— 51° 28' 40" = 38° SI' 20" 

112° 7' 14" 
89° 38' 42" 
38° 31' 20" 





2 240° 17' 16" 


^ 


120° 8' 38" 
112° 7' 14" 


120° 8' 38" 
89^ 38' 42" 


120° . 8' 38" 
88" 31' 20" 


8° 1' 24" 


30° 29' 5&' 


81° 37' 18" 


Log sin - - 

Log sin - - 


- 120°" 8' 38" 

- . 30° 29' 56" 


- - 9.9368991 

- - 9.7054546 




■^ \ 


1 9.6423537 


T,og sin - - 
Log sin - - 

Log tan - - 


- - 81" 37' 18" 

- . 8* r 24" 

. - 29° 17' 30" 

2 


. 0.3576463 

- - 9.9953400 
-r - 9.1449147 

2| 19.4979010 

- - 9.7489505 




58° 35' 0" -^ z N m.. 
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Which, converted into time, gives 3^ 54' 20'' for the 
time the moon rises before she comes to the meridian* 

Whence, B^ 15' 53"— 3*^ 54' 20"= 4^ 2l' 33" the 
time from noon when the moon rises ; which differs 
only r 29" from the time found above. 

And if still -greater exactness be required, the moon's 
declination may be found for 4^ 21' 33'', and the ope- 
ration repeated as before. 

It is also evident that 8^ 15' 53"+ 3*^ 54' 20"= 
12^ 10' 13"= nearly the time of her setting; but ift 
order to obtain tliis time more rigorously, the variatioiK 
of declination must be allowed for as in the preceding 
part of the problem. 

Example 2. 

Required the time of the moon's rising at London, 
latitude 51'' 32' n. on the 2d of February 1805. 

Ans. 8^ 9' morning. 
Example 3. 

Required the time of the moon's rising and setting 

at Paris, latitude 48° 50' 14" n. and longitude 2"^ 20' e., 

on the 10th of January 1762. 

A r Rises 4^ 3' evening 
^^^"tSets 8M 2' morning. 

PROBLEM XXI. 

The sun*s declination, two altitudes, and the time 
between the observations, being given, to find the la- 
titude of the place* 

Example 1. 

At a place in the northern hemisphere, the sun's de- 
clination being J 9° 39' n. the true altitude of his cen- 
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tre, in the forenoon, was found to be 38° 19', and at 
the end of an hour and a half afterwards 50° 25' ; re- 
quired the latitude of the place. 




Here, a being the place of the sun at the time of the 
1st observation, and b his place at the time of the 2d, 
the polar distances n a, n b will be equal, supposing 
the declination to remain the same for the whole of 
the interval* 

Hence, in the isosceles A n ab, there is given 

j^N A =2 70° 21' the sun's polar dist. at 1st obser**. 

< N b = 70° 21' ditto ..--.--- at 2d obser". 

t ^ a N B = 22° so' the measure of elapsed time. 

' 1. To find the side a b. * - • 

Rad, or sin . - - 90° - . . . 10.0000000 
Sin N A or N B - - 70° 21' - - 9.9739422 
: Sin^^: ANB - -11° 15' - - 9.290 2357 
Sin ^ AB ... - 10° 35' 13" 9.2641779 



// 



21" 10' 26 A B. 



2. To find the angle abn.. 

Cotf Z ANB - - 11° 15' - - 1O.701338.2 

Rad, or sin - - - 90° - - - - 10.0000000 

: Cos N A or N B - 70° 21' - - 9.526692? 

Cot ABN - - - - 86° 10' 24" 8.8253545^ 
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H. In the oblique-angled A abz, there k given 

A z = 51° 4r complement of 1st altitude 
B z = 39° S5' complement of 2d altitude 
A B = 21° 10' 26'' as before found. 

Whence, by casexi. of dblique- -^ ^ spherical A% 

51^ 41' 
39° S5' 
21° 10' 26"' 





2 112" 26' 


26" 


56* 13' 13" 
39" 35' 


56" 13' 
51° 41' 


13" 56° 13' 13" 
21° 10' 26" 


16" 38' 13" 


4" 32' 


13" 35" 2' 47" 


Log sin • • 
Log an - • 


- - 56° 13' 

. - 4° 32' 


13" . . 9.9196958 
13" - - 8.8981866 

18.8178824 


Log an - - 
Log an • • 


- - 16° 38' 

- - 35* 2' 


1.1821176 
13* - - 9.4568307 
47" - - 9.75909SO 

2|20.3980413 


Tan - - - - 


- - 57" 41' 


33". : .10,1990206 
2 


" 


115" 23' 
86" 10' 


24",^ABN 




29° 12' 


42"i!:NBZ. 



IIL In the triangle b z n, there is given 

fN B = 70° 21' sun's polar distance 
< b z = 39° ^S' complement of the 2d alt. 
t 2f nbz = 29° 12' 42' contained JL . 

Whence, by case viii. oblique-angled spherical A% 

: Rad^ or sin - - - 90° - - - - 10.0000000 
: Cos / N b z - - 29° 12' 42" 9.9409260 
:: Tan bz -.--.. 39° 35' - - 9.9173911 

t Tan arc ^ - - - - 35° 48' 56" 9.8583171 
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Cos arc (p - - S5° 48' 56'' - - 9.9099 700 

0.0900300 
Cos B z - - . 39^ 35'^^ ^ ^ ^ 9.8868846 

u 

: Cos ((p -,nb) 34^ 32' 4" - - - 9.9158142 

Cos N z ... 38° 38' 6'' - - . 9.8927288 

90^ -^ ■ 

51° 21' 54' ' lat. required (y). 

Example 2. 
On a day, in the northern hemisphere, when the 
sun's declination was 20° n. his true altitude in the 
forenoon was observed to be 1 8*^ 30', and three hours 
afterwards it was 44° ; from which it is required to 
find the latitude of the place. Ans. 54° l' N. 

Example 3. 
When the sun*s declination was 22° 40' n. his cor- 
rect altitude at 10*^ 54' Jn the forenoon was 53° 29V 
and at 1** 17' in the afternoon it was 52° 48' ; required 
the latitude of the place, supposing it to be north. 

Ans. 57° 8' 24" N. 

Example 4. 

At a place in the northern hemisphere, when the 

sun's declination was 23° 29' n. his Cbrrected altitude, 

at 8*^ 54' in the forenoon, was 48° 42', and at 9^ 46' 

it was 55"^ 48' ; required the true latitude^ 

Ans. 49° 49^ 28" n. 

(y) The principal use to which this problem is applied^ is in 
^estions of a similar nature to that given above ; but several other 
things may be detemuned from the same data : such as the hour 
from noon when each altitude was taken^ the azimuth at each ob« 
•rrvation^ See. 

R 
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PROBLEM XXII. 

The apparent distance of the moon from the sun, 
or a $tar, and their apparent akitudes, or zenith di- 
stances, being given, to find their true distances, as 

seen from the earth's centre (z). 

z 




Let z M be the observed zenith distance of the mooo^ 
and z m her true zenith distance, m m being the de- 
ference between the moon's refraction and her paraliaz 
in altitude. 

Also, let z s be the observed zenith distance of the 
sun, or a star, and zs its true zenith distance; ss 

(z) Since the observed altitude of any celestial object is afieded 
by refiractkm and parallax^ the effects of which are always produced 
in a vertical direction^ it is obvious that the observed distance be- 
tween any two bodies will also be aflected by the same causes. 
With regard to the fixed stars^ the parallax vanishes^ so (hat .their 
places are changed by refraction only. But in observations of the 
moon particularly^ the efiect of parallax is very sensible^ on account 
of her pro&imity to the earth. For which reasons^ the true distance 
bet^-een the moon and any celestial object ii, £cx the most pnt» 
considerably dif^nt from the observed distance. 

It may also be remarked^ that since the refraction of the sun, at 
the same altitude^ is always greater than his parallax^ his troe plao» 
will be low«r than his apparent place $ and because the moon's pa* 
rallax^ at any given altitude, is always greater than the reftactioi 
at that altitude, her true place will be higher than her appasnft 
jplace. 
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bang the difference between the sun's refraction and 
parallax, or the refraction of a star. 

Then, since in the triangle z s m, the three sides 
z s, z M, and s m, are given, the vertical angle s z m 
may be found, by case xr. of oblique-angled spherical 
triangles. 

And^ because in the triangle zsMj the two sides 
TSy zm^ and the included angle ^ z m, are also known, 
the true distance s m may be found by case viii. of 
oblique'>angled spherical triangles. 

But as this method, though direct and obvious, re-* 
quires three separate statings, or analogies, for obtain- 
ing the true distance, it may be rendered tnore com- 
modious in practice by incorporating the analytical for- 
muke for finding the angle z and the side s m into a 
fiingle e3q)re8sion ; which, when converted into loga- 
ritl)ms, gives the following rule, using the altitudes 
instead of the zenith distances. 

RULE. 

1 . Take the difference of the apparent altitudes of 
the moon and star, or moon and sun, and half die dif<» 
ference of their true altitudes. 

2. Also, take half the sum and half the difference 
4xf the apparent distance and the difference of theappa^^ 
rem altitudes. 

8. To the log dnes of this half sum and half diSi> 
rence, add the log cosines of the true altitudes, and the 
complements of the log cosines of the apparent alti^ 
tudes, and take half the sum. 

Ji2 
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; 4. From thisr half sum take the log sine of half tht. 
diflference of the true altitudes^ and look for the re- 
mainder among the log tangents -, which b^ing found, 
take out the corresponding log cosine, without takii^ 
out the arc, which js unnecessary. 

5. Subtract this log cosine from the log sine of half 
the difference of the true altitudes, increased by 10 in 
the index ; and the remainder will be the log sine of 
half the true distance (a). 

Example 1. 
-Apparent dist of )) and ^ 51° 28' 35'' 
Apparent alt. of D 's centre 12° 30' 
Given^ Apparent alt. of ^ - - - - 24° 48' 

True altitude of D 's centre 13° 20' 42"^ 
True altitude of ^ - - - - 24° 45' 57" 
Required the true distance of the moon and star* 



24° 48' 
1 2° 30' 

l2°'T8^ 

24° 45' 57 
13° 20' 42 



51° 28' 35 
12° 18' 



// 



// 



// 



// 



2 (63° 46' 35 
31° 53' 17"^ - isum 



2 39° 10' 35'' 



2lll° 25' 15" 



5° 42' 37"^ 



19° 35' ir^ . ^diff. 



(a) The method of reducing the apparent to the true distance, 
or <^ clearing it of the effects of refraction and parallax^ being the 
most tedious part of the calculus for ascertaining the longitude, bf 
the conmion spherical analogies, many eminent astronomers and 
mathematici^is have given compendiums to facilitate the sdutioQ 
of this problem ; among which are those of the Chevalier de Bonib, 
the Abb61a CaiUe, de Lambre, Messrs. Dunthom, Emerson^ Ljoai, 
Maskelyne, Robertson, Witchel, &c. 



us 

Log sin ... . 31° .53' 17'1 - - 9.7228488 

Log sin - - - - ld° 35' 17''!^ - - 9.5253755 ' 
cLog cos - ^ - - 12'' 30' 0.0104185 

Log cos - - . . 13'' 20' 42' - - 9.9881119 
€ Log cos - . . - 24° 48' 0.0420206 

Log cos - - - - 24° 45' 57" - " 9.9580990 



•>.. ~ 



Given'< 



2 3 9.2468743 

19.6234371 
Log sin -'-.-- 5° 42* 37"^ - - 8,9978159 

Log tan of an arc - - -10.6256212 

Corresponding log cosine - - - . 9.36253S7 

Log sin - . - - 25° 34' 54"^ - . 9.6352822 

2_ "" 

51° 9' 49" true (^stance. 

Example 2. 
f Apparent dist. © and D *s centres 90° 21' 1.3" 
Apparent alt. of i *s centre - - - 5° 1 7' 
Apparent alt. of © *s centre - - - 84° Y 
True altitude of i) 's centre - - • 6° 9' 4 
-True altitude of © 's centre - - - 84° 6' 55 
Required the true distance of the sun and moon's 
centres. Ans. 89° 29' 13". 

Example 3. , 
f Apparent dist. Q and D 's centres 38° 45' 40" 
Apparent alt. of D 's centre - - - 29° 31' 
Apparent alt. of Q 's centre - - - 35° 43' 
True altitude of D *s centre - - - 30° 19' 33" 
-True altitude of ©*s centre - - - 35° 41' 48" 
Required the true distance of the sun and moon's 
centres. Ans. 38° 28' 22"t 



// 



// 



Givens 



ue 



PROBLEM XXIII. 

The observed altitudes of the sun and moon, or of 
the moon and a star (Z?), and their apparent distance, 
being given, together with the time, and the longitude 

by account, to find the true longitude. 

■ - — " — - - ■ - • . I I II ■ — ' — ' — ■ — 

(b) The principal stars used in finding the longitude axe the fol- 
iQi^ing^ ^ich lie near the-moon's path : 

1 . a, Arietis, a small star without the zodiaC;^ ahoat 22^ to the right 
hand of the Pleiades. 

2. jildelaran, in the Bull's eye, 2l large conspicuous star, Ijring 
about half way between the Pleiades and the star which forms the 
western shoulder chorion. 

3. a Pegasi, a star about 44^ to the right of a Arietis, beii^ 
nearly in ^ line with this latter star and the Pleiades. 

4. Pollux, a little to the northward of Aldebaran ; being the 
left-hand one pf two stars lying near together 5 one of which is Cat* 
tor and the other Pollux. 

5. Regulus, about 38® s. B. of Pollux ; being the southenmiost 
of four bright stars to the n. s. of Aldebaran^ foiming a zig-z^ liae. 

6. Spica Virginis, awhile sparkling star, about 54° s.e. of Regulus. 

7. Antares, lying to the right-hand of Begulus, and about 45* 
from Spica Virginis, 

6. Fomahault, lying about 45^ to the south oi a PegasL 
g, a Aquikt, a star about 47^ to the westward, or to the ri^» 
hand of a Pegasi. 

These stars may be readily kxiown, by finding them on a c(»nmon 
celestial globe j or by means of their calculated distances, which 
are given in the Nautical Almanac, for every 3 hours of apparent 
time at Gre^iwich. F<x'j the sextant being fixed to the distance 
between the moon and the star which ought to be observed, and 
the moon found upon the horizon-glass, it is only necessary to look 
to the east or west of the moon, according as the distance cone- 
spohds to the 8th and 9th or lOth and 1 1th pages of the Nautical 
Almanac, guiding the sextant in a line with the moon*s shortest axis. 
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RULE. 

I. Add the longitude by account, converted into 
^me^ to the time at the given place, if west, or sub* 
tract it from that time, if east, and the result will give 
the time at Greenwich nearly j which call the reduced 
time. 

IL Take the moon's semidiameter, and horizontal 
paralhuc, from the Nautical Almanac, for the noon and 
midnight between w;hich the reduced time falls, and 
find their differences. 

Then, As 12 hours : the difference of the semi- 
diameters at those times : : the reduced time : a fourth 
number; which being added to, or subtracted from, 
the preceding" semidiameter, according as the tables 
are increasing or decreasing, will give a result, to which 
if the augmentation of the semidiameter (tab. iv.) be 
added, the sum will be the mooTis true semidiameter^ 
at reduced time. 

Also, As 12 hours : the difference of the horizon- 
tal parallaxes at those times : : the reduced time : a 
fourth number ; which being added to, or subtracted 
from, the preceding parallax, according as the tables 
are increasing or decreasing, will give the moon^s ho^ 
riiontal parallax J at reduced time. 

WL Add the difference between the moon's semi* 
diameter, at reduced time, and the dip of the horizon, 
to the observed altitude of her lower limb, and the sunx 
Urill give the apparent altitude of the moon*s centre. 

Then, to the cosine of the altitude, thus found, add 
the logarithm of the horizontal parallax in seconds, at 
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reduced time, and the sum, abating 10 in the index, 
will be the logarithm of the moon*s parallax in altitude, 
in seconds ; from which take jthe refraction in altitude^ 
and the result, added to the apparent altitude of the 
centre, will give the true altitude of the moons centre^ 

IV. If the sun be used, add the difference between 
his semidiameter on the given day (Naut. Aim.) and 
the dip of the horizon (tab. ii.) to the observed alti» 
tude of his lower limb, and the sum will give the ap» 
parent altitude of his centre ; from which take the 
difference between his refraction in altitude and his 
parallax (tab. ii. and iv.J, and the remainder will be 
the true altitude of the sun's centre. 

' Or, if a star be used, take the dip of the horizon 
(tab.ii.) from its observed altitude, and the remaind^ 
will be its apparent altitude ; from which subtract the 
refraction, and the result will be the starts true <rfc 
titude. 

V. To the observed distance of the sun and moon's 
nearest limbs add their semidiameters, at reduced time, 
or subtract them for the furthest limbs, and the re- 
sult will be the apparent distance of the sun and 
moons centres. 

Or, to the observed distance of a star from the 
moon's nearest limb add her semidiameter, at reduced 
time, or subtract it for the furthest limb, and the re- 
sult will be the apparent distance of the star from the 
moons centre. 

VI. With the apparent altitudes, the true altitudes, 
and the apparent distance, find the true distance, by 
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problem xxii. And if the watch has not been pre^ 
viously regulated, the true time must now be found 
from the altitude of the sun's centre, or a star, and the 
latitude of the place, as in problem xv, observing to 
proportion the sun's declination to the reduced time. 

VII. Xook in the Nautical Almanac, on the given 
month and day, for the computed distance between 
the moon and sun, or star, and if it be found ex- 
actly, the time at Greenwich will stand at the top.df 
the column ; but if not, find the nearest distance to it, 
both less and greater, and take their difference, and 
also the difference between the computed distance and 
the earliest Ephemeris distance. 

Then, as the first difference : 3 hours : : the second 
difference : a fourth number ; which being added to 
the time standing over the earliest Ephemeris distance, 
will give the true time at Greemvich. 

And, if the difference between the time at the given 
place and the time at Greenwich, be converted into 
degrees, it will give the longitude required ; which w^J 
b^ ea3t or west, according* as the time at the given plaof^ 
is greater or less than the time at Greenwich. '' 

Example 1. 
On the 30th of January 1796, in longitude 10°46'bv 
by account, at 10** 15' p. m. the distance of the moon's 
furthest limb from the star Regulus was 63° 50' 20% 
the altitude of the moon's lower limb 24° 1 8' 40'', and 
the altitude of the star 45° 13' 15% the eye being 18 
feet above the plane of the horizon j required the true 
longitude of the place. 



■ J 
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^ I. 

Time per watch 10** 15' 0' p. m. 

Longitude ICr 46' east - - - - 43^ 40'^ 

Reduced time g^ 31' 26" p.m. 

II. 



D '» semid^ at noon * - 15' 3" 

Do.at noidnight - - - 14' 5g" 

First diff. . ."o' 4" 

12'»:4" :: 9»»31'20" : 0' 3" 
3) 's semid'. at noon - - 1 5' 3" 
> 's semid'^. at red. time 15' 0" 
]) '8 augmentation - - . O' 7" 
J *s true aemid^ at red. ^ . , ^„ 



tune 



Horizontal parallax * • 55' 14'' 
Ditto - - 54' 59^ 

• Second cnff- - O* 15" 

12^ : 15" : : 9»» 31' 20" : 0' 12'* 
Horizontal par. at noon 55' 14" 
Ditto at reduced time - 55' 2" 

In seconds .-•*«. 3302 



III. 



3> 's observed alt. - 24** 18' 40' 

Sem 
Dip 



Semidiam. 15'^ 7" \ ^ ^^, ^,, 
• - - 4' 3" J ' 



24*29' 44" 
App. alt. of ]> *s cent re 48' 1" 

True alt. of ]) 's cen. 23® 17' 45" 



IV. 

9k *s observed alt. 

Dip of horizon' - 

Ik's apparent alt. 

Hefiraction - - ^ - 

♦'s tru^ alt, - - - 45^~8' 15" 



45® 13' 15" 

4' 3" 

45® 9' 12" 

57'' 



Cos > 's spip. alt. - 9*9590383 
Hor. paral. 3302 log 3. 5187771 
Par. in alt. 3005 log 3!477 8154 

> 's rdirac. 50' 5" 

2' 4 " 

Correction 48' 1" 

V. 

Obs. dist D and ♦ 63^ 50* 20" 

I 's semid'. red. time 15' 7^ 

App. dist. > and ♦ 53^ S5' IS" 



VI. 



Hr's apparent alt. - 45® 9' 12'' | *'s true altitude - 

]) 's apparent alt. 

Difference - - - 



Bum --•-•- 

Difference - - - 



D 's true altitude 
Difference — - 
-| Diti^nce * « 



24®2sr44" 

20^39^28" 
63 ® 35' 13 " 

84® 14' 41'' 

42*> 55' 4 5'' , 

42" 7' 20"4 . - ^ sum 
21^ 27^ 52"^ - . I diff; 



45® 8' 15'^ 
25® 17' 45" 



- 19® 50' 25' 



. Cp 55' 12"i 
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Log sin ... - 42** 7' 20"^ - - 9.8265388 
Log sm ... . 21° 27' 52 "^ - . 9.56SS933 
Log coane . - 25° 17' 45" - - 9.9562230 
Log cosine - - 45° 8' 15" - - 9.8484403 
€ Log cos ... - 24° 29' 44" - . 0.0409617 
cLog cos - ... 45° 9' 12" - - 0.1516804 

2|89.38723 75 

19.6986187 

Log sin 9° 55' 12"^ - - 9.2362231 

Log tan of an arc ^ - - 10,4573956 

Corresponding log cos - - -< - - 9.5176693 
Log sin ... - 31° 32' 16"^ - - 9.7 1 85538 



True distance - 63° 4' 33" 



VII. 



Dist.at 9" - 62° 49' 15" 
Dist. at 1 2" . 6 4° 19' 56" - 

First diff. . - "l°30'4r 



True dist. - - 63° 4* 35" 
Ear. Eph. dist. 62° 49' 15 
Second diff. - 0° 15' 18' 



// 



// 



As 1"^ SO' 41'' : S"^ :: 15' 18'' : &" 30' 22' 

Time above the earliest distance - 9^ 

True time at Greenwich . - - - . 9*^ 30' 22 
Time at the given place 10^ 15' O 



// 



// 



Diflference of time - - O^ 44' 38^' 

Which converted into degrees, at the rate of 15^ ta 

an hour, gives 1 1*' 9' 30", the longitude of the place 

east ; the time at the place being greater than that at 

Greenwich. 

Example 2. 

On November 8th 1 804, m longitude 24® w. by 

account, at 3^ 50' 10" r. bi. the observed distance be- 
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tween the nearest limbs of the sun and moon was 
67° 48' 29", the observed altitude of the moon's lower 
limb SI'' 10', and that of the sun's 14'' 46', the hdght 
of the eye being 12 feet ; required the true longitude 
of the place. Ans. 24*" 29' 30'' w. 

Example 3. 
On October 10th 1804, in latitude 15^^ 15' n. and 
longitude 68° e, by account at about 6^ 4' p. m. the 
watch not being well regulated, the distance of the 
moon's furthest limb from Fomahault was 60° 37' 35% 
the observed altitude of the moon's upper limb 46° 30', 
and of the star 21° 24', the height of the eye being 
14 feet ; required the true longitude of the place. 

Ans. 68° 1' 45" e. 

Example 4. 

On the 13th of June 1796, in longitude 45° w. by 
account, the watch being well regulated, the following 
observations were taken. 

Alt. D *s Dist. nearest 
upper limb. limbs. 

19° 32' O' 106° 16' 45" 

19 52 106 17 45 

20 5 O 106 18 30 
20 17 30 106 18 45 
20 34 O 106 19 15 

5| 100 20 30 5| 531 31 O 

20 4 6 106 18 12 

EiTors of thequadraxits 58 10 2 37 

True mean - - 45** 21' 5" 20° 3' 6" 106° 15' 35" 

Required the true longitude, the eye being 21 feet 
above the sea. Ans. 42^52' 15" w. 

Example 5. 

On the 1st of April 1796, in latitude 65° 36' north, 
and longitude by account, 2° 15' west, the watch not 



Times p.m. 


Alt. O's 
lower limb. 


3^ 6' 40' 


45° 54' 0" 


3 13 14 


45 45 


3 17 26 


45 18 45 


3 22 34 


45 4 O 


3 26 46 


44 48 30 


5 16 26 40 


5|226 50 15 


an 3 17 20 


45 22 3 
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regulated, the following observations were taken, the 
eye being 1 8 feet above the level of the sea. 

TimMPM Alto's Alt. P's Dist. nearest 

lower limb, lower limb. limbs. 

20** 47' 14" 22** 51' 80^ 18' Gq'* 36' 

20 50 11 22 12 80 36 ^ 37 

2 55 26 2Jl 6 81 9 ^38 

3|6 2 32 ~5l '66 Q 242 3 268"~"5l . 

mean 2 0** 50^ 57' ' 22^ 3^ 80° 41^ (30° 37^ 

Required the true longitude of the place. 

Ans. 2"" 47' 15" w. 
Example 6. 
On the 15th*of May 1796, in longitude T 30' e. 
by account, the watch being well regulated, the fol- 
lowing observations were taken : 

Times F, M. j^^^^ jj^^^ Alt. Spica ttR. f^^^ j-^. 

12»»36'14" 18° 6' O" 19° 50' 30' 31°30'45r 

. 12 3g 5 18 21 O 20 2 O 31 31 30 

12 41 41 18 39 30 20 15 O 31 33 O 

12 43 45 18 55 20 29 O 31 34 O 

12 45 53 1 9 9 O 2 40 O 35 35 45 

5\ 63 26 39 93 10 30 Toi l6 30 157 45 a 

12 41 19 18 38~~6 20 15 18 31 33 O 

Error of quadrant 7 30 + Error of quadrant + 24 

18 45 36 31 33 24 

Required the true longitude, the eye being 2 1 feet 
above the level of the sea. 

Ans. Moon's true semidiameter 15^ 3V\ horizontal 
parallax 56' 35% apparent alt. D 's centre 18° 56' 45", 
correction D 's altitude 50' 46", apparent altitude ^ *s 
centre 20° 10' 56", correction -X-'s altitude 2' 35% ap- 
parent distance of their centres 31° 17' SS'\ true di- 
stance 31° 11' 43", true longitude 15' west. 
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TABLE I. 
Of the Sun^s Right Ascension and Declination for \lQ6i 





January. 


February. 


March. 


Right 


DecUn. 


Right 


Declin. 


Right Declin. 


• 


ascen. 


s. 


ascea. 


8. 


ascen. s. 


H* BI« S. 


D. M. S. 


H. M. ». 


D. M. S. 


B. M. 8. 


D. X. 8. 


1 


1 8.47.27 


23. 0.59 


20.59.42 


17. 5. 2 


22.5229 


7.10.59 


2 


18.51.51 


22.55.45 


21. 3.46 


16.4746 


22.56.13 


6.48. 2 


3 


18.56.16 


22.5a 3 


21. 7.50 


16.30.13 


22.59.56 


6.25. 


4 


19. a4o 


22.43.54 


21.11.52 


16.12.23 


22. 3.39 


6. 1.52 


5 

6 


19. 5. 4 


22.37. 18 


21.15.54 


15.54.15 


23. 7.22 


5.38.39 


19. 9.ii7 


22.30.15 


21.19.54 


15.35.51 


,23.11. 4 


5.15.22 


7 19.13.50 


22.22.45 


21.23.54 


15.17.11 


23.14.45 


4.52. 


8 


19.I8.12 


22.14.49 


2 J. 27.53 


14.58.16 


23.18.26 


4.2834 


9 


19.22.34 


22. 6.27 


21.31 52 


14.39. 6 


23.22 7 


4. 5. 5 


10 
11 


19.26.55 


21.57.39 


2135.49 


14.1^.41 


23.25.48 


3/41 3a 


19.31.16 


21.48.25 


21.39.46 


14. 0. 2 


23.29.28 


8.17.58 


12 


19.35.36 


21.38.45 


21.43.42 


13.40. 9 


23.33. 8 


2.54.21 


13 


19.39.56 


21.28.40 


21.47.37 


13.20. 3 


23.36.48 


230.43 


14 


19.44.15 


21.18.11 


21.51.32 


12.59.44 


23.40.27 


2. 7. 3 


15 
16 


/9.48.33 


21. 7.I8 


21.55.25 


12.39.12 


23.44. 6 


1.43.22 


19.52.50 


20.56. 


21. 59.1 8 


12.18.28 


23.47.45 


1.19.40 


17 


19^7. 7 


20.44.18 


22. 3.10 


11.57.33 


23.51,24 


0.5S.58 


18 


20. 1.23 


20.32.12 


22. 7. 2 


11.36.27 


23.55. 2 


032.16 


19 


20. 5.38 


20.19.43 


22.10.52 


11.15.10 


23.58.41 


0. 8.35 

North. 


20 
21 


20. 9.52 


20. 6.52 


22.14.42 


10.53.43 


0. 2.19 


0.15. 5 


20.14. 6 


19.53.38 


22.18.32 


10.32. 5 


0. 5.57 


038.44 


22 


20.18.18 


19.40. 2 


22.22.21 


10.10.18 


0. 9.35 


1. 2.22 


23 


20.22.30 


19.26. 4 


22.26. 9 


9.48.22 


0.13.13 


1.25.58 


24 


20.26.42 


19.11.45 


22.29.56 


9.26.16 


0.16.51 


1.49.33 


25 
26 


20.30.52 


1*8.57. 5 


22.33.43 


9.4. 2 


0.20.28 


2.13. 5 


20.35. 2 


18.42. 3 


22.37.29 


8.41 w40 


0.24. 6 


2.3634 


27 


20.39.10 


18.26.41 


22.41.15 


8.19.11 


0.27.44 


2.59.59 


28 


20.43.18 


18.11. 


22.45. 0' 


756.34 1 0.31.22 


3.23.21 


29 


20.47.26 


1 7.54.59 


22.48.45 


7.33.50 


0.35. 


3^39 


30 


20.51.32 


17.38.39 






0.39.38 


4. 9.53 






% 1 


20.55.38 


17.22. 


1 


0.42.16 


438. 3 


1 
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TABLE I. 
Of the Sun's Right Ascension and Declination for 1796. 



1 

• 


April, 


May. June. 


Right 


DecHn. 


Right 


Declin. 


Right 


Declin. ^ 


ascen. 


N. 


ascen. 


N. 


ascen. 


N. 


H* M, 8« 


D. M. S. 


H. M. S. 


D. M. S. 


K.M. S. 


D. M. 8. 


1 


0.45.54 


4.56. 9 


2.37.16 


15.22.42 


4.40.13 


22.11.51 


2 


0^932 


5.19. 9 


2.41. 6 


1 5.40.29 


4.44.19 


22.19.28 


3 


0.53.11 


5.42. 4 


2.44.56 


15.58. 


4.48.25 


22.26.42 


4 0.56.50 1 


6. 4.53 


2.48.47 


16.15.15 


4.52.32 


22.33.31 


5 
6 


1. 0.29 


6.27.36 


2.52.38 


16.32.15 


4.56.39 
5. 0.47 


22.39.57 


1. 4. 8 


6.50.12 


2.56.30 


16.48.58 


22.45.59 


7 


1. 7 ^^7 


7.12.41 


3. 0.23 


17. 5.24 


5. 4.55 


22.51.37 


8 


1.11.27 


7.35. 2 


3. 4.16 


17.21.34 


5. 9. 3 


22.56.52 


9 


1.15. 7 


7>57.\6 


3. 8. 9 


17.37.25 


5.13.11 


23. 1.42 


10 

11 


1.18.47 


8.19.22 


3.12. 4 


17.52.59 


5.17.19 
5.21.28 


23. 6. 7 


1.22.27 


8.41.20 


'3.15.58 


18. 8.15 


23.10. qI 


12 


1.26. 8 


9. 3. 9 


3.19.54 


18.23.13 


5.25.37 23.13.46 


13 


1.29.49 


9.24.49 


3.23.50 


1 8.37.52 


5.29.46 


23.16.58 


14 


1.33.30 


9-46.19 


3.27.46 


18.52.12 


5.33.55 


23.19.46 


15 
16 


1.3712 


10. 7.40 


3.31.43 


19. 6.13 
J919-55 


5.38. 4 


23.22. 9 


1.40.54 


10.28.50 


3.3^5.41 


5.42.14 


23.24. 7 


17 


1.44.36 


10.49.50 


3.39.39 


19.33.17 


5.46.23 


•23.25.40 


18 


1.48.19 


11.10.40 


3.43.37 


19.46.19 


5.50.32 


23.26.49 


19 


1.52. 


11.31.18 


3.47.37 


19 59. 2 


5.54.42 


23.27.33 


20 
21 


1.55.45 


11.51.45 


3.51.36 


20.11.23 


5.58.51 


23.27.52 


1.59.29 


12.12. 


3.55.37 


20.23.25 


6. 3. 1 


23.27.47 


22 


2. 3.14 


12.32. 3 


3.59.37 


20.35. 5 


6, 7.10 


23.27.16 


23 


2. 6.59 


12.51.54 


4. 3.39 


20.46.24 


6.11.19 


23.26.21 


24 


2.10.44 


13.11.32 


4. 7.40 


20.57.22 


6.15.29 


23.25. 2 


25 


2.14.30 


13.30.57 
13.50.10 


4.11.43 


21. 7.58 


6.19.38 
6.23.47 


23.23.18 


26 


2.18.16 


4.15.46 


21.18.12 


23.21. 8 


27 


2.22. 3 


i4. 9. 9 


4.19.49 


21.28. 5 


6.27.56 


23.18.34 


28 


2.25.51 


14.27.54 


4.23.53 


21.37.35 


6.32. 5 


23.15.35 


29 


2.2g.39 


14.46.25 


4.27.57 


21.46.43 


6.36.13 


23.12.13 


30 


2.33.27 


15. 4.41 1 4.32. 2 


21.55.29 


6.40.22 


23. 8.25 


31 






1 4.36. 7 


22. 3.51 










' 1 
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TABLE I. 



Of the Sun's Right Ascension and Declitiationfor 1799, 





July. . 


August. 


September. 


Right 


Declin. 


. Right 


Decliu. 


Right 


DecUa. 


CO 


ascen. 


N. 


ascen. 


N. 


ascen. 


N. 


H. M. S. 


D. M. S. 


H. M. S. 


D. M. S. 


H. M. S. 


D. M. S. 


1 


6.44.30 


23. 4.14 


8.49. 5 


17.48.28 


10.44.56 


7.57' 


2 


6.48.38 


22.59.38 


'8.52.57 


17.32.55 


10.48.34 


7^5. 


3 


6.52.45 


22.54.38 


8.56.49 


17.17. 6 


10.52.11 


7.12.52 


4 


6.56.53 


22.49.15 


9. 0.40 


17. 0.59 


10.55.48 |a.50.37| 


5 
6 


7. 1. 


22.43.27 


9. 4.31 


16.44.36 


10.59.25 


6.28.16 


7. 5. 6 


22.37.16 


9. 8.21 


16.27.57 


11. 3. 1 


6. 5.48 


7 


7. 9.12 


22.30.4l 


9.12.10 


16.11. 2. 


11. 6.38 


5.43.14 


8 


7.13.18 


22.23.42 


9-15.59 


15.53.51 


11.10.14 


5.20.35 


9 


7.17.24 


22.16.20 


9.19.47 


15.36.25 


11.13.50 


4.57.50 


10 
11 


7.21.29 
7.25.33 


22. 8.36 


9.23.35 


15.18.44 


11.17.26 


4.35. 1 


22. 0.29 


9.27.22 


15. 0.48 


11.21. 1 


4.12. 7 


12 


7.29.37 


21.51.59 


9.31. 8 


14.42.38 


11.24.37 


3.40. 8 


13 


7.33.41 


21.43. 6 


9.34.54 


14.24.14 


11.28.12 13.26. 6\ 


14 


7.37.44 


21.33.52 


9.38.39 


14. 5.37 


11.31.48 


3. 2.59 


15 
16 


7.41.47 
7.45.49 


21.24.15 


9.42.24 


13.46.46 


11.35.23 


2.39.50 


21.14.17 


9.46. 8 


13.27.42 


1 1 .38.59 


2.16.37 


17 


7.49.50 


21. 3^7 


9.49.52 


13. 8.25 


11.42.34 


1.53.21 


18 


7.53.51 


20.53.16 


9.53.35 


13.48.56 


11.46. 9 


1.30. 4 


19 


7.57.51 


20.42.13 


9.5;. 18 


12.29.14 


11.49.45 


1. 6.43 


20 
21 


8. 1.51 


20.30.50 


10. 1. 


12. 9,21 


11.53.20 


0.43.21 


8. 5.50 


20.19. 6 


10. 4.42 


11.49.16 


11.56.56 


0.19.59 




1 


■ 








South. 


22 


8. 9.49 


20. 7. 2 


10. 8.23 


11.29. 


12. 0.32 


0. 3.26 


23 


8.13.47 


19.54.37 


10.12. 4 


11. 8.32 


12. 4. 8 


0.26.52 


24 


8.17.45 


19.41.52 


10,15.45 


10.47.53 


X2. 7.44 


0.50.18 


25 

26 


8.21.42 


19.28.48 
19.15.24 


10.19.25 


10.27. 5 


12.11.20 


1.13.45 


8.25.38 


10.23. 4 


10. 6. 6 


12.14.56 


1.37.11 


27 


8.29.34 


19. 1.41 


10.26.44 


9.44.58 


12.18.33 


2. 0.37 


28 


8.33.30 


1 8.47.39 


10.30.23 


9.23.40 


12.22.10 


2.24. 2 


29 


8.37.24 


18.33.18 


10.34. 2 


9. 2.13 


12.25.47 


2.47.25 


30 


8.41.18 


I8.I8.39 


10.37.40 


8.40.37 


12.29.25 


3.10.47 


31 


8.45.12 


IR ^4^ 


10>11.18 


8.18.52 






J 0. t*tZt 
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TABLE I* 



OftJie Sun's Right Ascension and Declination/of 1796. 



1 

2 

4 
5 



6 

7 

8 

9 

10 

11 

12 
13 
14 
15 

16 

17 
18 

19 
20 

21 



October, 



Right 

ascen.. 



H. M. S. 

12.33. 2 
12.36.40 
12.40.19 
12.43.58 
12.47.37 



12.51.16 
12.54.56 
12.58.36 
13. 2.17 
13. 5.58 



13. 9.39 
13.13.22 

13.17. 4 
13.20.48 
13.24.32 



13.28.16 
13.32. 1 
13.35.46 
13.39.32 
13.43.19 



22 



13.47. 7 

South. ' 
13.50.55 

23 13.54.43 

24 13.58.33 

25 14. 2.24 



26 14. 6.15 

27 14.10. 7 

28 14.13.59 
20 14.17.53 

30 14.21.47 

31 14.25.42 



Declin. 

8. 

O. M. 8. 

334. 7 
3.57.24 
4.20.39 
4;43.51 
5. 6.59 



5.30. 3 
5.53. 3 
6.15.58 
6.38.48 
7. 1.32 



7.24.11 
7.46.43 

8. 9. 9 
8.31.28 
8.53.39 



9.15.43 
9.37.39 

9.59.27 
10.21. 6 
10.42.36 



11. 3.56 

11.25. 7 
11.46. 8 

12. 6.58 
12.27.36 



12.48. 3 

13. 8.19 
13.28.2*2 
13.48.12 

14. 7.49 
14.27.13 



November. 



Right 
ascen. 

n. Bl. B. 
14.29.38 

14.33.35 
14.37.32 
14.41.30 
14.45.29 

i4.49.2g 
14.53.30 
14.57.31 
15. 1.34 
15. 5.37 

15. 9.41 
15.13.46 
15.17.51 
15.21.58 
15.26. 6 

15.30.14 
15.34.23 
15.38.32 
15.42.43 
15.46.55 

15.51. 7 

15.55.21 
15.59.35 

16. 3.50 

16. 8. 5 

I > I I.I 

16.12.22 
16.16.39 
16.20.56 
16.25.15 
16.29.34 



Declin. 

8. 

D, M. S. 
14.46.23 

15. 5.18 
15.23.58 
15.42.23 

16. 0.32 



I6.18i25 
16.36. 2 
16.53.21 
17.10.23 
17.27. 8 



17.43.34 
17.59.42 
18.51.31 
18.31. O 
18.46.10 

19. 1. 
19.15.30 

19-29.39 
19.43.26 

19.56.52 

20. g^7 

20.22.39 
20.34.59 

20.46.56 
20.58.29 

21. 9.39 
21.20.25 
21.30.47 
21.40.44 
21.50.l6 



December. 



Right 
ascen. 

H. M. S. 

16.33.54 
16.38.14 
16.42.35 
16.46.57 
16.51.19 



•^m 



16.55.42 
17. O. 5 
17. 4.28 

17. 8.52 
17.13.16 

17.17.41 

17.22. 6 
17.26.31 

17.3057 
17.35.22 

■ A ■ 
17.39.48 
17.44.15 

17.48.41 
17 53. 8 
17.57.34 

18. 2. 1 

18. 6.28 
18.10.54 
18.15.21 
I8.I9.48 

18.24.14 
18.28.41 
18.33. 7 
I8.37.33 
18.41.56 
18.46.24 



Declin. 

8. 

O. M. 8. 
21.59.23 

22. 8. 4 
22.16.20 
22.24.10 
22.31.34 

22.38.31 
22.45. 1 
22.51.. 4 
22.56.40 

23. 1.49 

23. 6.31 
23. 0.45 
23 14.31 
23.17.49 
23.20.40 

23.23. 3 
23.24.57 
23.26.23 
23.27.21 
23.27.51 

23.27.52 

23.27.25 
23.26.30 
23.25. 6 

23.23.14 

■ i ». 

23.20.54 
23.18. 6 
23.14.49 
23 11. 4 
23. 6.51 
23. 2 11 



i**i 



S 



TABLE ir. 
Jiejraction in Altitude and Dip nf the Horizon, 




Right As> 



TABLE III. 
and Declination of 39 principal Siars^ 



1806. Mag. 


Mean R, A. in 
Sidereal 'i'lmc. 


7::: 


Mean DEclin. 


Annual 


yPega3i....2 

aArk;tU..2.3 

a Cell 2 

AldL-baraa { 
Capella. . . I 
Rigel 1 


11. m. S. 

3 15,40 

1 56 i5,m 

2 52 8,88 

4 24 48,od 

5 2 22,6Z 
5 55 13,11 


9. + 
3,069 
3,347 

3,115 

3,436 
4,415 

2,876 


14 6 24''90s. 
23 32 24.93 

3 19 22,40 
16 6 31,40 
45 47 5,88 

8 25 5g,32.'i. 


S. 
f 20,20 

+ I7.-1? 
+ 14,75 


+ 8100 
-i- 4,57 
— 4,92 


jSTauri 2 

aOrionis. .. 1 
SJrius 1 


5 14 2,17 

5 44 40,23 

6 36 36,06 


3,781 

3,343 
3,653 


28 25 52,56 

7 21 38,16 
16 37 21,54s. 


+ 3.91 
+ 1,49 

+ 4,21 


Castor 2 

Priicyon 1.2 
Pollux. ... 2 


7 32 11,92 
7 29 8,1? 
7 33 25,43 


3,853 
3,143 

3. ess 


32 18 3,76 
5 42 51,48 
28 29 2,58 


- 7.06 

- 8,53 

- 7-93 


a Hydra ... 2 

Regulus.-.l 

dLeoii»..1.2 


9 18 3,03 
9 58 1,65 
U 39 9.14 


2.946 
3,213 
3,067 


7 49 1 9.70 s. 
12 54 41,74 
15 39 23,34 


+ 15, lU 
-17.19 

- 20,04 


^Virginis...3 

aVirgbis...! 

Arctiinis.. 1 


11 40 35,27 

13 14 59.29 

14 6 4B,83 


3,135 

3.147 

2,728 


3 51 32,42 
10 8 29,803. 
20 11 59,41 


— 20,23 
+ 18,80 
- 18,79 


'aLibr.e...,2 

'«Librje 2 

ixCoroiise 2.3 


14 39 36,66 

14 40 9,99 

15 26 26,63 


3,290 

3.297 
2,545 


15 10 43,66s. 
15 12 36,84s. 
27 23 34,34 


+ 15,19 
+ J 5,21 
-13,49 


aSerpentis..2 

Antares...! 
aHcraUes2.3 


15 34 43.17 

16 17 32.06 

17 S 48,33 


3,945 
3.653 

3,731 


7 2 48,60 
25 59 4,92s. 
14 37 26,48 


-11,70 
+ 8,43 
- 4,48 


dOphiuchi 2 

ft Lyrse 1 

« AquilsB ...3 


17 25 55,91 
16 30 22/)S 
19 37 1,91 


2.770 
2.027 

2,846 


12 42 -17,88 
38 36 36,34 
10 9 6,73 


- 3.03 
+ 3.91 

+ 8,38 


nAqails 1.2 
j3AquU« 3.4 

'aCapncomi4 


19 41 18,83 

19 45 46,85 

20 6 53,03 


2.925 
2,944 

3.336 


8 23 2,l>4 

5 56 1,28 
13 5 39,70s, 


+ 9.11 
+ 8,57 
-10.60 


i»Capricomi3 
«Cygni...l.2 

« AquBrii .. .3 


20 7 16,63 
20 34 49,013 
31 55 48,75 


3,339 
3,038 
3.081 


13 7 58,36s. 
44 35 33,34 
1 15 15,66s 


-IU.8I 
+ 12,56 

-17,36 


Fomalbautl.2 
»Peg:asi....2 
K Andrcmedx 2 


22 46 54,16 

22 55 6,12 

23 58 22,89 


3,343 

2.973 

3.o;o 


30 38 26,30s, 
14 9 59,32 
27 53 34.24 


-19.10 
+ 19.43 
+ 19.00 
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TABLE IV. 


TABLE V. 




Augii'Ciilatioii nf'tlic Moan'i 
A'lmdiimrlri. 


The Suna Farallai in 




Allituile. 




p '1 al(. A 
II. 


upm 


y,ait. 


Ai^Kin, 


0-, alt. 


PiT.lIll 


1, OS alt. PataJI»i.| 




s. 


B. 


». 


a. 


S. 


u. 


s. 










■JO 


10 





<t 


60 


4 




5 


1 


45 




10 


9 


C5 


4 




10 


3 




13 


ao 


8 


70 


:> 




15 




55 


13 


30 


8 


75 


a 




30 


C 


ao 


11 


40 


7 


80 


2 




ii 


7 


70 


15 


50 


e 


83 


1 




.■10 

:!.5 


8 


80 

1 


la 


53 


5 


90 


° 




TABLE VL 1 


TABLE VII. 




Fo rmr>T fnmei»t" T^nnilmlc. \ 


7I1 coniTTt J^mfrilu-le hiln Timr. 




fl 


1 


^ 




- °:-t. 


v. 


^T 


IT. 


^' 


1 


? 1 


? 1 


s 


~ 


r~rT ~s 


~ ,_ ^, 


"sT 


; "■ t" 


~ 


■— j; 


s 


? 1 




























1 


^1^ 


1 


15 3 


" T45 


1 


4 


31 


2 4 


70 


4 40 




2 


30 


'i 


30 3 


2 8 


2 


B 


32 


2 8' 


80 


3 20 




;t 


45 


3 


45 3 


■5 8 15 


3 


12 


33 


2 12 


90 


e 




-1 


(So 


4 


1 3 


4 8 30 


4 


16 


34 


2 16 


100 


6 40 




5 


75 


S 


1 13 3 


5 8 4fi 


3 


20 


35 


2 20 


IIO 


7 20 




6 


(}0 


6 


1 30 :■> 


6 g 


6 


24 


36 


% 24 


120 


8 




7 


105 


7 


1 43 3 


7 9 15 


7 


28 


37 


2 28 


130 


8 40 




8 


120 


9 


2 3 


8 9 30 


6 


32 


38 


2 32 


140 


9 20 




9 


135 


p 2 15 3 
10 2 30 -1 


!) P45 


9 


36 


39 


2 36 


150 


10 




10 


ISO 


10 


10 


40 


40 


2 40 


160 


ID 40 






1S5 


1112 45 - 


1 10 15 


11 


44 


41 


2 44 


170 


11 20 




12 


ISO 


12'3 4 


2 10 30 


12 


48 


42 


2 43 


180 


12 




13 


195 


13'3 13 4 


i 10 43 


13 


52 


43 


2 52 


190 


12 40 




14 


210 


I4'3 30 4 


4 11 


14 


56 


44 


2 56 


200 


13 20 




13 


235 


15 3 45 4 


5 11 15 


13 


1 


45 


3 


210 


14 




lb 


240 


16 4 4 


6 11 30 


16 


1 4 


46 


3 4 


220 


14 40 




17 


255 


17'4 15 4 


7 n 43 


17 


1 8 


47 


3 8 


230 


15 20 




18 


270 


18 4 30 A 


B 12 


18 


112 


48 


3 12 


240 


16 




19 


285 


19 4 45 A 


() 12 15 


19 


1 16 


49 


3 16 


230 


16 40 




20 


3U0 


20 3 . 


12 30 


20 


1 20 


50 


3 20 


260 


17 20 




21 


315 


2i;fi 13 ^ 


I 12 45 


21 


1 24 


51 


3 24 


270 


IB 




aa 


330 


22 


3 30 . 


2 13 


22 


1 28 


52 


3 28 


2B0 


IS 40 




23 


345 


23 


5 45 . 


3 13 13 


•I'i 


1 32 


53 


3 32 


■290 


19 20 




24 


360 


24 


6 5 


4 13 30 


24 


1 36 


54. 


3 36 


j300 20 








25 


6 15 , 


3 13 45 


33 


1 40 


35 


3 40 


310,20 40 








26 


6 30 . 


6 14 


26 


1 44 


5G 


3 44 


320 21 28 








27 


6 45 , 


7 14 13 


27 


1 48 


37 


3 48 


330 22 








26 


7 .. 


S 14 30 


aa 


1 52 


58 


3 52 340 22 40] 








29 


7 1.^ . 


9 14 45 


■^9 


1 56 


59 


3 56 350 23 20 








30 


7 30 ( 


>n 15 


30 


2 


l(JO 


4 360 24 0] 
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MISCELLANEOUS ASTRONOMICAL PROBLEMS. 



• « 



1. In what latitude north, will the shortest day be 
just 4- of the longest ? , Ans, Lat. 41° 23' T\ 

2. At what time of the day, in the month of May, 
when the sun's declination is 20° 16' 32% will the 
shadow of a perpendicular object be just equal to its 
length? Ans. 9*^ 13' IfiT'A.M* 

3. In what latitude, on the first of June, will the 
sun's altitude, when 4ue east, be double his altitude 
at 6 o'clock ? Ans. Lat. 49° 6' s. 

4. At what time in the afternoon^ on the 9th of 
June, i$ the siin's altitude exactly the same in the la- 
titudes of 5(f and 60° north ? Ans. 4^ 49' 1 1" p. m, 

5. On the 24th of May, in latitude 50° 12' n. res. 
quired the time it will take for th^ body of the sun to 
rise out of the horizon. Ans. 3' 58'> 

6. On July 1st 1792, in latitude 57'' B'u. and lon»- 
gitude 2° 8' w. the stars Vega and Altj^r were observed 
on the same vertical circle, at itf* 9' per watch ; re- 
quired the apparent time of observ^ttion, ^d t^q^rror 
of the watch. 

Ans. Apparent time 10*^ 8' 14", watch too fast 46\ 

7. On October 25th 1792, in longitude 21° e. by 
account, the interval in mean time, between the rising 
of Aldebaran and Rigel was 3^ 1 7' 30" j required the 
apparex^t tiqie pf the rising pf Aldebaran. 

Ans. 6^ 36' 4\ 

8. On July 4th 1804, in latitude 3S^. 48' s. and 
longitude 23^ 26' e. the mean times per w^tch^i of 



26^ 

several equal altitudes of Altair, were 8^ 21' 15"^. and 
14^* Si' 41^^^; required the error of the watch for 
apparent time. Ans, Watch too fast 5S'\ 

9. On the 13th of December 1804, in latitude 
37^ 46' N. longitude 21° 15' e. a certai;i phsenomenon 
was observed at the same instant that the altitude of 
Arcturus, when east of the meridian, wa^ foimd to be 
S4^ 6'^ ; required the apparent time of obsa'vation, 
the hdght of the eye being 10 feet 

Ane. Apparent time 16^ 93' 34% 

la On Febniity 14th 1792, in latitude 43"* $6' K, 
and longitude 54° 16' w. the altitude of Jupiter, at 
12** 23' 5" per watch, was found to be 16"" 9'.7 ; re? 
quired the error of the watch ^ the height of the eye 
i)eing 14 feet. Ans. Watch exact 

' 1 1. In latitudfe 51^ St n. having fpund the azimuth 
of an object to be s. 48° 10' e. ; it is required to find 
^e error in the apparent time of observation, corre-r 
sponding to a supposed error of 10' in the altitvide. 

Ans. 1' 26% 

12. In latitude 54° 42' by account, having found 
the azimuth of an object to be 26° 17'; it is required 
to find the error in the apparent time^- answering to a 
supposed error of 10' in the latitude. Ans. 2' 20'". 

13. At 9^ 51' 58" A. M. per watch, the cbrrect alti- 
tude of the sun*s centre was 21° 11', at iO** 48' 54*' 
it was 24° 40', and at 1 1^ 29' 42'' it was 26^ ; required 
the apparent time when the greatest altitude was ob- 
served, and the error of the watch. 

Ans. Apparent time 1 1^ 29' 16''; watch too fast 26*. 
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14. On November 21 St 1792, at 10 hours, reduced 
time, the true distance between u Ononis and the 
moon's centre was found to be 105° 26' 14'" ; from 
which it is required to find the moon's longitude* 

Ans. 11^ 10° 5' 50". 

15. On December SOth 1792, the moon's eastw\ 
limb was observed to pass the meridian at 13** 53' 33''.8; 
from whence it is required to find the longitude of th^ 
place of observation. An§. 78^ 13' £, 

16. On Nov. 13th 1804, in latitude 45° 35' 25" N, 
and longitude by account 20° w. the meridian altitude 
of the moon's lower limb was found to be 48° S3' 40"; 
required the longitude of the place of observation, the 
he^ht of the eye being 15 feet. Ans. 19° 45' w. 

* 

, 17. On October 2d 1800, the beginnmg of a lunar 
eclipse was observed at 6*" l'^ p. m. per watch, and the 
end at 12*^ 52' p. m. ; required the longitude of the 
place of. observation, the watch, for apparent time, 
bemg 13'+ too slow. Ans. 41° 30' w. 

18. Required the ahitude and longitude of the no- 
nagesimal degree, in ladtude 57^ 8'.9 n. and longi- 
tude m time 8' .40" w. on November 26th 1787, at 
ll*' 18' 8" apparent time. 

. Ans. Altitude- 53° 22', longitude 65° 24'4.. 

19. On June 3d 1788, in latitude ^7^9' n. and 
kmgitude by account 8' 82" in time, the beginning 
of a solar eclipse was observed at 19^ 33' 19" apparent 
time, and the end at 20^ 49' 29" ; required the Ion* 
gitude of the place of observation, Ans, 2® 9' w. 
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20. On November 26th 1787, in latitude 57^ 9^ n. 
longitude by account 8^ 32'" w. in time, the immeraon 
of 17 n , in an occultation of that star by the moon, was 
observed at 11° 18' 8'' apparent time, and the emeiw 
fiion at 12® 28' 12''; req^uired the longitude of the 
place of observation. Ans« Long, in time Y' 25"^- w. 

21. On December 9th 1803, an emersion of the 

• . ■ • - _ ' • * 

first satellite of Jupiter was observed at 16** 58'^ 35*^ 
per watch, which vras 3' 58" too slow for apparent 
time } required the longitude of the place of obfier^ 
vation. Ahs. 12? 35^ w, 

22. On November 6th 1804, in longitude 158® w; 
the meridian aldtude of the sim*s lower limb was 
87® 37' N. ; required the latitude of the place, the 
height of the eye being 12 feet. Ans. 18® 19^1^ s» 

* 

23. On December 25th 1804, the meridian altitude 
of Saturn was found to be 68® 42* n. ; required the 
latitude of the place, the height of the eye bebg 15 
feet. Ans. 25® 1 i' si 

24. On December 14th 1804, in longitude 30^ w;. 
the meridian altitude of the moon's lower limb wat 

found to be 81® 15' N. ; required the latitude of the 

.•• ■ • * 

place, the height of the eye bang 16 feet. 

Ans. 15° 17' n. 

4 

25. In north latitude, at 11^ 10' and at 12** 40" per. 
watch, the altitude of the sun-s lower limb was &e 
same, which, being corrected, was 26° 55\ and his 
declination was 5? 17' s. ; required the latitude of the 
place. ^VLS. 57®9'w;<^ 
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26. At 9* 23 20"' A. M. appsurent time; the triler aU 
titude of the sun's centre was 34^ 29\ and at 1 1^ 9' 32"^ 
it was 42^ 19^ ; required the latitude and declination. 

Ans. Lat. 5T 7'n. Dec. lO'' 27' n; 

27* On June 4th 1804, in latitude by account B/n. 
at 10^ 29^ in the forenoon, per watch, the correct alf 
titude of the sun's centre was 63^ 24^, and at 12^ SV 
it was 74^ 8^ i required the true latitude. 

Ans. 36''57'n^ 

28. On January I st 1 805, in north latitude, the true 
^tude of Capella was 69^ 23"^, and, at the same in- 
stanty the true altitude of Siriu^ was 16^ 19^ ; require4 
the true latitude. Ans. 57^ 8- u. 

. 29, On the 12th of December 1804, being in 
porth latitude, and in longitude 24^ w. by account, at 
5^ 24^ p. M. pi^r ws^h, the altitude of the rnoon'^ 
Jower limb was 41*" 33", ax^ at 7*" 12" it was 52"" 56'; 
f equired the true latitude pf the place, the height of 
the eye being 2Q feet. Ans. 48** 52'* 

. SO. On the 15th of May 1804, inlatittuie 33"* IO'n. 
l^d longitude 18^ w. about 5 o^clopH a. 14. the sun was 
pbsery^d to risQ e. by n* } required the variation of 
the compass. Ans. 1 1° 26' w. 

31. On November 19th 1806, in latitude 50'' 22' n. 
and loi^tude 24^ 30' w. about three quarters past 
8 o'clock A. M. the altitude of the sun's lower ltm)i 
was 8^ 10', and his bearing per compass s. 21^ 18' £• ; 
reqmred the variation, the height of the eye bmg SO 
jFeet Ans. 24'' 12' w. 
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32. On August 19th 1813, in latitude ^l"^ 46' k* 
longitude 1 44° 20' w. it 9^ 1 3' 44"" a. m. apparent time, 
the magnetic azimuth of the sun's centre was s. 80° 20'w. 
required the variation. Ans. 16° 42' e. 

S3. On August 26th 1809, in the forenoon, the 
8un*s magnetic azimuth was s. 22° 41' £. and his cor» 
rect central altitude 33° 14'; and some'time afterwardsi 
the magnetic azimuth was s. 14° 53' w. and the tru^ 
altitude 42° 36' ; required the latitude and variation. 

Ans. Lat. 57*" 8'^ n. variation 29"^ 31' w. 

34. What is the latitude and lon^tude of a star, its 
right ascension being 16^ 14', its declination 25^ 51'n., 
and the obliquity of the ecliptic 23° 28'* 

Ans. Lat 46° 6'^ n. Longitude 234* 36', 

35. In latitude 20® n. the gnomon of an horizontal 
dial being perpendicular to the plane of the horizon, 
it is required to find at what hour in the afternoon, on 
the longest day^ the- shadow of the gnomon will stand 
still, and how many degrees it will run back. 

Ans. Standsitillat 2^ 12' 8^^^ and nms back 13*" 32*, 

36., At London, oil the lOth of December 178t>, at 
xfhzt time of the night will the stars Aldebaran land 
Rigel be on the same azimuth circle ? 

Ans. 9^ 32' 23'- evening, 
S7« At what time in the evening will the stais Betel* 
guese and Pollux be upon the same almacanter, or 
have one common altitude above the horizon of Lon- 
don, on the lOdi of December 1780? 

Ans. 9^ 12' 34^ 



se? 

38. Being at sea, in an unknown latitude, I ol> 
served the star Schedar in Cassiopdb, and Almaach in 
Andromeda, to have the same ai:imuth, when the alti- 
tude of Schedar was 37^ 15' j required the latitude of 
the place. Ans. 50*^44'. 

39. Being at sea, in an unknown place, the star 
Aldebaran was observed to rifee 3** 15' later than the 
l)right star in Aries ; recjuirqd the latitude of the pJace. 

Ans. 54° 38', 

40. The altitude of Hydra's heart was observed 
to be 40° 44', and of the Lion's heart 45° j required 
the latitude of the place of observation, 

Ans. S?"" le' N. 

41. Some time in the month of May 1780, at a place 
tn the Western ocean, the sun*s meridian altitude was 
observed to be 62°, and 1^ 48' 14" after it was found 
to be 54° 30' ; required the day of the month and the 
latitude of the place. 

Ans. 19th May, latitude 48° O' IS"" n; 

42. Some time in July, in n. latitude, the sun was 
observed to rise at 4** 24' 36" a. m. and his altitude, at 
noon, in the same place, was 62° ; required the day 
pf the month and the latitude of the place. 

Atts. July 23d, latitude 48° O' 10" n. 

43. At some place in the Western ocean, in the 
month of May, the sun's altitude, at 6** a. m. tvas 
14° 43'i, and at ^ 8' 11'' it was 36°; required the 
latitude of the place, and the day of the month. 

Ans. Latitude 48° N. May 19th. 

44. At a place in the Western ocean^ the sun was 

1 
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ictosetved, at rising, to be 59^ 15' 40" from tiie true 
liorth point of the horizon, and his altitude at 6^ a. m. 
was 14^ 43' i i required the latitude and declination. 

Ans. Latitude 48^ n. Declination 20^ 

45. A.t a place in the Western ocean, some time h 
May 1763, the altitude of the sun's centre, at 8^ 8' 1 T 
A. M. was 36°, and ^ 9^ 10' 51'' it w<?is 46° ; required 
the latitude and declination. 

Ans. Latitude 48° N, Declination 1 9° 59'. 

46r Some time in July 1763, three descending alti- 
tudes of the sun were fpund tQ be 54°^, 46°, md 36% 
and the intervals of time between them 60' 35^^ and 
jS2' 40"; required the times when the observations 
were made, the Iqititude of the place, and the sun'^ 
declination, Ans^ Time 2d obser, 2^ 48' 59": 

Time Sd obsen 3** 51' 39% 

47. It is required to find the declination of a pl^ne, 
upon which the sun, on June lOth, injatitude 51° 32'iii. 
will continue 9^ 50', Ans. 60° 31'. 

48. To determine the latitude of the place, where 
the shadow of the gnomon, on an horizont^ dial, wil) 
move, between 3 and 4 p'clock, with the greatest ve^ 
locity possible. Ans. Latitude 49° 28' 4Sl^ 

49. It is required to find the greatest error of an 
horizontal dial, made for a plfice in latitude 51° 32'n. 
but placed in latitude 54°. Ans. 4' 27", 

50. It. is required tb find, in latitude 66° n. when 
the continuance of the morning and evening twilight 
i§ just equal to the length of the day. 

Ans. January 28th and Nov^]^er 12th^ 
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51. In wRat latitude, on the 2ist of Juhe, ^lU 
the sun be due east, when he has run half his course^ 
between the time of his rising and noon, 

Aiis. Latitude 64° SS' 48'' n. 

52. At what time, oh the 10th of June, inlatitttde 
J 2° so' N. will the sun's azimuth be the gresltest posi' 
sible ? AnV. 8^ 5^ a. m. or 3^ S5^ p. m-/ 

53. In what points, of the ecliptic, between random, 
does the sun*s longitude exceed his right Ascension the 
greatest possible ? Ans. In IG^' 14' 16" of Taurus. 

54. On what day of the year, in latitude 51° 32' n.^ 
does the sun's azimuth increase thtg most possible in ?. 

hours after rising ? ^ Ans. Nov. 1 9th or Jan. 22d* 

• 

^5. On what day of the year, in latitude 51° 32' n. 
does the length of the afternoon exceed that of the 
forenoon the most possible, reckoning the day to begia 
at sun-rise and to end at sun-set ? 

Ans. 1 9th April, wh^ sun's long. i& 29° 32'. 

56. It is required to find what star of the second 
magnitude was nearest the north pole at the time of 
the Creation, supposing it to be 57 1 6 years since, and 
what was its distance ? 

Ans. oc Draconis, dist. 6° 43' 10". 

57. Suppose a staff, in latitude 51° 32^ n. to stand 
inclined to the s. w. point of the horizon, in an angle 
of 55^^ at what time of the day, on April IQth, will 
the length of its shadow be a minimum ? 

Ans. l^ 25'^. 
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S8. A person ha§ an horizontal dial, made for the 
latitude of 51° S2' n. how must he set it to go true in 
latitude 53"^ 15' n» Ans. Directly n, and s. inclining 

SS"" 17' from the zenidi. 

^9. At what time on the 21$t of June, in latitude 
67^ N. will the velocity of the shadow of th^ summit 
of an erect object be the greatest possible on an hori- 
zontal plane, abstracting from the e£Fect of refraction ? 

Ans. When the sun's' altitude is 36' 58^ 

60. Supposing the earth to be a spheroid> it is re- 
quired to determine a place on its surfece, where a 
degree of the meridian shall be just equal to a degree 
of the equator, the ratio of the polar axis to the equa* 
tonal diameter being as 229 to 230. 

Ans. From lat. 54"^ 17' 38" to lat. 55^ 17' 38^ 

61. Required the place of the moon in latitude and 
longitude, when the distance of her <:entre and ascend- 
ing node from the north pole are each the least that 
can possibly happen at the same time, the inclination 
of the lunar orbit to the ecliptic being 5^ 

Ans. Lat. 58'' 56\ long. 101° 18' 4". 
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O^ THE SIGNS OF 
TRIGONOMETRICAL QUANTITIES. 

As no account has been given, in the former part of 
this work, of the change of signs which the various 
trigonometrical lines are liable to undergo, according 
to the magnitude of the arc to which they belong, it 
will be here proper to enter into some explanation of 
this part of the subject, which requires to be particu- 
larly attended to in many analytical investigations. 

L For this purpose, let a c b d be a circle, having 
the sines, tangents, &c. represented as in the figure ; 
and suppose one of the extremities a, of an arc a m to 
remain fixed, while the other extremity m passes suc- 
cessively over the circumference of the circle, from a 
through c, B, D to a again^ 

c 




Then as the sine m p continually recedes from a, till 
the point m arrives at b, and afterwards approaches to- 
wards a, on the other side of the diameter ab, till it 
is united with it again, it is plain that the sines of all 
arcs, in the first semicircle a c b, are affirmative or -f-> 
and that the sines of all arcs, in the second semicircle 
BDA, are negative, or — . 

It is also evident, that the sine m p increases from o 
during the 1st quadrant ac» till, at the end of it, it be- 
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tomes equal to radius; and that it decreases during 
the 2d quadrant cb, till it again becomes o. After 
this, it passes to the other side of the diameter, and 
increases negatively during the M quadrant bd^ fill it 
becomes equal to — radius ; arid fhen d^dreaseS nega- 
tively during the 4th quadrant d A, till it becbfries 6, 

as before. 

* 

It appears, likewise, from ah inspection of the figure, 
that the sine m p increases fastef in the first part a m, 
of the quadrant a c, than when it approaches near thd 
€nd of it at c ; and, on the contrary, that it decreases 
more slowly in the first part c m' of the 2d qiiadranf 
c B, than when It arrives near the end of it at b ; owitfg 
to the convexity of the circle being more 6r less fi- 
vcnif able to this variation. 

2. In like manner, the cosine op, being feferired to 
the centre o, m\l become negative as often as it passes 
that, point ; and as this takes place both when the arc 
AM becofties greater thari ac, and when, by its further 
increase, it is greater than acbd, it is evident that the 
cosines of all arcs in the 1st and 4th quadrants ac, da 
will be positive, or + j and that the cosines of all arcs 
in the 2d an j 3d quadrants c b, b d will be negative, 
cr — . 

It is also plain, that the cosine op isf equal to ra^ 
dius when the arc a m is o^ and that it continually 
decreases during the 1st quadrant ac, till, at the end 
of it, it is o. After this, it increases negatively during 
the 2d quadrant cb, at the end of which it is equal to 
— radius. It then decreases negatively during the 3d 
quadrant b d, at the end of which it is o ^ and in the 
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4th quadraat da, it agaia l^ecomes positive, and in- 
creases till it is equal to radius, as before* 

And since the cosine of the arc am is i^ual to the 
dne of its complement m c, it follows, reversedly, from 
what has been said respecting the variadon of the sines, 
that the cosine op increases slower in the first part am 
of the quadrant a c, than when it approaches near the 
jend of it, at c ; and, on the contrary, that it decreases 
£ister in the first part c m'' of the 2d quadrant c b, than 
when it arrives near the end of it, at b. . 

3. The tangent at becomes negadve as often as it 
meets the radius o m produced,, on the opposite side of 
the point a, or dianjeter ab, from that in wluch it is first 
drawn } and as this takes pl^e both when the arc am 
becomes greater than ac, and when, by its further in- 
crease, >it is greater than a c b d, it folbws that the 
langaits of all arcs in the 1st and Sd quadrants ac, bd 
are posidve, or +, and that the tangents of all arcs in 
the 2d and 4th quadrant^ cb, da are negadve, or. —i, 
' In the 1st quadrant a c, the t^gent a t ioicreases 
from o till it becomes infinite, or greaterthan smy given 
line ; and during the 2d quadrant cb, it decreases, ne- 
gatively, from an infinite quandty to o. After this, it 
is again affirmative in the Sd quadrant bd, and increases 
from o to infinity, as in the 1st quadrant ^ and in the 
4th quadrant da, it decreases from an infinite negadve 
to o, as in the 2d quadrant. 

It is alsQ'apparept, from the nature of the figure, 
that the tang^t a t increases more slowly about the 
middle of the quadrant a c than in any other part of 
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it i and tliat k augments -with great rapidity a^ the point 
M approaches hear c ; having no Umit to its increase^ 
^ the dine has, but admitting of all possible degrees 
of magnitude, from o to infinity. 

4. Again, as the cotangent o s is computed from the 
point c, in the same manner as the tangent at is com- 
puted from A, it will evidently vary in its direction and 
length like the latter, being -f in the Ist and 3d qtia- 
drants ac^ bd, and — ki the 2d and 4th cb, da. la 
the 1st quadrant ac, it decreases from infinity Co o; 
and in the 2d quadrant cb, it increases negatively 
from o to infinity. After this, it becplnes affrmadve 
in the 3d quadrant b d, and decreases from ii^nity to 
a ; and in the 4th quadrant i> a, it increases negstivelj 
from ^ to infinity, as in the 2d quadrant* 

5. The secant becoming -^ as often as the ir^elviiig 
radius om passes the centre o, changes its sign like the 
cosine, being + in the 1st and 4tb quadrants a c, da 
and -^ in the 2d and 3d c b, bdI In the 1st qnadnmc 
a c it increases from radius to infinity ; and in the 2d 
quadrant c b, it decreases negatively, from to infinite 
quantity to radius. After this^ it increases Negatively 
in the Sd quadrant bd frotn radius to infinity ; and it 
the 4th quadrant d a it is again affirmative, and de> 
creases from infinity to radius, as in the Ist quadrant.. 

6. In like manner, it may be shown ' that the co- 
secant oT changes its sign with the sine, being ^ in 
dbe 1st and 2d quadrants ac, c b, suld rr- in the Sdand 
4th DB, DA. In the Ist quadrant a c, it <lecreases from 
infinity to radius, and in the 2d quadrant cb, it in- 
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d^eases from radius to infinity* After this^ it decreases 
aegativdy in the 8d quadrant b d, from infinity to rat 
dius ; and in the 4th quadrant o a^ it again increa^ses 
negatively till it becomes infinite. 

7. The versed sine a p increases from o during the 
1st semicircle acb, till it becomes equal to the diame- 
ter A B, ivhich is its utmost limit. It then decreases 
during the 2d semicircle boa, till it becomes o ; but 
being always computed in the same direction, £rom a 
tow^ds B, it is positive, or +, in every part ofrthe cir- 
cumference. The same also takes place with respect 
to the chords am, mm, &c» each of them being com- 
mon to two arcs, which are, together, equal to th^ 
whole cir<^le. 

8. It may, also, be further observed, that aU .these 
lines change their directions as often as they become 
dither infinite or nothing. When they become infinite^ 
their increase is at its utmost limit ; after which they 
take a contrary direction, and decrease. Whep. they 
become o, their decrease is at its utmost limit ; after 
which they again increase in-a contiary direction ; thus 
changing their algebraic signs whenever they pa» 
through a state of infinity or a state of nothingnesss^ 

- 9. These changes in the signs of the several trigo- 
nometrical lines may be commodiously exhitiitedt at 
one vieif , as in the following table : 

l«tquad. adqoad. Sdqnad. 4^qjaaA. 

Sin and cosec + + ~ ~ 

Cos and sec 4- — — + 

Tan and cot -f * -* 4* "" 

T 2 
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16. The value of these lines, at the teraiiiiatiofi ef 
each quadrant of the circle, may also be exbibhed of 
Z similar manner, as be?ow 
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IL Bedde these, it is common, in many analytical 
processes, to employ. Indifferently, arcs of all magni- 
tud^, whether negative or positive, or greater or less 
than 360^ ; in which cases their sines, cosined, &c. may 
be derived from the above figure, in nearly the same 
way with the former. 

Thus, if to any arc a m, there be added one or more 
circumferences of the circle, it is evident that they will 
terminate again exactly in the point m, and that the arc, 
to augmented, will fa&ve the same posidve ot negative 
sine, cosine, &c. with the arc a m. Whence, if c de- 
note ah entire circumference, or 360^, we'shall have 
Sina? = sin(c+af) = art(2c+.t) = sin(3c+jp) &g 

And the same wiit take place with respect to the co« 
sine, tangent, &c. 

' ' IS. Also; if two equal arcs, am, Am be taken in 
opposite directions on the circumference of the circle 
aCbd, one being considered as positive, and the other 
as negative, their sines, in this case, will be equal, but 
affected with contrary agns, while the cosines will be 
the same for eSch. Whence 
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Ski (-^a) = r-sin fl; cc^ (—a) = 4. cos a 

Tan (— «5 = — tan a ; cot (—a) = — cot a 

Sec (—a) = + «ec « ; co^« (— «) — — cosec a (c) 

IS. Also, if 71- be 'made to denote the semidrcum- 

ference of a circle, the radios of Which 16 r, and n be o, 

or aay whole number, the abo^re table may be rendered 

general for an arc of any magnitude whatever. Thus, 
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And an a = sin (s?- — a) = sin (2 ^r — a) = sin 
(3 w — a) &0 

14. It is likewise evident, from what has been said, 
th^t if ^ angle trigonometrical line only be given, it 
can always be placed in two different ^itarters of the 
circle, witb its proper sign; but if two of diese lines 
be given, which are not the reciprocals of each other, 
there will be only <me quadrant in which both their 
signs will agree^ 

Thus, if the tangent of any arc or angle be expressed 



(c) IfsGCP^a be substituted instead of — a, in any expression 
of this kind^ it will only be necessary to consider such arcs as are 
fositii^. 
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by the form -^, th^ numerator a may be cohadercd as 

rq>resenting a sine, and the denominator h a cosine ; 
and the union of the two signs determines the quadrant 
in which the arc or angle must be placed : as, for in* 

stance, -^ belongs to the 1st quadrant, ~-^ to the ad 

quadrant, ^-, to the Sd quadrant, and ^f to the 4th 

quadrant. 

15. In addition to th^e observations, it may also be 
rem^ked, that the sine, tangent, &c. of any arc being 
of the same magnitude as the cosine, cotangent, &c. of 
its complement, and vice versa, the values of these lines 
may be expressed in terms of each other, as follows : 

Sin a = cos (90°— a), cos a = sin (90°— a), &c. 

1 6. Moreover, as the sine, cosine, ^c. of atiy are, 
is of the same magnitude as the sine, cosine, &c. of its 
supplement, the same lines may be expressed, in a 
similar manner, with their proper signs, thus : 

Sin a = sin (180°— a), cos afc=— cos (180°— a), &c 
17- Or, by substituting 90°— a for a, in each of the 
latter forms, it will appear that the sine, cosine, &c. of 
any arc or angle below 90°, is equal to the sine, cosine, 
&c; of an arc or angle as much above 90° as the other 
is less. Thus, 

Sin (90°— o) = sin (90°+ a), cos (90^— a) =: — 
cos (90°+ a), &c. 

In each of these forms, however, regard must be had 
to the change of signs, when the arc or angle a is 
greater than 90°, which may be easily done : for since 



COS a = dn(90^— a), it is plain, that knowing how Uf 
value ffie sine in all possible cases, we shall be able to 
vdue the cosine, and thence all the rest of the trigo^^ 
nometrlcal lines^ 

OF TRIGONOMETRICAL FORMUL-flE, 

I8f From the figure above given, it wiH be easy, by 
means of right-angled and similar triangki?, to deduce 
the following formula^, for the sine, cosine, tangent, 
&c. of any arc or angle in terms of the rest. Thus, 

iv» . r cos a cos a tan 4 ^ ^^ ^ 

Om a =? V r*— cos»tf = ' - = ■ — = "7 ^. ■ ir- 

cota r vr^-ftan*a 

»r* r* rtana cosaaeca 



^r*4-cpt^a cpsec a sec« cosec a 



. . tan fl cot g ri/scc*^— r^ 

icosec a ,sec a 

^ r sin a sin a cot a r cot a ^ 

Cfl6« = ^'r'-.itfa = 1^7 = — T- = T^T^a 

r' r^ r cot a sip a cosec a 



V^r'-ftan'a »ec a cosec « 8ec«t' 

^^ tan g cot a fV cosep*<i — r* 

sec a • .oaseca 

rri ^* r sin a r' cos a r sin a 

Tan a = = = -^^ i— = — - 

cota cps^ sin fl cot* A V^r*— s^*a 

r^r*— cos'g rsgca cos aseca 

cos a "^ y -• — ^pggp^ •*• cot a 

sin a cosec a r^ 



Cota = 



cota v'qosec^o— r* 

r* rcosa r^sina fcdsa 



tan A sin a 00s a tan* a \/r*— cos*b 

r\/r*— sin* fl , rcoseca cosaseca 

: =: V cosec*a— r"= = — ; *- 

sin a sec a tana 



. Sin a cosec a __^ 



r* 



■■'■■ ■ a«n> * ■■■-*■ ■' ■ ■■• 

tan 4} y sec*tt— r* 
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^ ^ M, ■ ,.. r* rtane cot a tan a 
Sec tt = Vr*+tan*a = — :- = — : = 



cos a , sin a qos a 



yi/r*4-cot*a r^ rcoseca tan^coseca 

cot a * sin a cot a cot a r 



sm a cosec a r cosec a 



cos a > ^ cosec* a — r* 

^ , ^ r* r cot a tan a cot a 

C6sec a = i/r*+cot*a = -. = = : 

^ sm a cos a sin a 



ry'r^-ftan'a r? rseca cosaseca 

tan a cos a tan a tan a sin a 

cotaseca^^ rseca 

^ ^sec'a— I* 

1 9. The versed sines and chords, being seldom used, 
are onutted in the above table; but if, in any case, they 
should be wanted, they may be readily expressed in 
terms of the rest, by substituting the particular values, 
of them, given below, in any of those forms. 

Vers a = r — cos «, covers a =: r — sin a, supvers' a 
= r + cos a. 

Ch a = \/2r (r— cosa), COch a = V^ar (r— sina), 
Supch a = i/2r (r-f cosa). 

In all of which forms regard must be had to the 
change of signs, when arc a is greater than 90®. 

Having thus exhibited the various expressions of the 
sine, tangent, &c.^ of a single arc, it will now be pro- 
per to show the method of obtaining the sine and co- 
sine of the sum and difference of any two arcs, upon 
which the greater part of the most useful properties, both 
of these and the other trigonometrical lines, entirely 
depend. 

20. For this purpose, let a b, the greater of two pro- 
posed arcs, be denoted by a, and bc, the less, by b: 
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also, make bd equal to b c ; and having joined cd, ob, 

let fall the perpendiculars c g, 772 n, bf, Dfi, and draw 

mH, 2>K parallel to the radius oa. 

c 




G '^r fi 
Then, because the chord cd is bisected in tw, hc 

will be equal to hk, or m r, and Dr to rvi : also, mn 

is equal to on, or o£, and mn toon. 

And since cmo, um n are right angles, if the angle 
Hmo, which is common, be taken away, the remain- 
ing angle cmH will be equal to omn, or obf. 

Hence, the triangles c h m, onm^ and o f b being 
similar, we shall have 

{•^ r sin a cos h 
OB : om :: bf : mn\ \mn = 
11 sin I cos a 
OB : OF :: cm : hcJ I hc = — ■ 

fiut mn + H c = GH + HC = CG, which is the sine 
of AC, orof a+i; and mw— hc = gh — hk = kg 
= DE, which is the sine of a d, or oi a—b. Whence 

^. , , 7 X sin a cos I 4- sin b cos a 

Sm (a+fc) = ^ — r 



Sin (a—b) = 



sin a cos h — sin b cos a 



Again 

r -^ r cosa cos b 

1 OB : OF :: om : on low = 

< M ■ '• * 

I 11 sin a sm 9 
I OB : BF :: cm :mH\ |7aih= • 
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* 

But o« — WH =s on — GTi = OG, which is the CO* 
sine of a c, or of a 4- ^ ; and on + mn = on + ^^ 
= on + WE =tr oE, which isthe cosine of AD^x>r oi 
a^b. Whence, also 

Cos(a+A; = 

^ y. > > cos a cos ^4 sin a sin ^ 

Cos (a— 6) = 1 Q. E. !• 

2 1 • From these expressions for the sine and cosine of 
the sum and diflFerence of any two arcs, and the values 
of the simple arcs, given in the preceding table, the 
formulae for their tangents, cotangents, &c. may be 
readily obtained ; and, when properly classed, are as 
follows : 

Tan (gfo) = -~^=,— - / 

\ — / r*-4-tanatan^ 

Cot \^a±b) = -—7-^ 1 — 

^ — ' cot + cot a 

o • , f \ ♦'see a sec ^ 

Sec (a+6) = -r=n : — i 

^ — '' r*4-tanatan* 
m^ / • y \ cosec a cosec b 

Cosec ( fl -f 6) = - — — — - 

^ — ' cot ^ + cot a 
e • / , 7 \ sin fl cos ^ + sin ^ cos « 

5m (a+6) = ' ^ 

r> f ■ 7 \ COS «c cos & + sin a sin ^ 

Cos (G+.6J! = 

^t f , 7 N ch a fiupch ^ + ch ^ supch a 

Vers (a^-li) = ^('"^i^ ^ j /^ ± sin^ ^- cos^ a)' 

22. Hencfe, if tt be made to represent the senucir- 
cumference of a circle, as before, and ^ tt, tt, 4 7r, &c. 
be substituted for o, and a ^x b^ in the expressions 
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•above given, for the sine and cosine of the sum and 
difference of any two arcs, we shall have 



Sin (+*7r+a) = -+• cos a 
Cos (4- TT+a) = — sin a 
Sin (^r-J- a) = — sin a 
Cos ( TT -|- a ) = — cos a 
Sin (4 ic^a) = — cos a 
Cos (A ir-^rci) = 4- sin a 
Sin (2 ^+a) :;= + sin a 



Sin (vfTT— a) = + co8a 
Cos (-J-TT— a) =: 4- sin tf 
Sin ^TT — a) = + sin a 
Cos ^ir -^ a^ = — cos a 
Sin (iTT— a) = — cos a 
Cos (f ic^u) = -^ sin a 
Sin (2 ^— a) = — sin a 



Cos (2 'jt'\'a) = 4" cos a | Cos (2 'n-^-a) = + cos « 

23, Or, if n be zero, or any whole number what- 
ever, the same fortnulae may be rendered more gene- 
ral, as follows : 



Sin 

Cos 



Sin 



Cos 



Sin 
Cos 



Sin 



Cos 



Sin 



4n4-I 



2 

4n + l 



7r+a)=-f cos/3f 
7r+«)=— sin a 



4n+2 , V 

~- — 7r+a)=— sm a 
2 • / 



4n + 2 



2 

4n+3 



7r+a)==— COSflf 



'4w-f 1 



Sin (— — -TT— c)=+co6a 



2 

Cos(— -— TT— a)=+sin a 

'4w + 2 



Sin ^ — — ^-^0)= +sin a 



-—— 7r+^x;=+sm a 

4n + 4 



7r+a)=+sin a 



411+4 



7r-|-a)=2 4coso 



411—1 . V _ 

— — 7c±a)r=i. ^ COS a 



Cos '-^- — 7r—a)= —cos a 
Sin f --— TT— «)=:— cosa 

\ 2 • 

TT — a) = — sm a 



Cos(-.^' 



(~^7r— «)=— sm a 
Cos ( — " — TT'-a) = +COS a 



24. From tne expressions for the sine, cosine, &c. of 
the sum of two arcs^ we may also easily deduce the 
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following formulae for the sine, cosine, &c of the 
double arc, by barely taking b equal to a, and theo 
substituting the values of the lines, thus obtained, in 
terms of the i^e§t. Thus, 

_. ^ 2sioacosa 2sin^ a 7> cos* a . 2 r* tan < 

Sm 2 a = -r- = = z±i -i-— — r 

r tana cot a r*4-taira 

2r* 2r*coto 2rsina 2r*tana 



Cos 2 a = 



tana+cota r*-f cot* a sec a sec^a 

i r* cot a 
Cosec^a 
cos* a — sin* a r* — 2 sin* a 2 cos* a — r* 



r r r 

■ r(r*— tan* a) r(cot*a— r*) r(eotfl^tanc) 

r*rj-t^*ii cot*ia-|-r* cota+tana 

r(2r*— sec*fl) r (cosec* fl— 2r*) 

sec' a cosec*a 

_, ^ 2f*tana 2r* 2rco6asina 2rsihacoss 

r*— tan*a cot a— tana r*— 2sin*a 2cos*a— r* 

2 r* cot a. 2 r* tan a _^ 2 r* cot a 

cot*a— r* 2 r*— sec* a cosec*a— Sf** 

_ _ r*-i-tan*a cot*ar-r* cota— tana r(f*— 2sin*«) 

Cot 2 a = - : — -= -- — —= ;. ='7r'' ' 

2 tan a 2 cot a 2 2 sin a cos a 

r(2cos*a— r*) 2 r*— sec* a cosec* a— 2 r* 

2 sin a cos a 2 tan a 2 cot a 

^ ^ r* r* . r(cota-f-taD«) 

"Sec ^ CL ^^ = = — ^ ^ — • ■ 

2 cos* a — r* r* — 2 sin* a cot a — tan a 

-^ ''(^'^ -^ *a»* '*)_'■ (cot*a + ^^) _ r sec* a 
r*— tan*a~" "^ cot*/i — r*" 2r*— sec*fl 

r r cosec* jfl 

cosec* a — 2 r** 

:^ _ r' r* -f- tan*^ c6ta-f Jtaoa 

Cosec 2 a = --: = — = - — — r^ 

2 sin a cos a 2 tan a 2 
-r* rf cot' a ^^ rseca coseo* a ' ^' 8ec*jg ' 

2 cot a 2 sin a 2 cot a "^ 2 tan jS 
seca cosec a r cosec a -7 '^ • i - * 



' Z3. "the vens^d ^es kad chtftds of th^ doul^le arcs 
may also be expressed in terms of the rest, by substi- 
tuting the following particular valu^ pf them in any of 
the above fomis. 

»y . ^ 2 sin* a ^ . r^-»-2 shl tf cos tf^ 

Vers 2 rt = -^-- — , covers 2 a =i: , 

_ 2 cos* a 
siipvers 2 a = -- 

Ch 2 a = 2 sin a, coch 2 a =s 2 sin (45^— a), supch 
2 a 5=1 2 cos a. 

26« In like manner, if |- a be sutistituted for a, in 
each of the above expressions, for the sine, cosine, &c. 
of the^ double arc, we shall obtain th^ following for- 
mulas for the sine, cOsine, &c« of the single arc, in 
terms of the sine, cosine, &c. of the half arc. 

Q» 2 sin i a cos 4 a 2 8in*| a . 2 cps* ifl 2r* tani a 

^ r fan 1 11 cot^a r«-ftati^ia 

2r* 2r* cot^a^^2rsin^a 2r*tan^a 

*~ tan^a+cot^a r*-hcot*^a"^,sec ^ a sec* |^ 

r=: ~r'- =5 * cn 2 a. 

cosec* ^a ^ 

^ cos*ia— sin^Ja r*— 2sin*|a 2cos*|a-^r» 

^jQg fl = ± — u- = } , « .= r^^"~ 

_ r(y^— tan* jfl)_^ r(cQt*jg— r ^)jjj f(cot4a^ tanjc) 
r*+tan*ia ~" cot* J a+r* 7" cot^a+taQ|fl 
r(27^— sec^ia) r(cosec*ia--2r*) , , ^, 

sec* ^ a cosec* ^ a ^ r 

^ 2 r* tan i a 2 r^ 2rsm JAcosj a 

Ian a — j.^_^j^%^a ~ cotia-tania,""* T*-2sin«"iaf 

2 r sin ^ g cos | a 2 r* cot ^ g 2 r^ tan ^ a 

2 cos* I a— r* "" cot*^a— r* T 2r*— sec'^</ 
2 r* cot ^ g 



cosec* ^ a — 2 r*r • . 

r — ^^—^^^i^ _^.co t-|g— r- _ cot I g — tan ^ g 

*"^^ ^'~ 2tanlg "^ Ta^cotig ~ ^ 2 ' 
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"* 2sin|acos^a 2sin^0cos|a 2taa|a 



Sec a = 



coscc* i fl— 2 r* 
2 cot I a 
r* r' rfcot^'ftanja) 



2c«*4a— r^ f*— 28to*JJa cot^a— tadja 

_ rfrM-tan' | a) _ r (cot'|a-hr^) __ rsec-^ a 

~ r^— tan* ^ a ~ cot« ^ a— r« ~ 2 r*— sar \ A 
^ r coscc' ^ a 
cosec^^a— 2r^* 
^ r^ r'+tan'4a cotiii-fhui|a 

Cosec a = -^-j =- = -r-, — ^— = — ^— ^ — — 

r'^+cot'^o ^^ r sec I g ^ ooaeD^ | a __ 8ec^ ^<t 

2cot|a 2sm^a 2xot|ft. 2taD|a 

fee la cosec ^ a rcopeci^it 
, 2r 2cos^^ 

Also, 

» 2sin*4a r^ — 2 sin 4 a cos 4# 

Vers a = ^— . covers a = f—- =-, 

2 coia* i a 

^pvers a = ^— • 

Ch a=2 sin 1^ a, coch a=:2 sm (45^*—^ a), supch a 
«= 2 cos ^ a. 

27. And by finding the values of the sine, cosine, ht. 
t^ ^ a in the tnost commodious of these latter equa- 
tions, we shall obtain the sine, cosine, &c. of the half 
5«^c in terms of the sine, cosine, &c. of the whole arc. 

. Thus, 

Sin^a = |- i/r*+r sin o — |^v^f«—r sin a ==r-/ 



T ^cosa 



. sec a — r r vers a i , 

= ^ V ~ = V^ — r — = * ch «• 

O cor* ^ «> -« 



Cos|a = ^ -/r^+rsina + i-Zr^— rsina=?ri/ 



^ /*"+ COSfl 



.seca + r ^rsimvd , , 



m 

3 r -f co« a sin a r + cos a 

-leca— r .. versa 

=rv' -— =rv^- s=coseca— -cota. 

8eca*hr 2r— versa 

^ , r sin a r* -♦- r cos a ^r + cos a 

Cot ^ a = = - — ■ . =3 r i/ 

r — cos a sm a r — cos^a 

.seca+r ^2r— versa , 

=:ri/-T =rv^' = eoseca+CQt«, 

ieca— r vers a ' .- 

o 1 ^2r -2 tan a .2seca 

Sec A a = r i/-- = r i/-7 — r; — =i= r -• -; 

-* T-f-cosa- sina-i^tana . r+.seca 

ssr^/— ?1— =:r4/ — — 
. 2r— vers^ lupv a 

^ T ' 2r - .2tana .2seca 

Cosec*a=r>/ =:r>/-- -.— ssry' 

-* r— cosa tana— sma seca — r 

, 2r . 2r 



vers a 2 r— supv a 

Also, 
Vers ^ a=2 r -^ cos ^ a, covers |^a = rf— sin|^ a, 
supvers*^ a = r + cos § «. / 

Ch I A = V'2r(r-.erosJa), COch ^ a = V'2r(r— *in|fl^r 
SUpch ^ a = >/2r(r-hcos Jo). 

28. The formulae given in art. 20 for the sine, co- 
sine, &c. of the sum or difference of ^iny two arcs, alsQ 
furnish a number of other useAil expressions ; among 
which the following inay serve td change the product 
of two or more sines, cosines, &c. into their sums and 
differences, or vice versa. 

Sin a sin A = ^ r cos (a — &) — ^ r cos (a-\'t>) 

Cos a cos i =^ r cos (a^b) + ^ rcos (a+i) 

Sin a cps i = ^ r sin («-f-A) + ^ r sin (a^b) 

Sin i oosa ss^ran (a+6)— ^ r sin (a— ii). 
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Sin a an b-^ J^SiT^r^ * 

•Tan « tan 6 * l!iE^i-I^J-i^<l±i>l- 

COS (a+^) + cos (a^-aO 
-, • " , cos (a+«) + cos (a*-9J> - 

Cot a cot 6 = r* —7- .v"-^ 'v "ii\ 

cos (a«-3o) — cos (a+^) 
-— , *: , sin (« + i^) +sin(a — i&) 

Tan a cot ^ =: r' . -) T /x • -7 k 

. wn (a + c') *- sia (a — &) 

Ian ^ cot « = r .— -^ — rrr"; — = — ? — ]r\* 

sin ((1 + Z;) -f sin (a» ^) 

sin* I (a+&) — sin* ^ {fl—ti) 
Sin a sin Z^ == -^ or 

cos*^ (a ^&) — cos*!^ (a-|-i) 

cos* 1^ (a «^. i) ~ sin*^(a+i) 
Cosa cos^3= ^ :, or 

cos* ^ (a +6) — sin* f (a— i) 

29. And if in these formulas there be substituted 
i («+6) for ttj and ^ («— fc) for A, we shall obtsdn 
the following ones, which are often employed in trigo- 
nometrical computations for reducing the sum or diffe- 
rence of two factors to their product. 

Sin a -j- sin i ?= — sin 1^ («+^) cos ^ (a— i) 
Shi « — sin 6 = — sin 1^ (^— ^) cos ^ («+i) 
Cos a -f cos i = - cos |^ (a+i) cos i^ (fi-^b) 
Cos a -^ cos i = — sin |^ (a+i) sin ^ (a— i) 



r 



Tan a + tan 6 = h .- = \-.Tz£ 

Qcsa ' cosl costfcosfr 
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Tan a -— tan 6 = ,- = 4—-^ 

cos a cos & ~ cos a cos Z^ 

^ ^ , * 7 ' r cos d , f cos ^ f * siri (a-f ^) 
Cot a + cot i = — r-~ + .--. -T = ,.^ \ --V^ 

Cot a — cot 6 =s — : — -r -:--,- =..— .— .— 7- 

sina sin ^ sin asm 

Cot a + tan i = ^-" + ^*i?/- = tl^^!^) 

* sin a ' cos ^ isin a cos 

^ ^ ^ J rcosa • rsin^ r^cos(a+Z>) 

Cot a — tan fi = —-7- -r- : — ,- = , V -~ 

sin V ' cos ' sm a cos ^ 

■ . ♦ , 

To these rtiay be added the following formulas, 
which will be found applicable to some particular cases 
of spherical trigonometry, where the common rules 
would require two analogies. 

Sin a + cos i = I sm (45^+?^) cos C— - 45^) 
= - cos (45 ^-) cos (45 -) 

Sin a - cos i = I cos (45^+^) sin (^ - 45^) 

= - sm (45° —) sin (-^ - 45°) 

Co8a-sini = |sm (45°+^) sin (45°- ^) 

St -- COS (45* —) sm (45° ~). 

^^ A 1 • 81Q A tan a r in. 

SO. Also, smce — = = -— — , we shall ob- 

' cos a r cot a' 

taiHi^ by division, the following expressions, which will 
be found convenient in many logarithmic computations. 

Sino-f sin & sin i (a-f-^) cosJ_(a--^) tan | (a+b) 

8ina--sin2r cos^ (a-f-i) sin-J(a— ^) tan ^ (o—^) 

Cos a+cost cos ^ (fl«f ^)co s j {a-^b) cot | (ai-b) 

cos ^ — cos a sin J (a + ^) sin I (a— ^) tan | (a— ^•) 

U 
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Siaa-fiinZ' eotl-^c»* tx^l(a+iy 

cot a «f COS 2^ fin a— ' sin ^ r 

Sina'fsin^ cosa-fcos^ cot|(a— ^ 

cosi — cosa sina— sin^ r 

$ina— sini cos^— ^oota tini(a-^b) 

cos a 4- cos 6 ttn 44-sin ^ r 

Sin tf— sin 5 c^e-fTo sfr ^^ cot^(fl4 'ft) 

cof^-^cosa Mnd+sin^ "^ r 

Tana-ftanJ ^ cote-f dptt 8m (fl4-^) 

tana*->t^l> cet^-^cota 8in(tf— i) 

Tan a-f tan ^ tan a— tan 5 Ian a tan ^ 

cot a -f cot ^ cot *— cot fl r* 

Tana+cot b cot ^— tan a tan a cot 1^ 

cot a + tan /} cot a— tan ^ r* 

Tan a+ tan h tan a tan (a-(-i) tan («+&)> 

cot a — tan ^ r^ cot a 

Gota+cot h .cot h tan (a + i) tan (a+^> 

cot a — tan 6 r* tan ^ 

Tana— taai tanu tan (ct-^b) tan (a— fr^ 

cot a -f tan ^ r* cot a 

Cot ^— cota cot ^ tan (a— ^) ^__ tan (a— ^) 

tan ^ -f cot a r' tan ^ 

To these may also be added 

Sin (a+b) _ cos i(a-^b) ^„. ^^ .„, cos^(a-i)sin(aH^ 
sma+sin^ cos ^ (a— ^) cos ^(a-^-b) 

Sm (a^b) sin*(c4-^) . . , sin J (a- ^^) sin (a +1) 
sina— sin^ sm ^ (a — ^) sin | (a-^b) 

31» And if one of the former expressions be mul*' 
tiplied by the other, we shall obtain, after some simple 
substitutions for the two last cases, the following fbr- 
muiae for the difference of the squares of the sines, 
tangents, &c. of any two arcs. 

Sin* a — sin"* b == sin (a+i) sin {a—B) 
Cos* k — cos* a = sin (a+Zi) sin {a-^b) 



Cos* a — sui* b =i cos (a+fc) cos(a--i) 
Tan'* a — tan o = V, ' , / 

C0&* a cos* o 

. Cot' i - cot' a = !:l«Mf^ +i) «i^ (a-t) 

^« • ^ ^ ? r*cos(d— ^) 

r* + tan a tan ^ = ^^ — — 

cos a cos if 
^« -. -J. 7 r^cos(a+^) 

^\ — tan a tan i = ^^ — r^ 

4 cos a cos & 

32i Abo, if 43^ be put for o, and a for 5, in the 
formulae for the sine, tangent, &c; of the ^um and 
difference of any two arcs, we shall have, after a few 
simple substitutions and reductions, th^ following ex- 
pressions for the sine, tangent, &c. of 45^ ± i^ «> or 
45° + a. 

Sin(45»+a)^cos(45»-«) = ^i^- 

Cos(45^+c) == sin (45°-a) = ^°'^'^" 

Sitt (45°+i a) - cos (45*-ia) = ^1^^£^ 
Sin (45«»-i a) = cos (45**+^ o) =. ^ ^ ('''"'^ ') 



2 
sin a 



Tan (45*+i a) = cot (45*-^ a) = r ^^ 
Tan (45°— i a) = cot (45°+^ a) = r 4/ 



r-f>8ina 



Tan f45°4-la^ = '^^^'^""^^ = ^^^ = ^^^. 
lan v*5 -t- J a; — ^ ^ — ^^^^^^ — seca~r 



cosa 

cota 



Tan (45°— i a) = -^ ^ = ^ . ■ = r 

V 2 / cosa r+sma se 

-r /.i^ I \ r(r+tana) ,r+n 

Tan (45°+ «) = -^-^i — - == ^ ^— ^ 



+8ma seca-fr 
sin2a 

sin2a 

u 2 
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—sin 2 a 



^ ^ rAt^o ^^ _»'v>— tana) _ ^ r— si 
Taft (45 — ' a) = — = r v -— t 

^ -^ r-ftana r+si 



sin2a 



Cot (45°+ a) = ':^^£^> = ^^^> 

Cot <45°- «) = 'i^^i^^^ = r<^-^+^> 

^ ^ r— tana cota— r 

33. To these may likewise be added the formube 
given below, which have been found of considerable 
use in the computation of the common trigonometrical 

tables. 

^. , , ,x 2 cos a sin w a— r sin (fz — l) a 

Sm (n+1) a = ^^- — r— 

^ / , .X 2cosacos7ia— rco8(n — l).a 
Cos (n+ I) a = ^^ — 

Or, 

o*^ .r8in(«— 2) a+2 8i|iacos(ji— 1) a 

Sift na =: ^ ' — ■ ^ ^— 

r. 

^ r cos (h—2) a— 2 sin a sin (n— I) « / k 

Cosna = ^ ^ ^ (d) 

34f. The following expressions may also be obtained 
in nearly a similar way with the former ; but, being of 
less use in their application, they are here given sepa- 
rately. 

o. _ Sin(45^H-fl)— sin(45°— a) _ cos(45^--a)— cos(45°-fa) 

c* — Sin(30°+a)-sin(3O°-a)_cos(60°-a)—cos(60° -fa) 

Sin a-rfr!?^^i^) = tan(45°+|a)-tan(45^-^,a ) 
-"^ 7'!-ftan'(45°-Ja) tan(45°+ia)+tan(45°-ia) 



»»•! t 



{(i) rHerc, if n bfe put ac 2, 3, 4, &c. successively, we shall have 

Sin 2^ sin 0°-|- 2 sin 1° cos 1^^ 
Sin S'^rs sin 1^+ 2 sinl° cos 2° 
"Sin 4''=* sin 2°-f 2 sin 1° cos S"* &c. 
And the cosio»« of 2°, 3°, 4^, 8fc. may be expressed in a similar 
'^.mner. 
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2r' 2r' 



'~tan(45°+|a)+tan(45°-Ja) ■^cot(45°-Ja) -Hcot45°-f Ja) 
p. _2c^(45N-ja)cos'45°-^Ja)_2sin'45°-ia sin'45°+^a) 

r r 

r^ __ tan'45°+ ^a)-tan:45°--^ g) __ cot(45°-^fl >-cot 45''-f^fl> 

I ana ^2 2 ^ ^ 

Tan (45''+a) = tan (45""— a) + 2 tan 2 a = cot 

(45''+a) + 2 tan 2 a. 
Sec a = tan a + tan (45''— ^ a) = tan (45^+i ^) 

— tan a. 

35. Finally, to these may be added the equations 
given below, which, together with the t^o latter in 
the former table, have been found of great service in 
the computation of the sines, tangents, &c. of the 
common trigonometrical tables. 

Sin (SO'^+a) = cos {Q^QP—d) = cos a— sin (30°— a) 
Cos (SO^'+^z) = sin (60''— a) = cos (SO""— a) — sin a 
Sin (60^+a) = cos(30^— a) = sin(60°— a.) + sina 
Cos (eoH^) = sin (30^^— a) = cos a— cos (60"^— a) 

Tan(30-+a)=cot(60--a)= ^^^<^^--^);^(^"^- ig> 

Cot(30---a)==cot(60Ha)= ^^^^^-°-'^t'"-^> ^ 

36. (e) Having thus given a variety of the most 
simple and useful expressions for the sines, tangents, 
&c. of the sum or difference of any two arcs, it may 
not be improper to subjom the following formulas for 



*• T 



(e) These kinds of foraiulae may be, obviously, muliiplied witli- 
out end 3 but it is conceived that the collec^tion here given will be 
found to be more complete and methodical than any which has 
hitlierto appeared* 
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the arcs themselves^ ui which radius is supposed to be 
unity, or 1. 

Arc tan a: + arc tan y = arc tan - — ^^ 
Arc tan a: — arc tan y = arc tai^ ^~- 
Arc cpt 07 + arc cot y =; arc cot -?■ 



*+y 



Arc cot X — arc cot v = arc cot -^ — *- 

Arc tan a: = A arc tan -z-^ = i arc cot -^ 

Arc cot JT = ^ arc cot — ^ = i arc tan -— ^ 
Arc sec a: = arc cos - ; arc cosec x = arc sin - 
Arc vers o: = 2 arc sin >v/-r ; arc covers .r= 90° +2 arc 

^ ^f Also, 

Arc to tan ^ + arc to tan ^ = vc 45^ 
Arc to tan -f + 2 arc to tan ^ = arc 45^. 
37. It may also be remarked, that, by means of the 
formula here given, and the known values of the; 
anes of 30°, 45°, 60° and 90°, it is easy to obtain the 
values of the sines, cosines, &c. of a great variety of 
other arcs, in surd numbers; the most simple |d4 
commodious of which are thq following : 
Sin 0° = cos 90° = 

Sin 7°i = cos 82°i = ^ ^li:^-!^ 

Sin 9° = cos 81° = ^ i/3 + ^/5 — ^ Va-vs 

Sin il°^ = cos 78°^^ = ^ \^2^V2TV2 



Sims' =co»7S' =J-/in^ 

Sin 18* s;=co8 72*' =-^(— l-f>/5) 

Sin 22°^ = cos 67"^ = ^ -/a^T/i 

Sin 97° = cos 63° = -J i/5+7i — 7 -/a -Vs 

Sin 30° = cos 60° = -^ 

Sin 33°i = cos 56°+ = ^ i^2-V2^r3 

Sin 36° = cos 54° = ^ -/lo— 2^5 

Sin 37"^ = cos 52°i = I. ^±b^ll±^ 
"* * 2 2 

Sin 45° = cos 45° = ^ \/2 

Sm 52°i = cosS7*i = J vlt^^-^ 

Sin 54° = cot 36° =4 (1 + •«) 

Sin 56% = cos 8S'f = -J Va+Vi-v^ 
Sin 60° s= cos SOP = ^ VS 

Sin 63° = cos 27° = ^ -/fi+vS + -J \^3^^ 
Sin 67'i = cos 22°^ = ^ ^i+yi 



Sin 72° = cos 18° = - V'jo+2V3 

4 

Sin 75* = cos 15* = ^ ^2+^/3 

Sin 78*4 = CQS 11% = ^ ^%+\/^2+V2 



:\ 
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Sin 81° =scos9° =^ ^ ^/zTJi + ^ ^s^Vs 
Sin 82°i = cos 71 = J ^4+V2+V6 

Sin 90° = cos = r (/). 

Similar surd expressions may also be readily found 
for the tangents, secants, &c, of the same arcs, by 

r^i . ^ rsin^ rco6 

means of the equations, tan = , cot = — r— , 

* ' cos ' sm ' 

sec = — , and cosec = -r*. 
cos sm 

38. Again, if the arc h be taken equal to 2 a, 3 fl, 
4 a, &c. successively, the sine of any multiple of a sin- 
gle arc may be readily determined, by means of the 
known formula for the sine of the sum of two arcs, 
given in art. 21. 

(/) Since v^3 -f a/5 = i a/10 -f i a/2, and i/S— ^ = § 
v^ 10—^ a/3, it is plain, firom the above table, that, considering 
the v^2, \/6, and ^v/lO, as known quantities, there will be only 
four extiacjtions of the square root required to obtain the values of 
the sines and cosines of all the arcs which are multiples of g^. 

It also appears, from the ^ame table, that sin 54^— sin 18^= 
sjii 90Vsin-30'^= — , and sin 81° + rin 27** -f sin 9°= sin 45°+ 

sin 63°. Or, more generally, 

Sm (18°H-a:) -f sin (18°— x) =s 2 sin 20 cosx 
Sin (54°-f jt) 4- sin (54°— a;) = 2 sin 54° cos x 

And because sin 54°— sin 18°= ^, and cos x = sin (90°— x) 
we shall have, sin (54° 4- ar) + sin (54°— x) — sin (18° -f «) — ' 
sin (18°— x) ?= sin (90°— x) . Which formulae may serve as very 
useful checks in the calculation of trigonometrical taf)ks. . 
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(g) Thus, if fc = 2 a, and radius =? 1, we shall have 
sin ^ a = sin a cos 2 a -f sin 2 a cos a ; but sin ^ =: 



sin 2 a 



- — (art. 25), and cos 2 a := 2 cos* a — 1 ; whence 



sin 2 a 



sin a cos 2 a =- (2 cos a— 1 ) = sm 2a cos a — 

2 cos a ^ ' 

= sm 2 a cos a — sm a ; which value, bemg 

substituted in the first equation; gives 

Sin 3a = 2 cos a sin 2 a — sin a. 

And, by following the same mode of investigation, 
we shall readily obtain the sines of the arcs 4 a, 5 c, 
&c. in terms of the sines and cosines of the inferior 
arcs, as below. 

Sin a = sin a . 
Sin 2 a = 2 cos^a sin a 
Sin Sa = 2 cos a sin 2 a — sin a 
Sin 4 a = 2 cos a sin 3 « — sin 2 a 
Sin 5 a = 2 cos a sin 4 a — sin 3 a, &c. 
Which series, it is obvious, may be continued at 
pleasure, without any new calculation, by multiplying 
twice cos a by the preceding sine^ aiid then subtracting 
the next preceding sine, for the next following one. 

.« 

(g) When radius, in any trigonometrical eiQ)ression, is denoted 
by 1, instead of r, the latter symbol may be readily introduced 
into the equation^ by joining either the siiiiple letter r, or its 
powers, to such of the factors as will render them all homogeneous, 
or of the same dimensions. Thus, if radius = 1 , and 4 sin' a = 
3 sin* a— cos a +2, In which the highest term is of 3 dimensions, 
the equation, by introiiucing r, will become 4 8in'a=3r sin' a^r* 
coi a + 2 r'. ^ 
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Thus, ' 
- Sin n a := 2 cos a sin (n — 1) a r- cin (n— 2) <$ 

Or, 

Sin w a = sin (n— ^) a + 2 sin a cos (n— l) a 

Or, by substituting the values of cos a, dn 2 a, sin 

3 Oj &c. as taken in terms of the sine and cosine of the 

single arc, the same series may be ejisily vsuried, as 

follows : 

Sin a = sin a 

Sin 2 a = 2 sin a i/ i-^sin^a 

Sin 3a=:Ssin <z — 4 sin^ a 

Sin 4 a = (4 sin a -^ 8 sin' a) a/ i— gin* a 

Sin 5« = 5sina — 20 sin' a + 16 sin* a 

Sin 6 a = (jB sin a — 32 sin' a -{- 32 sin* a) >/ jUS^ 

Sin 7 a = 7 sin a T- 56 sin' a + M^ 5in*a— 64sin'a 

&c. 
Or, 

Sin a=-i/i— cos«a 

Sin 2 c=2 cos a \/ 1 —cos' a 

Sin3a=(4cos*a— 1) V'l-cos'a 

Sin 4 a=(8 cos' a— 4 cos a) i/i— cos^a 

Sin5a=(16cos^a— 12cos'^a+l) ^i— cos^ 
Sin6a=(32cos*a— S2cos'a+6cosa) >/i-cos'tf 

Sin7a=(64cos^^a— 80cos*a+24cos*a— l)-v/i-co$«fl 

&c. 

39. Hence, observing the law of the coeffidenta 
and exponents of the several terms in the above ez« 
pressions, we shall obtain the following general for- 
mulae, for the sine of any multiple of an arc, in terms 
of the sine of the simple arc. Thus, 
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Smna=n Sin a - -^j;^sm' a + ^^l'^^, ^ 

Or, 

Sin n a=n sin a — r-^i (a) $in^a — ^-—-^ (b) an'a 

Where a, b^ c, &c. are the preceding terms with 
jtheir proper sign3 ^ and if 72 be an odd number^ the 
series will terminate. 

Again, if these two formulae be divided by the ex^ 

J J I r s sin*o sm*a - 

panded value of >/r*— sin* = r — -— — -~--^ &c* 
auid then multiplied by >v/r*— sin*a, we shall have 
Smwa = 4^sina — \^ / sm'a+ • ^^'\ , ■ > 

Ir 2.3 r* ' 2.3.4.5 r* 

. n(n*— 2*) (n*— 4*) (7i»-6*) . - . «w— i 

2.3.4«5.6.7r' — 

. n — 1 1 , 

8m as i/r — sin*. 

Or, 
Smna=={-sma-— — (A)sma--~— (B)sin*4 

ly^ (c) sin' a — — ^- (d) sin' a, &c.} W'— aa*a^ 

In which case, the series will terminate when n is an 
even number. 

AncT as these formulas will be equally tme when n 

is a fractional number, if — be put in the place of tt, 

in the former, we shall have the following series for 
^e sine of any part or submuhii^ of the arc a. 



-,. ITT m . wi(m**^n*) . $ i 

n n 2 3«V* * 



soo 

f7i(twVn»)(m«-.3*nO 



2.3.4.5 n* r* 

Sm ^ a = -^sma + j;^— ^ (a) siu a + -^^^^^^- 

(b) sin* a + ^~ J-^ (c) sin* a, &c. (A)' 

40. Moreover, if we still suppose the 2xcb succes- 
sively equal to a, 2 c, 3 a, 4 a, &c. and proceed in a 
similar manner with the formula for the cosine of the 
sum of two arcs, given in art. 2 1 , we shall obtain the 
following expressions : 
Cos a = cos a 
Cos 2 a = 2 cos a cos a — 1 
Cos 3 a = 2 cos a cos 2 a — cos a 
Cos 4 « = 2 cos a cos 3 a -^ cos 2 a 
Cos 5 a = 2 cos a cos 4 a — cos 3 a, &c. 
Where it is plain, as in the former table of sines, 
that mnltiplying any cosine by 2 cos a, and then sub- 
tracting the next preceding cbsine, we shall obtain the 
next following one. Thus, 

Cos n a = 2 cos a cos (?i— 1 ) a — cos (n— 2) a. 

Or, 
Cos na = cos (?i— 2) a— 2 sin a sin (w— 1) a. 
Or, by substituting the preceding values of cos 2 a^ 
cos 3 a, &c. in each of the succeeding forms, the same 
series may be varied as follows : 



{h) The formulae here given, for the sine and cosine of any arc 
or its multiple^ are equally applicable to the chord of ihe arc, and the 
chord of ^ts supplement, using the diameter, or 2 r, instead o( r. 
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,Cos a = cos a 
Cos2a = 2Cos''rt— I 
Cos 3a = 4 cos^ a— 3 cos a 

Cos 4 a = 8 cos* a— 8 cos* a + 1 

Cos 5 a = 1 6 cos* a— 20 cos^ a +5 cos a 

' Cos 6 a — 32 cos* a— 48 cos* a+ 1 8 cos* «— 1 

. Cos 7 a =3 64 cos' a— 1 12 cos* a-^-SS cos' a— 7 cos/z, 

&c. Or, 

CbS a = i/ 1 — sm^ a 



• . ' 



Cos 2 a=l— 2 sin* a 

Cos 3 a= ( 1 —4 sin* a) V^ I— sin^ a 

Cos 4 a= 1 — 8 sin* ^ + 8 sin* a 

Cos 5 a=( 1 — 12 sin* a + 16 sin* a) -• i— gin' a 

Cos 6 a=? 1 — 18 sin* a4-48 sin* a— 32 sin* a 

Cos7a=(l — 24sin*a+80sin*a— 64sin*a)yi^sin*ii 

&c. 

41. Hence, observing the law of the coefficients and 
exponents of the several terms of the above expre^ 
sions, we shall obtain the following general formulae 
for the cosine of any multiple of an arc, , in terms of 
the cosine of the simple arc. Thus, 

Cos n a = < cos" a — ~r r cos a + -^ — r- 

n— 1 1 2^ * 2.2* 

r* cos fz ^ — -4~« — -r^ cos rt -f -^ — ;r o^oa ^-^ 

2.3.2* ' 2.3.4.2' 

r COS a,|&c. . 

Or, 

^ n — 1 2» cos^'a 2.2« cos* a . r-^;;; — ,. ■ * 
2r 3.2*(n-3)cos*a 



_ .(!^6).(n-7)r« ^ . 
4.2*(w— 4) cos*a ' 
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which scries must be continued to ^'-- terms, whdl 

ff is an odd number, and to -— - when it is; even ; but 

the same series will be equally trtc when n is any^ 
fractional number. 

42. In like manfaer, smce tan S a = - — ^ .^ 

' 1 — tanAtan2a 

(pfft. 21), and tan 2a = ^^^J^ .(art. 25), if thfe latter 

(expression be substituted in the former equation, and 
the whole be reduced to its tnost simple terms^ wd 
shall have 

r^ ^ Hand — tan^ a 

Tan S a = ■ ■ , f: * 

1 — 3tan*a 

And by following the same mode of investigation, 
we shall readily obtain the tangents of the arcs 4 a^ 
S a, &c. in terms of the tangent of the ^gle arc» as 
given below. 

Tan a =± tall et 

2 tasKt 



Tan 2a = 
Tan3a = 



Tan 4 a = 



1 — tan* a 

3 tan a — tan* ct 

1 — 3 tan* a 
4 tail a — 4 tan* a 
1—6 tan*a+tan^a 



rt-. ^ 5tana— 10 tan*(i-f tan* a a . 

1 — 10tan?a+5 tan^rt ' 

43. Hence, ako, by observing the law of the £6* 
eflicients and exponents of the above expressions, it 
will be easy to deduce the following general formula 
for the tangent of any multiple of a. Thusj tsin na^i 

. »(«-)) (n -2) , n (72-1) (71-2) (n-3)(n-4), , , 

ntaaa — ^ — ^^ \ ^ tan^a-f — -^ — r^-i-^ -'tan^a, &c. 

'g.Sr* '^ 2.3.4.5 r^ 

«(«-!) « 72(71-1) (n-2) (7t-3) ^ „ 

1 — ' l^" tan*a + -i L\ . \, tan* a, &c. 

2r« 2.3.4 r* 
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Or, Tan na =s 

<n—l)(n—2), . . («— 3)(«— 4),, , ,> 
2,0 r* 4.5 r' 

Where n may be any number, either whole or frac- 
tional ; but the series can only terminate when 72 is a 
whole number^ 

44. The cotangents of the multiple arcs 2 a, 3 a, 
4 a, &c. may be also readily expressed, by substituting 

— — in the place of the tangent of a, in the last tables 

\ 

which being done, we shall have 

Cot a = cot a 
cot*a-^i 



Cot2a = 



Cot S a = 



Cot 4a = 
Cot 5a = 



2 cot a 
cot^a-S cot a 

3 cot*a— 1 
CQt*a— Gcof^a-f 1 

40ot^a— 4cota 
cot? a*- 10 cot? a+5 cot a 



:^,&c. 



5cot*a-^10c6t«a 

45. Hence, also, it will be easy, either from the 
above expressipns, or £rom the former series for the 
tangent, to deduce the following formula &r the co- 
tangent of any multiple arc. Thus, cot a = 

2 ^ 2.3.4 

n-X n(n-l)(«-2) . «^^^3 n(n-l)(w-2)(7i-3)(«-4) ^ w-5 

2.3 2.S.4.5 

Or, Cot n a =2 

« li(«- 1) r» (n-2) (fi-3) r* (n-4> (n-5) r« ^ 
2cot*o 3.4 cot* a 5.6col<*a 

i^qfi^^ 4^Q«t*a 6.7cpt^a ' 
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46. In like manner, the secants of the same multi« 
pie arcs,- 2 a, 3 a, 4 a, &c. may be expressed by sub- 
stituting ^^rz ^^^ cosine of a, in the former tabfc- of 



§ec a 

those lines ; which will give 

Sec a = sec a 

o ^ sec* a 
Sec 2 ff = — .— 

2 — sec* a 

i Sec 3 a =: 



4 — 3 sec* a 
gy ^ sec* a 

Sec 4 a = 



8 — 8 sec' a -f- sec* a 
sec' a 



Sec 5 a •=: —z^ ^ :- &c« 

10 — 20 sec* a -f- 5 sec* a 

Or, generally, sec n a = 

sec" a 

2 Ir — —- r— 8e<?aH — ^^ ~ — ^sec*g^ ^ ■ ■ "- — : 

2» 2.2* 2.3.2^ 

&c. Also, , 

n*— 1 V II*— '2* 

Vers na = n* vers a — — — (a) vers a — -~ — (b) 

2.3 T . ■- 3*3 r 

71*— 3' w^^*— 4* 

vers a 7- — (c) vers a — -— (d) vers a, &c. 

4.7 r ^ ^ 5.9 r ^ z' ' 

47. By means of art. 39 it will, also, be easy to find 
the powers of the sine and cosine of the simple arc, in 
terms of the sine and cosine of certain multiples of that 
arc. For, since 2 sin* A= 1 — cos 2 a ; 4 sin' a=3 sin a 
—sin 3 a ; and 8 sin'' a=cos 4 a+ 8 sin* a— 1 =cos 4 a 
—4 cos 2 a +8, &c. we shall have 
Sin a=sin a 

2 sin* a= 1 —cos 2 a 

4sin^a=3 sin a— sin 3 a 

8sin*a=3 — 4co8 2 a+cos 4 c 
16 sin* a=: 10 sin a— 5 sin 3 a+sin 5 a 
52 sin' a= 1 0— 15 cos 2 a+6 COS 4 a— cos 6.a 
64 sin' a=85 sin a— 21 sin Sa+7 sifl 5 a— sin 7flr, &c. 



2« 
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Where, beginnmg at the last term, the law of the 
coefficients is manifest, being the same with that of the 
coefficients of a binomial, raised successively to each of 
the powers, except that the numbers 1, 3, 10, &c. stand- 
ing by themselves, are only half the coefficients of the 
corresponding terms in the like powers of the binomial. 

48. Hence, we shall have sin" a = 

— < HKsin n a±^n sin («— 2) 0+, ^ I" sin (n— 4) a 

^^* Or, sin«*or=r 

— — < +C0S na + w COS (n— 2) a ±^ -^ — ■ cos(n— 4)a 

In the first of which series, the upper sign must be 
used when n is an odd number, and equal to 4 m -f 1> 
and the lower sign when n is equal to 4 97i— 1,' m being 
any number whatever. 

In the second series, the upper ^gn must be used when 
n is equal to 4 times any number m^ and the lower 
signs when n is equal to twice any odd number m. 

49. Similar formulas may also be found for the suc« 
cessive powers of the cosine of any simply arc, by ap- 
plying the expressions in art. 4 1 in the same manner 
as we before applied those of art 39. Thus, 

Cosa=co8a 
2 cos' a =1 +COS 2 a 
4 cos' a =3 cos a -{-COS 3 a 
8 cos^ a=:S+4 COS 2 a-f cos 4 a 
16 COS* a= 10 cos a-^-S cos 3 a+cos 5 a 
32 cos* a=: 10+ 15 cos 2 a+6 cos 4 a+cos 6 a 
64 cos' a=35 cos a + 2 1 cos 3 a + 7 cos 5 a + cos 7 a> 
&c. 

X 
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Where the coefficients observe the same law as in the 
former table of the sines ; and if we regard the last 
terms of these equations as the first, or take them all 
backwards, the following general formula will be rea- 
dily obtained t Cos" a =: 

— — s cos«a+ncds(n— 2)^j+ " T"^ cos (n— 4) 6+ 

»(«-!) (n— 2) > . n(n— l)(n — 2)»e> 

2.3 ^ -' 23.4, &c. 

cos (n— n) a, or cos a, according as n is an even or an 
odd number. 

50. Fran these latter series, expressions may also be 
derived for determining the value of the sine, cosine, 
&c. in terms of the arc, and vice versa ; but as the 
mode of deduction, commonly used for this purpose, is 
not so clear and satisfactory as could be wished, it will 
be better to employ the doctrine of fluxions, from 
which they may be easily obtained, as follows t 

Let z = the length of the arc, and x = sine ;, then, 
by a known formula, 

. ri' • /^ J- ** _L- ^^ I 3.5 JT^ , 

^~ >v/;t— ^ — ^^ (7 + 2'ri + 2J^ + 2.4.6r' + 

3.5.7 «* ju \ ' I **^ I ^**^ I. 3.5^*i , 3.5.7 a*i 

x^ 3 X* 

&c. ; the fluent of which is z = a: + —-— ^ + ttt^ 
+ » Al 6 + ^ J /i o 8 &c* ^^d> by reverting the 

' 2.4.6.7 r* ' 2.4.6.8 r* ' ^ ^ 

series, we shall have a? = z — ~ -^ +. 



%' 



^.3.4.5.6.7 r^ 



2.3 r« '• 2.3.4.5 r^ 
+ &C. 



V 



sin 



807 
Whence a sal*;' i 

^° ^3J? +2AJ7*+2AWr' + 2.4.6.8.9r» *^- 

Or, 
, sin'a , 3*8in*a , 5*un*a , 7*sin*a » 
• 2.3»" ■ 4.5 r" '6.71' 8.yr* 

Sin a = 

3.3r^ ^ 2.3.4.5r^ 2.3.4.5.6.7 r^ 2.3.4.5.6.7.8.9 r« 

Or, 
a« «« a» a« a* ^ 

2^f* 4.5i* 0.7r* S.gr* lO.llr* 

And the same series will equally apply to the chord 
of any arc a, subsdtuting the diam^er d^ or 2 r, in- 
stead of r. 

51. Also, if 90®— a be substituted for a, we shall 

have 90®- a = sin (90®-a) + '^"'^^^7^^ &c. j or 
a = 90®— cos a — — --; &c. An4oosa = r sin^^^r 

(art.25) = r-|(f-53^, + 5j:^ 

2r ^ JiJP 2.3.4.5.6 T* ^' ^^* 

Whence a = 

.^^^o cos* a 3 008^ a 3.5cos^a0 

2.3 r* 2.4.5 r* 2.4.6.7 r* 
Or, 

r-cosa r*-C08*a 3 ^.r*— C08*ax . 3.5 ^r'-cot'a^. 

T-+T315- +2J?C— ;?-) + 51:67 (~1^^**^- 

Cosa = 

■r_2l4._fl! J^l— 4. — -^_&c 

" ar ~ aj.4 r* a3.4.5.6r* ~ 2.3 ... 8 r» 

Or, 
it* «? 'a* tt* a* a 

X2 
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52. Again, let z= length of the arc, as before, and 
t = tangent ; then, by a well known formula, z = 

pqr^ = ^ « (^ - -r + >•» &c.) = < - -^ + -;s-, &c. 

the fluent of which is z = ^ — --^ + — , &c. And by 

reverting the series we shall have ^= z+ --^ + - j^, &c« 

Whence 

tan' a , tan* a tan'' a , tau^a tan" a ^ 

a = tan tr- -3-3- +--, - y^- +-j,-^ - 75^0- &c 
Tan a = a + — + j^, + - -^ + ^^^^. + 

1382 g" , 21844 g^' , 939569 g" ^ 
155925 r»* "*" 6O8IO75 r" "*" 638512875 r" ^* 

58. And since tan a = — 7-w or cot c = - — , we 

cote' tana' 

shall readily obtain, by means of the above series, the 
following expressions for the cotangent. 



cot a 3 cot? g 5 cot* g 7 cot'' a * 9 cot® a 

llcot»g"^^^- 
^ ^ r* g g' 2g* a? 2g' 

Co^«=7-"-^""4i7*- 

1382 a" 4a^' 



638512875 r*** 18243225 r'* 

54. Also, because sec a : 



945 r* 


4725 


r« 


93555 r» 


\ &C. 








cos a' 


or COS 


a 


~~ secg' 



the series before given for the cosine, may be easily 
converted into the following expressions for the secant : 

a=90*' '- "^ ^"^ ^ . •^^ - &c 

seca a.3sec»a 2.4.5s^« 2.4.6,7 secV^ 

Or, 

#«— /secfl-^ . sec^g-r' 3(8ec*ar-y^) 3.5(sec^flr^'^) «^ 1 
"^^ \ secg ^ 2.3 sec'g "^ 2.4,5 sec'g "^ 2.4.67 sec^A J 
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Sec a = r + — 4- -— 4-—— 4- ^1^ 4. 5q52lV^ 

, 540553 a» ^ 
"^ 95800320 r" ^* 

55. In like manner, because cosec a 3= - — , or sin a 
= , we may obtam. by means of the series be* 

cosec a ' ' 

fore given for the sine, the following expressions for 
the cosecant : 

r* T^ 3 r* 3 5 r* 

cosec a ^ 2.3 cosec' a 2.4.5 cosec^a 2.4.6.7 cosec'a 

. I^OSeca-^ + g +360r*+ 15120r^ + 6O4800r« + 
73 fl* , 14X4477 «" o 




3421440f* ' * 653837184000 r'** 

56. Also, because vers a :=zr — cos a, we may ob- 
tain, by means of the formula for the cosine, the fol- 
lowing series for the versed sine ; observing that d v^ 
the second is equal to the dimeter, or 2 r. 

versa 3vers'a 3.5vers^a 

V'2r vers « ^ + i;^ + :^J^-. + Jlg^.^v + *'*^'> 

a=^ Or, 

/.* versa, . . 3*versa, . ._5Vena, ., . 

V«/versa(l + -3-^ (a) + -jj^ (b) + -^-^ (c)&c.) 

Vers a = 

57. And since covers a = r — sin a, and supv a = 
r + cos a, we may obtain, in like manner, the foUow- 

' ing expressions for those lines. ^ 

Covers a = r-a + ^, - 53^ + 2,3.4.16.7 r« "" 
— &c. 

2.3.4.5.6.7.8.9 r» 
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Supver o 5= 2 r — 

58. The sine, cosine, &c. of any arc may also be 
expressed by means of certain factors, which are found 
by taking such values of the arc that each side of the 
equation shall vanish vrlieQ the sine, or cosine, &C of 
the arc, so taken, becomes zero. 

Thus, sin jf^Tr being = o (art 13), if sinz ( = ? 

{^ - £ + 2:^ -*^-)^""pp°^ = "- ^ ^'x^' 

&c. it is plain that sin z will be o, whenever z has any 
of the values that can be taken from the expressicm 

z = 4- w ^: and as 1 "+ — will also be = o, when + nit 

— 7 ^ nit ' — 

is substituted for.z, if this betaken as a general factor, 
independently of the first z, we shall have 

Sin z = z X (1 - ^) X (1+ \) X <1-^)X 

59. In like manner, since cos -^7=- ^ = p (art, 13), 
if cos z (= 1 — - + -— -, ^c.) be supposed = z' X 

% X z' &c. it is evident that cos z will be o, whenever 
z has any of the values that can be taken from the ex> 

pression z = +_ — J=- ^» And as 1 -^ . • is also 

= o, when + -^f=^ ir is substituted for z, if this be 

taken as a general factor, we shall readily obtain the 
following formula for the cosine of z j viz. 



Sll 

cos.=(i-^*)x(i+f)x(i-^:)x(i+i-:) 
x(i-f-:)xci+?^)&c. . 

And, if --— be substituted for z, in each of the above 

expres^ons, we shall have the following formulae for 
the sine or cosine of any part of the quadrant or semi* 
drcumference. 

C-^ = (.^) X C=f") X (4?) X {^) 
X (t?) X (-i±=) fe. 

> on ' ^ ^5» 

60, Or, smce sm^— ^ =:cos -— ,andcos ^ ■ ^ 

= sin—, if n— 7w be put in the place of niy we shall 
have (t) 



^ ■ y 



(i) If the first of these expressions^ for t}ie sine of — , be divided. 

2ft 

by the second^ we shall have 1 = — (-.^ — &c.) gnd con- 

-^ 2 ^2 8 24 48 ' 

^ TT 2 8 24 48 80 , , ,. , , . 

•equentiy — =5 - , - . : &:c. = 2 (1 — -J) x (l — ^) x 

^ -^2 1 9 25 49 8i ^ '^ .^ "^ 

(1 — t^) X (l*'^)> &P* which is the same as the series given by 

Wallis^ in his Arithmetic q£ Infinites^ for the value of -^ of the cir- 

aunference of the circle. 

The first of these formulse for the sine also eives = — sin - - 

* 2 m 2n 

2n , 2« . , 4n . 4n ^ , ^« v - 

^ ( o^ J X ( o^^J X (^ > X (:s — r~) X ^75 ) &<^- 
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X ('-^) X (^) &c. 

(111!?) X (^-^) &c. 

61. Also, if the first of these expressions for the 
sine be divided by the second for the cosine, and the 
terms of the series, thus obtained, be afterwards in- 
verted, we shall have 

X(i^-^)&c. 

^5 n— m' 

^ ^ rriTf n — m/« + mv_/3 n— ». 3 n -f 

2n m 

4n-t"Wi 



^2n— m^ ^2n+TO'' ^ ^4» — m^' 



which, on the supposition of— = 1, is the same as the farmer. 

71 

Iff 1 m iT 

Or, since sin — = , we shall have, (by taking -— = i) — == 

4 >v/2 ^ "^ ° » ^2 

V'2 l6 64 144 256 , 
, — , , -.. . . ^^ 

1 15 63 143 255 

And if this be combined with the series of Wallis it will give ^ 

2*x6»xl0*xl4«xl8«&c. . , 

= 1 z r z-s — an^ expression the more 

Ix3x5x7x9xllxi3xl5xi7&c. ^ 

remarkable, as it cannot be obtained by any other method. 

A1solii'=l4 + L (1-i) +l(1-^) + l(1-^V) + ^ 
(l — ^) &c. whatever be the kind of log*, tabular or hyperbolic. 
And as these log"., when expanded, form series, of which the terms, 
taken verlically, can be summed, we shall readily obtain hyp. l t: 
= 1. 14472985884940017414342, and tab. L ir == 0.497149872- 
69413385435126. 



62. In like manner, we may obtain the following 
expressions for the secants and cosecants. 

Sec— = -^ r-^ ) X r— "— 1 y (-^—"^ V 

<'r^-)X(T-''— ) &c. 

Cosec— - = — (- ) X (- ) X (———) X 

Cr-i-) X (^--) &c. 

63. And if the first expressions for the sine and co- 
sine be combined with the others, we shall have 

Tan — = — V -^ V l(2ii-m) 3(2ii+m) 
2n 2 «— w ^ 2(n+m) ^ 2(3n-.?n) ^ 

3(4n-wt) ^^ 
4(3n+w) 

2n ~ 2 ^ n ^ 2(27i-m) ^ 2(2n+«») ^ 

3 (3n+iii) 5 

4 (4n— m) 

Sec — = — X — - X --T— X TTz — X 



2« AT n— m «-f i» 3 n-^m 3 n+f» 

4n Q 

&C. 



5iz — w 



Cosec^^ = ^X-Xr-^"-X ^" ^ ^^ 



2n «• i» 2«— m 2n4-^ 4n— m 

X T— r-; &C. 

64. Again, if h be put for m, and the sine and co- 
gine of the angle — be found in the same way as the 
former, we shall have, by dividing the first ezpressbns 
by the latter, the following-formulae : 

g. ^ 

^^ 2n _f» 2fi— m 2n-^m 4it— m 4n-\ -m 

sm r— • 
2n 
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I 

Sin — 

2n ^ m %n^m 2n+m 4n-^i» 4n+« 

cos — ^ 

2n 

Cos — 

i^-n'^'n — ife n4-i 3n— -ife 37M-ife 5n — k 
cos 

_ WW 
Cos - 

2n «— m n-fm 3n— m 3n-fm 5n — in 

kir "^ k 2n^k 2n+i& 4n-^k 4n+i& 

tin — 
2» 

Whence, taking an angle --, of which the sine and 
cosine are given, we can readily find the sine and co- 
sine of any other angle — . 

65. From these and the former expressions, the na- 
tui*al ajid logarithmic sines, cosines, &c« may be obtain- 
ed much more readily than by the methods employed 
by the first calculators of our present tables. For ance 

Sin ar = a? - — + -^^j-^ ^ 2.3.4.5.6.7 ^' 

Cos a: =: 1 1 ' '. ^ &c. 

2 ~ 2.3.4 2.3.4.5.6 

if _— (--) be substituted for Xj we shall have 

^, m Tt m It 1 .m ^v3 • 1 /ffi aK.j ^ 

cos^.-!- = i-^('"'.jr+-|-(-.jr--&c. 

n 2 -^^n 2' ^ 2,3.4 ^ n 2' 

And by taking ir — S. 141 5926535897932, andcal- 
culating the coefficients to 1 6 decimals, the following 
formulae will be readily obtained Ql) : 

(i) See the jinalysis Tnfinitorum of Euler, or the French trans- 
lation of that work, with notes, by Labey. 
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Sin*" 



.2337005501361698 — 

77lr I '^R^ 

+ 0.0796926262461670 -5- + 0.2536^5079010480 -j- 

).0046817541353187 — f 

n' 



0.0000252020423731 ^, 

AM 13 M.I 

+ 0.0000000569217292 ~5 + 

15 



KOOO0QOOOO6688O35 -rr 

17 



Cos - . 9(f : 



1.5707963267948966 — i.ooopoooooooooooo 

mw 

K6459640975062463 —3 — 1.2337005501361698 -"V 



— OX 



-^ w.^w^ ^ , , J.0208634807633530 —=r 

TV ^ rr 

+ 0.000160441 1847874 -^ + 0.0009192602748394 ^ 

n JIT 

— O.0000035988432352 -y, — O.0000252O2O423T31 -^ 

IS 



•If • It 1 1 



J* 

t7J0874779 -Ti 



7* 

0.0000000063866031 -1^ 



7* ^ 7« 

— O.OOOOPOOPQOO6O669 -^ + 0.0000000000656596 -^ 

— 0.0300000000000438 — — 0.0000000000005294 ^ 
+0.0000000000000003-^7 — 0.0000000000000034 -s- 

66. Also, because sin — =-- (-^-) X (-2^-) 



4n — 7?tv ^^ /4n-f"^\ o j 



COS 



^ ^ An ^ ^ 4n ^ In n 

(^) X (^- ) X (H?) ^'^^ ^ *^« ^^tors be 
multiplied two by two, we shall have, by taking their 
logarithms 

L Sm -;— = L — - 



«I6 



67. And by reserving the logarithms of a few of the 
first terms, in order to render the series more rapid, 
and calculatmg the coefficients of the expanded terms 
of the others, the following formulae for the tabular 
log sines and cosines of any arc may be readily obtained. 



L sin -90^ = 

n 



Cos - 90^= 

n 



i4Pi+L(2»-»-m) + L(l»-|-m)— 3i-n L(n— w)-fL(n-f-m)— 2l» 



-f 9.5940598857021903 



nr 



-^ 04^00228266059019 -^ 

— 0.0011172664416618 -5- 

4VMV 

— OJOOOO39229I464539 -^ 

— 0.0000017,292707984 -r 

— - OXXX)000O843629863 -^ 

— 0.0000000043487155 ^, 



— 0.00000000023 193 12 

— 0.0000600000126591 



n 
m 

n 
m 



H 



14 
16 

18 



— 0.(XXXXXXXXXXM)7027 — g 



m 



«o 



— 0.0000000000000395 1 



n 



m 



,9H 



^10.0000000000000000 



m^ 



T- 0.1014948593418928 -j- 
~ O.OO3I87294065451I -5- 
— 0.0002094858000174 -5- 



— - 0.0000168483485983 



9ir 



m 



10 



~ O.OOOOOI48OI939869 — s 



m* 



-»" 0.0000001365022722 — ^^ 



m 



14 



O.OOOOOOOI298I7I47 -^ 



n 
m 



IS 



— 0.0000000012614711 -^ 



— 0.0000000001245671 

— 0.0000000000124559 



m 
n 



It 



It 



— 0.0000000000000022 — 



n 



99 



— 0.0000000000012581 ^ 



68. Hence, as the sines and cosines of arcs, from 
^ero to 45% comprehend the sines and cosines of arcs 

from 45° to 90°, — in these formulae may always be 

takeii less than ^, and as the series are thus rendered 
very convergent, it will only be necessary, in many 
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cases, to calculate a few of their terms, to obtain the 
sine or cosine of the arc required. 

69. Several other formulas for expressing the dne, 
cosine, &c. in functions of the arc^ may also be pb* 
tained by means of certain imaginary factors, which 
have been found of considerable use in physical astro- 
nomy, and various other branches of the modem 
analysis. 

Thus, radius being supposed = 1, we shall have 
cos* X + an' a? = 1 , of which the first member of the 
equation is the product of the two imaginary factors 
cos a? + sin a? v" — 1 and cos a: — sin a? -/ — 1. And if 
any two similar factors cos a? jf sin a? v' — 1 ,and cos y 
+_ any -/ — 1 be multiplied together, their product will 
be = cos X cosy — sin a? siny +. (sin a; cosy + any 
cosx) a/ — I ="cos (x+y) + sin {x+y) >/ — 1. 

In like manner, (cos a? + sin ^ V" — 1^ X (cosy +^ 
any v" — 1) X (cos z +. an z v' — 1) = cos (x+y+z) 
Hh sin (a?+y + ^) V — U &c. each of which are like 
the simple factors, and are produced in a similar way 
with logarithms, by barely adding the arcs. 

And if the arcs x, y, z, &c. be supposed equal to 
each other, we shall have (cos .y +.^n ^ >/ — 1)* = cos 
2 jTjHsinS.r-/ — 1, and for the three £cLctors (cos x 

+ sin:cv' — l)* = cos3:cHhsin3:cV' — !• Conse- 
quently, in general, 

(Cos J? Hh sin a; >/ — 1)"= cosna^+^sinnxi/ — !• 
Hence, by transposition and diviaon, we shall obtain 
the two following equations for the sine and cosine of 
any multiple of the arc or, in terms of the arc. 
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r -»• (cos3:4-sinj:v^— 1)"+ (fc08jr--gin3?>/^i)« 

(^OS fl X •— ^ — — — — — .^— — — — 

o- (cosj7+sinj:A/— 1)"— (cosj:— sinajA/— l)" 
Sin n J? = ^ ^ ^ ■■- ^ 2: ^ 

70, The sine, coane, &c. of any arc, or multiple of 
that arc, may ako be readily derived from the well- 

known exponential expression c*=:l + — + — + 

— ;r:; + T-;r;;Tj &c. where e is the number whose hy- 
1.2.3 ' 1.2.3.4' ^ 

perbolic logarithm is 1* 

For, if in this formula, x ^ ^\ and — a? v" — 1 be 
successively substituted for z, we shall have 

/a/-i _ J , £V--i _ f^ _ fVdi jL, _fL 4. 

' I 2 2.3 ~ 2.3.4 ' 

*V.- ^. ^ &C 

— a:^-l 07^—1 a;* , a?«V— 1 • ** 



2 ' 2.3 ' 2.3.4 

?^^^=i-&C- 
3.3.4.5 

And if these be added to and subtracted from each 
other, the results, after being divided by 2, and 2 i/ — 1, 
will give 

^ "^ ^ — 1 •. -^^ 4. J^. ^ 4. &c 

2 ^-*> 2 ^2.3.4 2.3.4.5.6 ~ 

e*— e^ jr. a? a?' ,0 

■ =a:— — s — h &C. 

2 V— 1 2.3 '2.3.4.5 2.3.4.5.6.7 ~ 

Of which series the second members are the known 
values, as before found, of the cosine of x and ane 
of X. Whence 

Cosr = ~ ;sma?= ^-^-j 



Tan X = 



S19 
1 



Or, if each of the terms of the numerator and de*- 
nominator of the second members of the two last eqtia^ 

tions be multiplied by e '^ , they will beconie 

And, if m a; be substituted for or, in each of these 
formulae, we shall obtain the sine, cosine, &c. of any 
multiple of those arcs : thus, Cos m^ = 

5 5 sin mx =- -^-^-^; 

Tan mx => X 

71- The same formulae also give e^'^'" = cos«+• 
8in x -/ — 1, and e ""*'^"" =cos;c — sin^Ci/ — 1; 

whence, by division, we shall have e ^ "^^ =: 
ccx + sin^V-i ^ 1+^?^/^ and by taking the 

logarithms of each member, 2;i: ^ ^ 1 =log ( " ) 

Butlog(i±^) = 2(z + + z? + +;.* + +z^ &c.)j 

therefore, putting tan ^ v^ — 1 in the place of z, and 
dividing each member of the equation hy ^ t/ ^l^vrt 
shall obtain 

X = taax -^ 4.tan';i:+ itan'';^ — +tan^x &c* 
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Which is the known series for the value of any arc 
ia terms of its tangent. 
( 72. It may here also be shown, that any trigonome-^ 

trical expression^ of the form tznx=^ ~ can be 

converted into a series of the various multiples of the 
KOe of z, taken progressively. 

For> if in this equation^ there be put instead of the 
tangent of x and the sine and cosine of z, their values 
in exponentials (art. 70), we shall obtain 

And, consequently, by reduction, 

e ^ = :■ or "-^ 

Whence, by taking the logarithm of each member 
of the equation, and converting the second into a series, 
according to the form log ( 1 i z) = z — ^ z' _+ 4- z' 
— -t z* &c. we shall have 2x ^ — 1 =r 

me '^ — — e^ +T^ ""T^ 

2 3 4 

JtSUt 1?^ — e ^ =2siti;cv^ — I,e ^ 

— . e '^ = 2 sin 2;^ V' — 1 &c. (art. 70); whence, 
dividing each side of the equation by 2 >/ — 1, we shall 
have 

ic=»isina7— ~ an 2^ + ^sinS;c — ^sin4^ + &C* 



Or, 

4H.^ <ln^ <^^ 

«=msinar— ■-.sin2T— --anSa:— vsin4x — &c. 

•« 3 4 
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The former of which series answers to the case taxi 9 

= — , and the latter to tanrs ; (/). 

73. Several other e3q>re$sions for the sine, cosifte, 
&c. of multiple arcs» may be derived from some or 
other of the preceding formnlae ; the most curious and 
useful of which are the following : 

Sin i = 1 sin z 

Sin 22 = 2an2sin(-- — z) 

Sin 3 2 = 4 sin z sin ( |- — z) sm (^ -f z) 

Sin 4z= 8 sin z sin (— — z)sin(-j +^)sin(-T-— z) 

Sin 5z — 16sinz8in(^ — z)sin(^ +2j)sin(-r-r-z) 

sin (y + 2) &c. 

Or, generally. 
Sin w z = 2 *" sin z sin (— — z) sin .(— 4- 2;) sin 

(^ - «) sin (^ + z) sin (^ - z) sin (^ + z)' fee- 
Where the series must be continued to a$ many fac« 
tors as there are units in n. 

74. Cos 2 = sin ( - — 2) 

Cos 2 2 = 2 sin (^ — 2) ^ (^ + 2) 

■ M .1 ■ III ■!■ i , 

(/) The simple series I « s sia s •>— I gin 2 X -H^^tiaax— ^ 
tin 4«« &c. of which that given above is a more general form, was 
fiiBt discovered by Eukr; as was^also^ the aeries xss tin x sec |« 
tec i r sec I x, Sec. 

For the algebnical tolQtiont of several of the etsesi>f spherical 
triangles^ according to this fonn^ see Tables Trigonometriques de 
Borda; where the following theorem is likewise given for the decimal 

Avisionof difcttdr, «» -r-rr + ^ . ' , ■-* + *-t- ,~ + &«• 

tml" tmX" tml" 
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,3« 



Cos 32 = 46m (| -2)8m(| +2)8m(^- z) 
Cc»42 = 8sin(J---2)8iii(J+2)8inC?— 2)an 






(? + =«) 



C0S52 = 16 pn (^-2)sm(^+2)8m(?J-2) 

8m(- + 2:)sm(-^2) 
&c. Or, generally, 

Cosn2=2'''"^sin (f - z) sin (^ + 2) sm (2? ^ 2) 
sing? + z) sin (^- - 2) sin (J^ + «) &c. to n factors. 

^2« ■ ^ ^2« ^ ^2« ' ^ 

V5. Cos Z =: COS 2 

Cos 2 « = 2 COS ( J + ») COS (~ — «) 

Cos 3 » == 4 COS (^ + 2) COS (-g^ — «) COS « ^ 

Cos 4« =: 8 COS (y + «J COS (-^ — 2) COS (~ + «) 

COS (J -2) 

C0S52 = 16C0S(^+2)C0S(^ — 2)C0S(~ + «j 
COS (-- — 2) COS 2, 

&c. Or, generally, 

Cos »z = 2 COS (-j^ ?r + z) COS (-^ gr — z) 

/«— 3 , ^ ^n— 3 , ,a— 5 , \ 

<=<»(-2^'»" + «)C08(-2-9r- Z;C0S(-^«- + Z) COS 

(^^ «• — z) COS (^~ «• + « ) &c. to n factors. 

76. Sec z = sec z 
3 Sec 8 ;: t= sec cf +;:) +sec (j — z)— sec (j) 



5Sec5z = 8ec(y+z)+sec(y-;j)-sec(|+i) 

— sec (j— z) +sec« 

7 Sec 7 z = sec (y +z)+sec (y — ;t)— sec (y +;2) 

— sec(y — z)+sec(y +;j)+sec(y— r)— secz 

&c* 
Or, generally, putting n =* 2 m + 1 

n sec n ;t = sec (— 9r + i:) -f sec (— 9r — z) — sec 
(___ ^ 4. 2) — sec (-^ 9r — *) + sec (-^ «•+ «) 

sec C — *- TT — ;«; — ----- + sec a. 

77* Cosec z = cosec j^ 

5 Cosec 3 « = cosec «+cosec (-- —2)— cosec (~- +«) 

if *if 

6 Cosec SfssL cosec «+cosec ( 5- — z) — cosec (-j — «) 

— cosec (-- — x) + cosec (y + z). 

&c. Or, generally, putting n=i^nt -^ 1 

n cosec nz = cosec«+cosec (— — «) — co8( — |- z) 

— cosec ( z) + cosec ( — 1-») + cosec ( z) 

— cosec ( — h 2) — - - - + cosec (— ^ — ^) +. cosec 

(-ir + «=) 

Where the upper signs take place when m is an even 
number, and the lower when it is an odd number. 
78. Tan « = tan « 

8 Tan 3« = tan » + tan( J +«) + tan(y + «) 

y2 



99i 

S tah 5z = tan ;?; -t^ taa (--. rl'-a l"+.>tiWi < -7- +.z) + 

tan(^^ + z)+tan(^+ij) 

. &c. > . . . . .- -. . . 
Oi*, since tan f = — tan (tt— v), we shall have 
Tan;s -^ tzxiz 

3 tan 3 2 == tans; — tan (— — 2:)+tan(— + z) 

5 tan 5 z = taj» z — tan (-^ — z) + tan (~ -j- z)— tan 

&c. 

Or, genersdly, putting n =: 2 w + 1 

ntannz=: tanz— tan ( — -z) + *«»•(— +z)— tan 
(^ - z) + tan (— +z) ~ tan (— t- z) + 

— tan (^ -^ z) + tan (— + z). 

Also, 
Tan z= tan z 

Tan 3 z = tah ztan ( .- — z) tan (-- + z) 

Tan 3z = tan ztan (^ — z) tan (t + ^i) ^^^^ ("T "" ^^ 



5 • ^ ^5 

tan(f + z). 

■ ■ ' 
Or^ generally, pitting n = 2 m + 1 , as before. 

Tan n z= tan ztan ( z) tan ( — h z) tan ( 2) 

tan(— + zytan (— -- z) - - . . . . X tan (— - z) 

tan ( h z). 

79. Cot z = cot Z 
2 Cot 2 z = cot z + cot (|- + z) 
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S Cot 3 z = cot z + cot (v -fzi) + cot (^ + z) 

4 Cot 4 z = cot z + cot (5 +V;^-f cot C^- +-z)4-cot 

(t + ^) ■'"■■' ' ■ *" • -^- ' 

5 Cot 5 z = cot z + cot (x +z) + cot (^42) +<ot 

&c. « 

Or, iince cot v = — cot (w-^?;), we shall have 
Cot z = cot z 

2Cot2z=^j2u — cot(— — z) r- — • 
3 Cot 3 2 = .cot z - cot Xj -;z>4^ cot (I -f z) 

4 Cot 4 z =,.cQt z -z.cot^ ( J,-:z}3lr *ptX J .-t '} - cot 



/3* ^ 



■«*.'> 



IT \ I ^.. /IT 



^ Cot 5 :5 =^ cot z — cotXr — ?^) + Po^(t + 2:) cot 

(«^-.z>H.cpt(^^ + .)... .. .^^, , 

&c. Or, generally, 

if* <■* 

n cot n z = cot z — cot (— — z) + cot (-- + z) — 

cot (?^ -z)^tot(^-|^.z)-cpt(^ - z) .^ cpfCv 
+ z) — &c^ to i» terms. ^ . . 

. . Also, 

.■V. V w f '« - ' ^ • 

— 2 cot 2 z = tan z +^tan (- + z) 

— 4cot 42 S3 tanz -f- tan(- + z)+tan(— +2^)+ 
tanC-^-H-z) 

— 6cot6z = tanz + tan(|-+2)4-taii(^+z)+ 

on (^+z)+tan(y +«)+tan(^+:«) . 
&c. 



886 



Or, 

4Cot4«= — tan»4-tan(|-— «) — tan(j + «) + 

6 Cot6« = — tan* + tan ( J — «) — tan ( g- 4-a) + 
t» (^ -*)-*« (¥+?)-htan(^-«) 

n cot ?i « =x — tan 3i4-tau (——») — tan (—+») + 



Or, generally, 

l^,)_taii(i 



2* 



r9if 



tan (^ -,)^tan(i^ +*)+ - • • - + tan(^ -z). 

80. The sum of Ae sinas of any nuiAber of arcs 
in arithmetical progression, may be also exhibited as 
follows : 

Sin a + sift (a+^) + sin (a+2 b) + sm(fl+3A) 

4- sin (a+4 6) &c. ad infinitum 3= ^ .'T* • 

Also, 
Sin dr + sin (a^b) + sin (a+2 Z') + an (a+S i) + ^ 



»lii(fl4ri tii)giDt (n-fO» 



(a+4i) + * - - sin (a-^nb) = 

81. ^d the sum of the cosmes of any number of 
arcs, siroilarly taken^ are as below : 

Cos a + cos (a+b) + cos (a+2 b) + cos (a+S b) 

+ cos (a^4b). &c. ad infinitum =s — "° \ ^/^ , 

Also, 
C9sa4-cos(flt+t)+co$(crf2i)+cos(a-h3Z?)+COS 

(a4-4i)5cc. ^ - +C09{a^nb):=: J" ,^t!ib ' ' ^ 
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82. As some of the common logarithmic formulae 
for numbers are often required in the investigation of 
trigonometrical expressions^ I shall here subjoin such 
of them as are the most useful and necessary, for the 
sake of reference. Thus, 

Or, Log a = 
i{(a-l)-|(a-l)'+ . («-iy-+(a-l)*&c.} 

Log a = 

Log a = 
Also, Log|-=s 

Logj = 
Or, Log a = 
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; Log ^ s=B log (a~ 1) 4? 

Log a = log (a— 2) + 

. Where m ;= 1 for hyperbolic logarithms, .or ^ 
2^02585093 for the common tabulaf logarithms; 
\ohich number 18 the hyperbolic logari^m of Ip, or 
what is usually called the modulus of the svsteim. And 

I 

if its reciprocal be used, it becomes — = .434294482 

for a multiplier. 

\ 83. ITo these formulae may also be added the foUowt 
ing9 which will be found useful upon particular occa* 
dohs^wi). 

Log « = ^ {(«-a^ Vi(«'-«^')+U«'-«'"') 
— \{a^—Qr'^) &c, } . - 

— 3 ' '-^ 

(m) For an investigation of the doctrine of logarithms^ ixom. the 
most sipiple algebraical principles^ see article Lpgaritlmi^ giyea 
by tbe author;, in the Supplement to Hutton's Mathematical 12)c« 
tionaiy, or Lagrange^ Theorie de^ Fonctions Analytiques. 

To the logarithmic formulae^ given above^ may be added thos^ 
of Borda a9d Haros^ cited by iMacroix^ in his L^gops d' Al^^^ve^ 
which are aft follows : 

Log (« + 2) 5:= log (71-2) + ilog (n + 1) _ 2log (n-.l) + 

Lpg(n+5)=k)g(n-3) 4-l0g(«Va) +log(»-4) +log(»-f-4) 

^log (n.-5)-'2logn- ~( ~^- + i( T— ''^. )* 

4, 1 ( ~ ..Z? ^)a 4. Sfc.l 



*t ■ • 
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-■Log(«^2) = 

Log « = J{(^a^l) - ^(Va-ir + i(^a-l/ 

Where e = number whose hyperbolic togaiithm^ it 
l^or die radix of the syston of ^the common tabular 
logarithms^ which is known to be .!^.7182818284w, 

84. After these formulae, which will be found con- 
veni^t for reference, it will be proper to show the me- 
thod of obtaining the sum or difference of any two 
arc^ in the form of a series; which may be done thus: 

^. . ', V sin a cos X 4- cos a sin « « / . \ 

Sin (ajr z) = = — : , and cos (^jt^) — , 

co8acosx + sinann«/-^^^x * ^ • ^ i 

3^ . (art. 20) i butsmz = z-- ^ +. 

T—-; &c. ; and cos z^r^^ - + —-5 &c : .whence, 
by substitution^ we shall have 



COS /I 



^890 

Sin (tf 4- *) ^ «ttl<x + 

2r»., ^ 2.3 f* ^ 2.3.4*-^ ^ %^jL5? '^^ 

Sin («— ») =;s an a — 

co8(K . sin a - ..cos« . «ifl« . tosa . _ 
r 2f*.' • 23is» ^ 2.S>4 1^ 2J^A^f^- ^ 

Cos (tf +») ?= COS « — 

rip ft ^ cosa^ . ^»ft'^ . «»g ^ <0^ ^ t«» 



>• / 



Cos {a-^») = costf + 



sma cosa. sin a. cos«^. siii# ^ ^ 
■ X .mm a^ — ar 4- I f a^ 4. ■ ^ 1^ •— ace. 

r 2r* 2.3r- ^ 2^47^ ^ 2.3.4.5f*^ 



r«** 



In each of which series, if - © be substituted for z, 

the' arc will be expressed in degrees, instead of by its 
length ; r being = radius, and r® = number of de- 
grees in an arc of equal length with the radius; wfakh 
is 57''. 2957795 or 206264".8, 

S'S. The logarithmic ^nes, cosines, tangents, && of 
any arc, may also be found from the expressions already 
given for thdr natural sines, cosines,. &c. as fcdiows: 

Sina ^ « - ^ + ^^ ^_^^_ &c.(art.50) 

:= a 1 1— 2J? '^ 23AJ? "" 2.3.4.5.6.7 r« *^* J 

Whence 
Logsind = loga + log (1- ^-^+ ^^ kc:) 

Or, by putting/) = - (-^'^ - _^^&c.)'we shall 

have, log sin a = log a + log (^~P) = log a — — 
{/^ + i^* + ^/>' &c.}, as is evident by changing +p 
to — /), in the first form of logarithms, art. SBi 
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• And, bjr restoring the value of p, it 'mHU become 



86. In like manner, cos a = r — — + 



2r ' 2.3.4 r* 

■ ^ ^ ; &c. (art. 51) and consequently log cos a = 

logr+log(l-^ + ^-53;^ &cO which 
being treated as in the former article, gives 
Logcosa=xbgr-:^{^+-^4-3i5p,&c.} 

87. Again, tan a = a + 3^ + 3^, + gTi^jr^ir &c. 

a* 

(art 52) J whence log tan a = log a + log ( 1 + -—5 

+ ^;4 + 5;^^ &^0 ^d by finding the logarithm 

of the series, according to the form log (1+/)), we 
fihall havQ ,. \ 

Log tana = loga + -^^{^ + ^ + ~ &c.} 
From which three formulae we can also readily ob- 

r 

tain, by addition and subtraction, the expressions for 
the logarithmic secants, cosecants, and cotangents. 

88. The logarithmic Am^ cosines, &c. of the sum 
or difference of any two arcs may likewise be readily 
found, in nearly a similar manner with those of the 
^ooplearcs, 99 follows; 

JUqgsm (a + 9) 7 log/»na cos > + cos a anzl 

= log{sin a cos* ( 1 + g^^^)} = log {sin a cosz 

(1 -f- tan ;b cot a j> = log sin a 4- 1' cos X + log (1 -f> 
tan s cot a). 

Whence, log sin {(1-^%) s log^ a -H log cos s 4» 
^|tanzc6ta — ^tait^scot^a -f- 4^tan'scot'a — &c. J 
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Aild log can (a — «) = Ic^ an «f + foj cgs « — 
i itto » cot a H- ^ tan* 5: cot*a + 4. tan*» eot'a + &c*^ 

89. In liketnanner, 1. cos (a +2) == logicosa cos? 

. • - 7 1 ( f^ — .' sin a sin Xv > • 

4. Sin a Sins ^=: log j cos a cos a (1 -u )c=^log 

cos a + log cosx. + log OT ^^ui a tan 2 ). 

Whence fog cos (a+») s'li cos a + Jog pois « + 

— 5tana tanx -r- \ t2Si*atBn*» + -J^fan^a tan'» &c.^ 
J And log cos (a — «• ») ;= log cos a -f- log cos z -^ 

— 5 tan a tan af -f* ^tan' a tan* « + -t t:an^ a tan* « &c.| 

90. Qne of the ndost commodious forms for the tan. 
gefnt may be found from the formula — v^'^-g;^ ^ 

^ ^ tan (a+2)-f-tMi<h . 

^7^*^ = • ,T1 > (art. 30), which, by redud- 



If 



j sin (2«+x> i 



tion^ gives tan (< 

I 1 -J _ 

sin (2a+») 

Whence log tan (ij-f^z) =: log tan h + -V-^r^-^ 

4! , f ^'" ^ y I . r_?!ll5_v &c ' ' ' 

^ From which expres^ons the £Mrhiuliae for the loga- 
rithmic secants, cosecants, and' Cotangents may >be rea- 
dily obtained. 

91. The logarithmic sines, cosines, &c. of the $biii 
o^ difference of any two arcs mfty alsa be <^ermse 
^pressed, <a§ follows : 

Log sin (a-f z) == log sin « + 

Iccosa 1' 2, cos a , 1 4-%co^^a \ a > 

M (sma 2sm^a ' 3 sm^ a 12sin^a 1. 

Leg sin (a-T») = ^'sin a — ,- 
M ?sina^^2sin*a ^ asin^a ^* 12 sin^a ^^^^ V 



Log cos («+2^) = log cos a — 

M c COS a 2 cos" a 3 cos^ a 12 cos* a > 

Log cos (a— z) = log cos a + 

1 c sin a 1 » , siri a , 1+2 sin* a ^ - i 

M (€05*0 2 cos* a ' 3 cos" a 12 cos* a > 

92. It is also evident, from the algebraic expressions 
for the natural sine, cosine, &c. of any arc, given in 
art. 1 8, that their logarithmic smes^ cosines, &c. will be 
as below. 
Log sin a = 20 — log cosec a = log cos a + log tan a 

— 10 = 10 + log tan a — log sec a = 10 + log 

cos a — log cot a* 
Logcosa = 20 — logseca= 10-fiogsina— logtana 

= 10 + log cot a — log cosec a = log sin a + log 

cot a — 10. 
Log tan a = 20 — log cot a = 10 + log sin a — log 

cos a = log sin a — log cot a -f log cosec a = log 

cos a + log sec a — log cot a. 
Log cot a = 20 — log tan a = 10 -f log cos a — log 

sin a = log cos a + log sec tf — log tan a = log 

sin a + log cosec a'— log tan a. 
Log sec a = 20 — log cos a = 10 -}- log tan a — log 

sin a = 30 — log sin a — log cot a = 10 + fog 

cosec a — log cot a. 
Log cosec a = 20 — log sin a = 10 + log cot o — 

log cos a = SO — log cos a — log tan a = 10 + 

log sec a — log tan a. 
Log vers a = log 2 -+• ^ log sin ^ a — ^10 = 2 log an 

^ a — 9.69899700. 
Log supvers a = log 2 + 2 log cos ^ a — 10 ss Slog 

cos ^ a — 9.69899700. 
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D£MON ST RATIONS OF THE PRINCIPAL TH£OR£U9 

IN PLANE TRIGONOMETRY, 

Having treated, pretty fully, in the first part of this 
vrbrk, of the practical part of Plane Trigonom^ry^ aikl 
its most useful applications in the determination of 
heights^ distances, &c; it will be here proper to give 
the investigations of the .principal theorems from 
whence those calculations are derived ; which are the 
three following : 

THEOREM I. 

93. The sides of any plane triangle a b c, are to 
each other as the sines of their opposite angles | and 
conversely* 




For let the triangle be circumscribed by ;a circL^ and 
from the centre o, with the radius of the tables, de- 
scribe the circle abc^ and having joined o a, ob, oc^ 
draw the chords a b^ b c^ c a. 

Then, because the angles aob, boc, coa at the 
centre, are double the angles acb, bag, abc at the 
circumference, and that the chords ab^ bc^ ca are twice 
the sines of half the former of these angles, or of their 
equals aobj boc^ coa^ they will be twice the smes 
of the wh^Ie angles acb, bag, abc. 

And since oa, o^, oc are equal to each other, being 
radii of the circle abc^ as also o a, ob, oc, the lines 
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abj dc/ta will t>^ respectively parallel to the oppoate 
side^ of' die triangle ab, bc, c a* 

Hence die corresponding triangles o a b, o a^^ o a c^ 
ooc b^g similar, oa : oa :: ab : abj and oa : bd 
:: AC : ac; therefore^ also, by equality, ab : ab zi 
AC z etc i or AB I ^ ab :i AC I ^ ac. 

But ^ ab and ^ ac have been shown to be the sines 
of the angles c and b ; whence ab : sin i^ c :: ac f 
sin i^ B; or sin i^ c : ab :: sin i^ b : ac. q.e.d. 

Cor. Since ab : ab :: ao : ao, or ab : 2sini^ d 
:: Aa : aaby similar triangles, it follows that each 
side of the triangle abc is to twice the sine of its 6p^ 
posite angle, as the radius of the ci^rcumscribing drcte 
18 to die radiua <tf the taUes. 

^ THEOREM n. 

94. The sum of aiiy two sid^ of a planie triangle 
ABC, 18 to their difference, as the tangent of half the 
Sum of their opposite angles is to the tangent of half 
their difference. . ^. 




For about one of the angular points b, of the tri- 
angle, and with the greater ode b a as a radius, describe 
a circle, meedng b c, produced, in s and f, and a c in 
D : also join db, e a, fa, and draw fg parallel to ac. 

Then, because b a is equal to be, it is plain that £p 
is the sum of the two sides ab, bc, and cf their dif* 
ference. "" 
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. And because the outward angle abb is equal t4 the 
sum of the inward angles b a c^ boa, and th^ ai^le 
Af £ at the circumference is half the aotgle abe at the 
cei;Ltre, the angle aF£ will be half the: sum of the an« 
gles B A c, B c A. 

Also, since the, angle acb is equal to the sum of 
the angles cbd, cdb, or cbp, cab, the angle tBD 
-will be the difference of the angles bac^ kcji; and 
the angle fad at the circumference, or its, equal af.o^ 
wiU be the half difference of those angles. 

But the angle eaf, in the semidrcle, bdi^:a i^ht 
angle, Ao, ae will be the tangents of the angled axg, 
afe to the radius FA* i . ... .'..i ^: 

Hence, since ac, of are.paraUd, £c ia la.cF aa.! a 
is to AG; that is, the sum of the sides ab, Bd is to thdr 
difference, aa the tangent qf Jhalf the sum .o£'!tIieir cp^ 
posite angina bac, b^a is to the tailgen£*of half didr 
difference. ;, :' .. q.e^b. 

THEOREM III. ..'.•'. 

95. The base of any plane triangle abc, is to the 
sum of the sides, as the difference of the sides is to the 
difference of the segments of the base. 




• I ' •. 



r 

For, about one of the angular points a, of the tri^ 
angle, as a centre, and with the greater side ac as a 
radius, . describe a circle* meetmor ab oroduced in r 



337 

and F, and the base cb in g : also draw the perpendi- 
cular AD. 

Then, because ae, af are each equal to a c, it is 
manifest that be is the sum of the sides ab, ac, and 
BF their difference. 

And because the perpendicular a d, from the centre, 
bisects CG'in D, it is also plain that bg is the difference 
of the segments of the base cd, db, or dg, db. 

But since the lines c g, e f in the circle, cut each 
other in b, the rectangle of eb, bf is equal to the rect- 
angle of CB, bg. 

Hence, cb is to be as bf is to bg ; that is, thebase 
BC is to the sum of the sides ab, ac, as the difference 
of those sides is to the difference of the segments of 
the base cd, db. q. e. d. 

Scholium. When the perpendicular ad falls without 
the triangle, the segments of the base must be both 
reckoned the same way, from the angle C or b, to the 
toot of that perpendicular. 

To these three propositions, which furnish solutions 
to all the problems that can occur in Plane Trigono- 
metry, it may be proper to add the following, which, 
when applied to each of the angles, is alone sufficient 
for that purpose. 

THEOREM IV. 

96. As twice the rectangle of any two sides of a 
plane triangle : radius : : sum of the squares of the 
same two sides — the square of the other side : cosine 
of the angle included by those sides. 
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For let AD be perpendicular to the base bc, billing 
either within or without the triangle, as in the figures. 

Then, in the case in which the perpendicular fells 
within die triangle, we shall have ac'= ab*+ bc*— 

AB* + BC* AC* 

2 Bc X BD, or BD = -— . 

^ B c 

But ABD bemg a right-angled triangle, it will be as 

* 

rad : AB :: sin bad or cos b : bd: or bd = tH^lI. 

r 

And if this value be substituted in die first equadon, 

• •„ . AB cos B AB*+BC* AC* 

It wiU give —^ — = ^-^ ; or cos b = r X 

AB*+6C*— AC* 
2 ABXBC 

Again, if the perpendicular ad falls without the tri- 
angle, we shall have, ac'*= ab*+ bc*+ 2bc X bd, 

AC*— AB*— BC* 



or bd = 



2bc 



And since ABD is a right-angled triangle, rad : ab :: 

AB COS A ^n 

sm bad or cos abd : bd ; or bd = .• 

r 

But ABD being the supplement of abc, cos ab& = 

_ 1 AB COS ABC 

— COS ABC ; whence bd = . 

r 

And if this value be substituted in the first equation, 

*«« *^kr,^l U«,.^ -^^*""^**""^C* AB COS ABC 

we shall have j— = ^ • or cos abc 



2. Tan -^- = 7-— cot t a 
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= r X fLll^SJlA- ; whence, if these equations be 

turned into analogies, we shall have 2 ab X bc : rad 
:: ab'+bc*— AC* : cos ii abc. 

Scholium. If the three angles of the triangle be 
denoted by a, b, c, and their opposite or correspond- 
ing sides by a, i, c, the four theorems here demon- 
stHited may be exhibited in general terms, as follows : 

1. Sm A = — 7— 

V 

"2 

3. BD «-o DC = ^^-^— — ^ ' 

a 

' 4. Cos A =r ( '^r'^ \ 

DEMONSTRATIONS OF THE PRINCIPAL THEOREMS 
IN SPHERICAL TRIGONOMETRY. 

In treating of the practical part of Plane Trigono- 
metry, no distinction was made between right-angled 
and oblique-angled triangles, on account of the three 
rules^ which are there given, being sufficient to solve 
every problem that can occur in this branch of the sub- 
ject, whatever may be the species of the triangle. 

But in Spherical Trigonometry, where, from the na- 
ture of the subject, the rules of practice become more 
numerous, it was judged proper to class the various 
species of these kind of triangles imder the three heads 
of right-angled, quadrantal, and oblique-angled trian- 
gles, and to give the rule for each case sepai*ate!y. 

The common rules, however, for the various cases in 
this branch of the science, as well as in the former, may 

z2 
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be all derived from the three fi)Uowii^ dieorems, which 
have the same generality with those mentkined above ; 
and are here demonstrated, from geometrical prind- 
pies, in a maimer equally ample and perqncuous. 

THEOREM I. 

9T* In any right-angled spherical triangle abc, the 
sine of either of the legs is to radius, as the tangent of 
the odier leg is to the tangent of its opposite angle. 

T 




B 

For let o be the centre of the sphere, and having 
joined oa, oc, ob, draw c£ perpendicular to oB : also, 
in the plane aob, draw, fe perpendicular^ to the same 
line OB, meeting o a, produced, in f } and join fc. 

Then, since oe is at right angles to both ec and eFj 
it will be at right angles to the plane efc. 

And because the plane cob passes through o£, it will 
also be perpendicular to the plane e f c ; or, which is 
the same thing, the plane efc will be perpendicular 
to the plane cob. 

But the angle acb being a right angle (by hyp.) 
the plane c o a or c o f, will be perpendicular to the 
same plane cob. 

Hence the places efc, cof being each perpendicu- 
lar to the plane cob, their common section fc will, 
also, be perpendicular toe ob. 



And since EC, ef, which lie in the planes cob^ aob^ 
are each perpendicular to ob, the angle fec will be 
the measure of their inclination, or of the spherical 
angle cba. 

Also, Fco, CEO, being right angles, Fc will be the 
tangent of the arc a c, and c k the sine of the arc cb, 
to the radius of the sphere o c. 

Heilce, F c £ being a right-angled plane triangle, right* 
angled at c, we shall have e c : rad :: cp itanZFEc; 
or sin CB : rad : : tan ac : tan ^^ abc. q. e. d. ' 

Scholium. By using the same notation as in the 
former theorem the present one becomes r tan Z> = 

sin a tan B ; and if — — be put for tan B, we shall have 

r sin a = ta^ 6 cot b, 
which is the formula for the second case of; right- 
angled spherical triangles* 

theorem II. 
98. In any spherical triangle abc^ whether right- 
angled or oblique-angled, the sines of the sides are as 
the sines of their opposite angles ; and conversely, 




B 

For, let o be the centre of the sphere, and having 
joined o a, oc, ob, draw ad perpendicular to the plane 
oBc ; also make de perpendicular to ob^ and Df to 
oc; and join ae, af. 
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Then, because ad is perpendicular to the plane OBC, 
each of the planes ade, afd, which pass through ab^ 
will also be perpendicular to that plane. 

And since ed is perpendicular to ob, and the plane 
ADE to the plane obc, the line ae, which lies in the 
plane adb, and is drawn from the same point e, is also 
perpendicular to ob. 

In like manner, because fd is perpendicular to oc, 
and the plane a f d to the plane o B c, the line fa, which 
lies in the plane afd, and is drawn from the same 
point F, is perpendicular to oc. 

Hence the angles aed, afd, which measure the in^ 
clinations of the planes aob, aoc, will measure the 
angles cba, bca of the spherical triangle abc. 

Also, af, being perpendicular to oc, is the sine of 
the angle a of, or of the arc ac ; and ae, which is 
perpendicular to ob, is the sine of the angle aob, or 
of the arc ab. 

But ADE, afd, being right-angled plane triangles, 
right-angled at d and f, we shall have a d = a £ sin ^ 
AED, and ad = af sin Z afd. 

Whence, by equality, AEsin^f AED = AFsinii 
afd; and consequently, ae : sin Z afd :: af : sn 
aed; or sin ab : sin opposite ^ c :: sin ac : sin 

opposite Z B. Q. E. D. 

Scholium. If the three angles of the triangle abc, 
be denoted by a, b, c, and their corresponding oppo- 
site sides by a^ by c, the proportion obtained above may 
be represented by the following equation : 

Sin fl sin B = sin ^ sin a. 



$4ft 

And if ABC be a right-angle4 triangle, of which c is 
the right angle, and c the hypothenuse, we shall have 

r sin a = sin c sin a, 
which Is the formula for the first case of right-angled 
spherical triangles. 

THEOREM III. 

99. As the rectangle of the sines of any two sides of 
a spherical triangle : radius : : rectangle of radius and 
the cosine of the other side — the rectangle of the co- 
sines of the same two sides : cosine of the angle ia* 
eluded by those sides. 




B 

For having joined o a, ob, oc^ draw fd in the plane 
oBCj and de in the plane oab, each perpendicular to 
their common section oB, and join ef. 

Then^ because the angle edf is the measure of the 
inclination of the planes obc, oab, it is also the mea- 
sure of the spherical angle abc or b. 

And because cos edf = -^--- ^, and cos eof 

2 DS X DF 
r(OE*-l-OJ*— EF*) • « I 3 2OBXOPC0«EOF. 

= -^ — ^ -, or ef'=oe +of' , 

2ofixop ' r 

if this be substituted in the first equation, we shall have 

r(DE*-|-DP*— OE*— OP*) -f 20EX0FCCME0P 

cos EDF = -^ T— 

2 D£ X DP 

But OE*— ED* and of*— df' are each equal to od*; 
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whence^ cos edf, or its equal cos :^ b :tr 

OB X OF COB FOF— r X OD* OE X OF COS AC— T X .0»* 

II JUS '»■ ■ < 

D£XDF DEXDF 

^^ • OE r r OF 

Or, Since — = -: = -: 5 



DE sin D O £ Sin A B DF Sm D O F 

r O^ _ COS DOE COSAB OD COBDOF COSBC 

sinBC DE sin DOE sin AB or sinDOF sinBc' 

if these vsJues be substituted in the former equation, 

, „ V r*COS AC — r COSAB COSBC J 

we.shall have cos b = tt— — 5^ . — .andcon*' 

sin AB Sin bc 

sequently, sin ab X sin ac •; r : : r cos ac — cos ab 
X cosBc : cos Z b. q.^.d. 

Scholium. By using the same letters for the sides 
and angles of the triangle, as in the two former the- 
orems, the above fpripula becomes 

^ r* COS h-r-r cos a cos c 

Cos 5 ^ -^ ■ • . ^— I 

sm a sm c 

Which principle being applied successively to all the 
three angles, furnishes three equation^, which are suf- 
ficient for resolving all the problems, of spherical trigo- 
nometry ; haying the same generality with respect to 
spherical triangles, that the theorem given in art. 96. 
hc^ with respect to plane triangles. 

A similar formula may also be readily obtained for 
the cosine of either of the sides in terms of the sines and 
cosines of the three angles. For since any spherical 
triaijigle, whose sides are a, b, c and opposite ^gles 
a, ^, c answers to the polar triangle, whose sides are 
180°— A, 160°— B, and 180°— c,- and the angles 180° 
—a,. 180°— ft, I80°— c, we shall have ' 

r^. n Qr.0 N ^*cos (i80^- A)-rcos (190°-b) cos (180^-c) 
^Pb (180 -«) = sin (18tf>-B) sin (IBO^-c) ' 



And befcauB^ COS (18(f— d) =5 — cofia; cos (180? . 
— a) = — cos A, &c. this equation, when rediKcd; 
becomes 

Cos a = : ; • 

sm B Sin c 

Which latter formula resolves immediately the case 
in which it is requiijed to find a side by means ,of the 
three angles, as the former does when it is required to 
find an angle by means of the three sides* 

100. Having obtained by art. 97 the proper formulae 
for the solution of the first two cases of right-angled sphe- 
rical triangles, the re^t may be easily derived from them, 
by means of the complemental triangle,- as follows : 




; , Let A^ c be a right-angled spherical triangle^ ; add 
DA£ the complemental triangle, formed by producing 
the sidea Ba, ca, i£ necessary, to quadrants* 

Then, because the triangle b ae is also right-angled 
at £, it follows, from theorem i^ that r sin a^ r=: sin f 
sin A ; and since sin a = cos £ f >= cos / b, and-ski e 
= cos by if these be substituted for of and e, we shall 
have, for the 3d case, 

r cos B dz cos 6 sin A. 

Also, since r sin «' =* tan t/ iot d, by 2d theorem ; 
and sin a = cos ep = cos b, tan ^ = cot c, and cot d 



\ 

cot c V 3 tan a, we shall hsrve, by substitution, for 

the 4th case, 

r cos B = tan a cot c. 

In like manner, because r sin ^ = sin e sin d, by 
the 1st theorem, and sin d = cos c, sin e = cos by 
and sin d =3 sin c f = cos a, we shall have, by a si- 
milar substitution, for the 5th case, 

r cos c = cos a cos b. 
Finally, because r sin rf = tan a' cot a, by the 2d 
theorem, and sin d = cos'c, tan a = cot e f = cot Z b, 
we shall have, by a like substitution, for the 6th case'; 

r cos c = cot A cot B. 
Hence, all the cases of right-angled spherical tri^ 
angles being collected together, may be commodiousty 
exhibited at one view, as follows : 

r shi a = sin o^ sin A = tan i i:ot b 
r cos B = tos 6 isin A = tan a cot c 
r cos c = cos a cos Z> = cot a cot b. 
The same forms will also hold in any case, by tak- 
ing such other sides and angles as are similarly situated 
with respect to^ each other. 

101. The various cases of quadrantal ^herkal tri- 
angles may also be derived, in a similar way, from the 
principles above demonstrated, by means of the com- 
plemental triangle, as follows : 
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Let a'b'c' be a qtiadrantal spherical triangle, and 
a'c'd the complemental triangle, formed by producing 
the ades a'c', b'c', if necesiary,. to quadrants. 

Then, since by theorem i. the sines of the sides of 
any spherical triangle are as the sines of theii; oppo- 
site angles, it follows, for the Ist case, that sin a^'b' 
(an 90°, or rad ) : sin ii c' :: sin 6' : &n Z b'; or 

r sin b' = sin ^ sin c''. 

Also, because the triangle a'c'd is right-angled at 
D, r sin c = tan a cot c'a'd, by 2d theorem ; but sin 
^c = sin -^ b', tan a = cot a\ and cot c'a'd = tan / 
bVc', or tian -^ a'' (b'a'd being a right Z ) ; whence, 
by substitution, we shall have, for the 2d case, 

r sin b' = cot a tan a'. ^ 

In like manner, because r sin a = sin 1/ sin c Vd, 
and sin a = cos a\ sin c'a^'d = cos b'a'c', or cos Z j^ 
(b'a'd being a right Z ), we shall have, by substitu- 
tion, for the Sd case, 

r cos a = sin b' cos a\ 

Again, because r sin a = tan c cot c', by the 2d the- 
orem, and sin a = cos a', tan c = tan aVd, or tan b\ 
we shall have, by subsritution, for the 4th case, 

r cos a' = tan b' cot c^ 

Also, because r cos c' = cos c sin c'a'd, as has been 
shown for case 3 of right-angled triangles, and cos c 
= cos Z b\ and sin c' a'd = cos b'a'c', or cos Z a' 
(b^'a'd being a right Z ), we shall have, by substitu- 
tion, for the 5th case, 

r cos c' = cos a' cos b^ 
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Lastly, because r cos c' = tan a cot b\ 23 has been 

shown for 'the 4th case of right-angled triangles, and 

tan a == cot a^ we shall have, by substitution^ for the 

6th case, 

r cos c' = cot a cot b\ 

Hence, also, by taking, for the sake of uniformity, 
such sides and angles as correspond with those of the 
former triangle, all the cases of quadrantal spherical 
triangles may be exhibited as below : 

r sin a' =, sin a sin c = cot b' tan b' 

r cos b' z=z sin a cos b' = tan a' cot c' 

» 

r cos c = cos A^ cos b' = cot a cot b\ 

Where, by comparing together the similar forms of 
the two tables, it appears (as well as from the polar 
triangle, def. 1 3 ) that if the sides and angles of any 
quadrantal spherical triangle be considered, reversedly, 
as the angles and sides of a right-angled one, the rules 
for the latter will equally apply to all the cases of the 
former ; observing to change thp terms like and unlike 
for each other, when the hypothenusal anglp Js con- 
cerned. 

102. Next, in order to apply* the theorems, above 
demonstrated, to the solution of the remaining cases 
of oblique-angled spherical triangles, \i will be proper, 
for the sake of convenience, to present the formulae 
already obtained, under all the varieties of which they 
are susceptible ; which, for the case of the sines, in 
theorem 11, are as follows : 

sin a sin B ' sin a sin c 



Sin A = 



' fiin 6 sin c 



SinB = 
Sine = 



Sin a = 



S49 

sin h sin a sin & sin c 

sin a . sin c 

sin c sin a sin c sin b 



sin a sin ^ 

sin c sin a sin h sin a 
sin c sin B ^ 



r.* r sm c sm B sm a sm b 

Sin b = — : = — , 

sin c sin A 

sin a sin c sin ^ sin c 



Sin c = 



sin A sin B 

The three first of which equations furnish the means 
of determining either of the angles of the triangle, by 
means of two of the sides, and the angle opposite to 
one of them ; and the three latter determine a side by 
means of two of the angles and the side opposite to one 
of them. 

103. In like manner, the general expression obtained 
by theorem iii, when applied to all the sides and angles 
of the triangle, admits of the following permutations : 

7* cos fl — r cos ^ cos c 



Cos A s 
COSB = 



sin ^ sin c 

I* cos ^ — r cos a cos c 

sin a sin c 



\ g^ r* cos c—r cos a cos i 

Cos c = .—. 

sm a sin b 
^ f cos ^ cos c -h sin ^ sin c cos a 

Cos a = r -^ 

^ I rcosacoic-hsinasinccosB 
Cos b = -^ 

g^ rcosaoos^ + sinasin^cosc 

Cos C = -^-r 

The three first of which equations give the angles 
by means of the sides; ; and the three latter give either 
pf the sides, by means orthe other two sides and their 
Lined angle. 4 
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1 04. Also, the second general expression, obtained 
from the same theorem, when applied as before, gives 
the following formulae : 

r* cos A 4- ^ cos B cos c 



Cos a = 
Cos 6 = 



Cose = 



sin B sm c 
r* cos B + rcos A cos c 

sin A sin c 
r* cos c -f r cos a cos b 



Cos A = 



stn A sm B 
cos 4Z sin B sin c — r cos b cos c 

\ , , ^ _ _ 



^ cos b sin A sin c — r cos a cos c 
Cos B = T ■■ ^5 



Coso = 



cos c sin A sin B •— r cos a cos x 



r* 



The three first of which equations give the sides by 
means of the angles ; and the three latter give either 
of the angles, by means of the two other angles and 
their included side* 

105. Again, if the value of the cosine of c in the 6th 
of the 2d set of equations, be substituted for the cosine 
of c in the 1st of the same set,* we shall have r cos a 
sin c = r cos ^ sin 6 — cos c sin a cos b ; and by sub- 
stituting in this equation the value of the sine of c, as 
given in the 6th of the 1 st set of the same formulae, it 
will become, after reducing it to its most siftiple form, 

r CO* A ^ r cos a sin b -— sin a cos b cos c 
•-: = cot A = : ; 

8in A sin a sin c 

106. And if this expression be applied to each of the 
three angles of the triangle, by using all the permu- 
tations of which it is capable, we shall have the six 
following formulae : 

r cos a sin ^ — sin a cos b cos c 



Cot A = 



sin a sine 



CotB = 
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r sin a cos b — cos asmh cos e 
sin ^ sin c 



g^ ^ r cos asm c — sin a cos c cos b 
LiOt A = •? — : : ' ^ 

sin a sm b 

^ ^ r sin a cos c — cos a sin c cos b 

Cot C = : : 

sm c sm B 

r cos b sin c — sin ^ cos c cos ▲ 

sin Z' sin A 
r sin ^ cos c — cos b sin c cos a 



CotB = 

Cote = 



sin c sm A 



Which equations determine any two angles of the 
triangle, when we know the third angle and the two 
sides by which it is contained. 

107. The cotangent of either of the sides may also be 
determined, in a similar manner, by means of the 1st and 
Sd set of equations ; or more readily by the 1 st of the 3d 
set and the polar triangle. For since cot (180°— a) =r 

rco6(180V0sin(l80°~B)— sin(l,80^-A)cos(180°"B)cos(180^-c> 

sin (180°— a) sin (180''— c) . 

r i, , rcosAsinB-f sinAcosBcosc 

we shall have cot a 3s -,— — . • 

smA smc 

And this, being applied to each of the three sides^ 
by using all the permutations of which the letters are 
capable, will give the six following formulae : 

^ ^ r cos A sin b -f cos c sin a cos b 
C.ot a = : . 



CotZ; = 



sin c sm A 
r sin A cos B + cos c cos a sin b 
* sin c sin B 

^ ^ r cos A sin c + cos ^ sin a cos c 

L,ota 5= i— T" : 

sm 6 sm A 

^^ r «in A cos c -h cos ^ cos A an c 

sm ^ sm c 

p . ^_^ r cos B sin c -f coe a sin B cos c 

**" sin a sin B 

^. fsiaBcosc + cosacosBsinc 

Cot C =S . — — : . 

sm a sm c 
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Which equations serve to determine any two sides of 
the triangle, when we know the third side and the two 
angles between which it is contained ( w ) . 

108. Of the five classes of fonnulaj here given, 
which are sufficient for resolving directly all the cases 
of spherical trigonometry, the four last deserve parti- 
cular notice, not only on account x)f their elegance, but 
from their possessing the property of showing whether 
an arc or an angle be greater or less than a quadrant, 
or90^ 

For the cosine and cotangent of any arc being — in 
the first quadrant, and + in the second, which is the 
limit of the sides and angles of every triangle, if care 
be taken to give to the known quantities, which enter 
into any of these formulae, their proper signs, the agn 
of the result will show the species of the arc or angle 
sought. 

But this cannot be known from the expression of the 
sine of an arc or angle, as its value and sign are the 
same both for the arc and its supplement. 

109. From these formulae, which, except in those 
of the first class, are not adapted to logarithmic com- 

mm^K^^ m 11 ' ■ ■ ■ I — i 

(n) These formulae are equally applicable to every species of 
ipherical triangles, whether right-angled, quadrantal, or oblique- 
angled ; and in the two former cases tliey may be easily resolved 
into the simple forms before given for the solution of those trian- 
gles. The whole doctrine of spherical trigonometiy might, there- 
fore, have been deduced from the 2d and 3d theorems above given, 
or from the • 3d alone 5 but, for the sake of the learner, it was 
judged proper, in the case of right-angled and quadrantal triangles, 
to follow a mode of investigation which appears something mor6 
easy and natural. 
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putadon, we can readily deduce the four elegant the- 
orems commonly known under the name of the -^wa- 
legies of Napier, which are of great use in facilitating 
the solution of several cases of dpherical triangles. 

Thus, by a combination of the values of cos a and 
cos c, given in art. 103, we shall have the two follow- 
ing equations : 

r cos A sin c = r cos a sin & — cos c sin a cos b 
r cos B sin c = r cos Z? sin a — cos c sin i cos a 
And by adding these together, and reducing them, 
there arises 

Sine (cosa+cosb) =i= (r— cose) sin (ci+i). 

n ^ • sin h sin a sin c t ti i 

But smce -: — = -: — = -: — , we shall have 

sm B sin A sm c' 

Sine (sinA+sinB) = sine Csina+sini) 
Sin c (sin a —sin b) = sin c (sin a — sin Z>) 
Which two equations being divided by the preceding 

. Sin A + sin B sin c ^ sin a -h sin^ 

one^cfive ^^ __ ^ ^ ._ 

'^ cos A -h cos B f — cose sin (a -f- ^) 

sin A — sin b sin c sin a — sin ^ 

cos A -h cos B r — cos c sin (a -f ^) ' 

And reducing these, by means of the formulas given 
in art. 30, they become 

Tan i (A+B) = — |4^f ! cot i c 

^ ^ ' cos^ (a-f ^) ^ 

TanJ (a-b) = -!"f {"^j; cot ^ c. 

"^ ^ ' Sin I (a+^) ^ 

Which equations determine any two angles of a 
spherical triangle by means of the two opposite sides 
and their included angle; and are the same as the 
practical rule given in the former part of the work. 

And if the formulae, thus obtained, be applied to 
the polar triangle, by substituting 180^— a, ISO''— b^ 

2 a 
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1 80°— ^, 1 80°— t, and 1 80°— c in the place of a, b^ 
A, B, c respectively, the result will give the two foU 
lowing analogies. 

Tani(a + i)=^£|i^;tanic 

•T- 1 / f\ sin 4 (a— b) ^ , 

Tan * (a — Z>) = . *) . { tan* c. 

-^ ^ am J (a+b) * 

Which equations determine any two sides of a ^he* 
rical triangle, by means of the opposite angles and 
their included side ; and are the same a» the practical 
rule already given for this purpose, 

110. The logarithmic formula for detennining either 
of the angles of a spherical triangle when the three 
sides are known, may be also obtained from the prin- 
ciples already laid down, as follows : 

If the value of the cosine of c (art. ) be substi- 
tuted in the formula 2 sin* |^ c=r*— r cos c (art. lOS), 
we shall have 

2 sin' ^ c - COS c cos a cos ^ + sin a sin ^ — r cos c 

r* *" r ~" . sin a sin h 

Or, since cos a cos Z^ + sina sin i = r cos (a— i), 
(art. 20) the former expression will become . 

2 sill* I c r cos (a— ^) — r cos c 

r* sin a pin h 

But by art, 29, r cos (a — i') — r cos c = 2 sin |^ 
(c+i — a) sin ^ (^c+a-^-b) ; whence 

Sin* I c sin j (c-f-^ — o) sin| (c+a—B) 

r* • sin a sin 6 

Or, sm^ c = rvVliJl±^r3l^iJ^±^i:^. 

sin a sin Z» 

In like manner, if the value of the cosine of c be 
substituted in the formula 2 cos"" ^ c == r* + r cos c 
(art. 103), we shall have 
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2 cos* ic_^ ,cosc rccrt c — cosaco&l +^ina sin I 

r* r """ sin a sin ^ 

Or since — (cos a cos £ — sm a sin 6) =5? -^ r cos 
(a-f ^) (art. 20) the former expression will become 

2 00^^0 rcoio ^ r cos (a + h) 

r* "" sin a sin b 

But by art 29, r cose -^ r cos (a+i) = 2 sin ^ 
(a + i — c) sin ^ (a + i + c) ; whence 

Coi^Jo _ sin i (gJ^lf^e) am | (g+^-^c) 
r* sin a sin 6 

Or, cos i c = r ^/ '•'°i(«'+^+g)rini(a+>-c) 

sin a sin ^ 

Gr, because ^^ , ^ = tan ^ c, if the former of these 
expremons be divided by the latter, we shall have 
Tan i c = r y^55ii£±.*jr?l!? ^(g+g->) 

^ sin-^ (a+^-hc) sin |(a4-^—c)* 

Where either of these three formulae will deter- 
mine an angle, when the three sides ol the triangle are 
given. 

111. By following the same mode of investigation, 
the logarithmic es:pression for determining either of 
the ddes of a spherical triangle, in terms of the three 
angles, may be obtained as follows : 

If the value of the cosine of a (art. 104), be substi- 

tuted in the formula — —^ = 1 — (art. ^7)9 wt 

shall have 

sin* la sinBsinc — COSBCO8C — rcosA 
r* 2 sin B an c 

Or, since sin b sin c — cos b cos c — rcos a = — 

r cos (b + c) — r cos a, the formar expression will 

become 

2a2 
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Sin* iff — rco»(B4-c) — rcosA 
r* , 2 sin B sin c 

But, by art. 29, r cOs (b + c) + r cos a = 2 cos |^ 
(a+b+c) cos ^ (b+c— A) ; whence ' 

Sin*|a __ — cos ^ (A-f B-f c) cos |(B-f c— a) 
r* sini sin c 

(o) Or sin * a = r ^-cosUA+B+c)co»i (b+c-.)^ 

sin B sin c 

In like manner, if the value of the cosine of a, be 

substituted in the formula — ^ = 1 + , we shall 

have 

Cos* J a . sin B sin c + cos B cos c + ^ cos a 
r* 2 sin B sin c 

Or, since sin b sin c + cos b cos c = r cos (9— q), 
the former expression will become 

Cos* I a r cos (b— c) + ** cos a 

• r* ~~ 2 sin B sin c 

But, by art. 29, r cos (b — c) + ^ cos a = 2 cos J 

(a+b— c) cos ^ (A+c— b), whence 

Cos* ^ a cos ^ (a + b—c) cos j (a + c—b) 

r* sin B sin c 



Or, cos ia = r ^cos^(A-+B-c)cosi(A+c-B)^ 

. sin B sin c ' 

Or, because , - = tan A a, if the former of 

_ cos ^ a -tf ' 

these expressions be divided by the latter, we shall have 



(0) It may here be observed, that the second member of this 
equation, though under a negative form, is always affirmative 5 for 
i (A-f-B-hc) being greater than 90^, it? cosine will be negative; 
and ponsequently the expression — cos | (a -f b -|- c) will become 
positive. And since' b + c — a can never surpass 180°, or | 
(b + c — a) be greater than 90^, it is plain that cos ^ (a-f c— a) 
must also be positive. 
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Tan i a .=a r -• •-co8.i(B+c+A)cos^(B+c-A) 

COS 4 (a+B— C) C08-J (A-fC — b) 

Either of which fornlulaB will determine a side when 
the three angles of the triangle are given, 

112. It may be still further observed, that by taking 
all the varieties of which these last formula for the 
tangents are susceptible^ we shall have ' 

Tan * B = ^/ »"^ i (^-f c-q) sin^ (g -l-^-c) 
^ sin^ (a+c—^) sin I (a+^-fc) 

Tan Ac = ^/ »^"i (•+ g- ^)«'P ^ (h^c^a) 

sin ^ (a+b.-^'c) sin J (a+^-f c) '. 

Tan A a = ^/ -C08^(B-hC-A)cOS^(A4.B + c) 
^ COS J(A-fB— c)C0S^(a + C — b) 

' jjm 1 ^ _ ^/ -cos^<a4-c-b)cos|(a-j-b + c) 
^ . cos|u(b + c— a)cos^(a+b— c) 

Tan * c = ^ -cosi(A-HB-c)cos^ (a^-b+c) 

^ cos^{A-f c— b)cosJ(b + c— a) 

lis. In like manner, by taking all the varieties of 
which the preceding formulae for the tangents are sus- 
ceptible, we shall have - 



b'-a sin-l 



Tan-r- = 



2 sin^ 

b-^a co8| 



Tan-^ = 
Tan^-:;i = 



cos^ 



2 sin^ 

c + b cos^ 

2 I 

a~^c sin -j 

2 sin I 

fl + c cos ^ 

2 cos J 



Tan^ = 



Tan 



Tan ^ = 



— T^ tanic 

b«<-a) 



B«f Jk) 

c — b) 



c + b) 
c— b) 



c+b) 

A — C) 



A + C) 
A — C) 



A+c) 



an 



an^ o, 
an ^a 
an^ & 
an^6 
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Tan -T— = . w ,, , : cot f c 
Tan -^ = z^i).,' cot i c 
Tan -- - = . ? ; 1, cot ^ a 

rr. c + » co«4 (^—W ^ 1 

2 sinf (a-l-c) * 

Tan -~- a= " I , ■ , : cot i b. 

2 COB f (a+c) ' 

1 14. And from these last 12 formulae may be de» 
duced the following, which serve to' find die third side 
or the third angle, when two sides and the angle oppo- 
site t6 one of them are known, 

Tani c = ^^\['"^^l tan * (i-c) 
Tanic = "^f,^'-^^i tani(J^+a) 

* G08^(b— a) -< ^ • / 

Tan i o = i^|4^ tan * (c-fc) 

-^ Sin ^ (c— b) -^ ' 

Tan^a = E2lii£±l) tan* (c+i) 

-^ COS J (o— b) -• ^ ' ' . 

Tanii = S24i^tani(«-c) 

-^ Sin JfA— c) ^ ^ ^ 

TaniA i=^^ii^ tan* (a+c) 

-* cosf (a— c) -5 ^ » / 

Coiic = ^47r^itani(B-A) 
- Cotic = ""}i;t°; tani(B+A) 

-^ COS I (^— «) 2*1/ 

CotiA = ^^^#i^tan^(c+B) 
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CotiB ss . f ; ^ / tan j- (a— c) 

Cot * B = — f^ f tan i (a+c . 

Which formuls, joined to those of art 102^ for de- 
temuning a side or angle, when two sides and an angle 
opposite to one of them, or two angles and a side op- 
posite to one of them, are given, are sufficient for re- 
solving, logarithmically, etery case of sphe]|:ical tri- 
angles. 

It may here also be observed, that these equations 
furnish the means of determining the affections of the 
sides wd angles of spherical triangles, m all the ca:ses 
which are not necessarily ambiguous, by barely at- 
tending to the signs of the quantities of which they 
are composed. 

Thus, in the equation r cos a =^ cos b cds c, for 
right-angled spherical triangles, the 3 sides must be all 
equal to 90% or all less, or two of them ^greater and 
the third less, as no other combination tan render the 
agn of cos b cos c like that of cos -a, as the equation 
requires.. 

Also, in the last analogy for oblique-angled spheri- 
cal triangles, art. 113, as cot ^ b and cos ^ (a *-» c) are 
both positive, tan ^ (A-f c) and cos ^ («+c) must 
have the same sign ; hence, half the sum of any two 
sides is of the same kind as half the sum of their op- 
posite angles : which consideration will sometimes take 
away an ambiguity that might otherwise arise, in cases 
where the quantity sought is to be determined by means 
of a sine. 
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SPHERICAL THEOREMS. 



THEOREM I. 

115. If two arcs of circles meet each other, they 
make two angles, which are, together, equal to two 
right angles, or 180^ 




c 

3 

« 
/ 

Let the arc ab meet the arc cd in the point 9 ; then 
will the two jif ABC, abd be equal to two right angles. 

For, suppose the arc e b to be perpendiculsir to c d, 
then the ^ ^ E b c, E B D are right angles. 

And since the ^ ebd is equal to the. 2" eba 
abd, the three i^^ ebc, eba, abd are equal to two 
right A\ 

But the two Z^ EBC, EBA are equal to the /^ abc, 
whence the two id^ABC, abd ?ire also equal. to two 
right angles. q. e. d. 

THEOREM II. 

116. If two arcs of circles intersect each other, thq 
vertical or opposite angles^ will be equal. 

D 




Let the two arcs ab, cd intersect each other in e, 
then will the ^ aec be -equal to deb, and aed to 
ceb» 
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For since the. arc ae meets the arc gj), the ii* aec, 
AE» are, together, equal to two right 2 ^ (theo. i). 

And because the arc de meets the arc ab, the 2' 
DEB, DE A are also equal to two right 2^ 

Whence the sum of the L^ aec, aed is equal to 
the sum of the l> ^ deb, de a. 

And if ^ the 2^ aed> which is common, be taken 
away, the remaining Z aec will be equal to the re- 
maining L DEB. And in the same manner it may be 
shoTim,' that the ^ aed is equal to ceb. q. e. d. 

Cor. If two arcs of circles intersect each other, the 
^ " about the point of intersection are, together, equal 
to two right ^ '. 

THEOREM III. (/>) 

117. An angle made by any two great circles of the 
sphere is equal to the angle of inclination of the planes 
pf thos9 circles. „ 3 
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Let BAE be a spherical angle, made by the two 
great circles cba, cea ; then will this angle be equal 
to the angle of inclination of the planes of those circles. 

For take the arcs ab, ab each equal to 90% and 
through the points b, e draw the arc of a great circle be, 
and from d, the centre of the sphere, draw db, de. 

(/) ) Any two great circles of the sphere a b c, a f c, which pass 
through the poles a^ c of another great circle bb^ cut all the paral* 
lels H G^ B E into similar aics^ or such as contain the same number 
of degrees. 
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Thea because ab, ae are quadrants, the lines db, 
DB are each perpendicular to the common section ac; 
aiid consequently bbb is the JL of inclination of the 
planes cba, cea. 

But since, bb, d b are equal, being radii of the sphere, 
the i^ BD E, which is measured by the arc be, \& equal 
to the I- B as, which is measured by the same arc. 

And if FH be drawn in the phn^CBA, and ^g in the 
plane c £ a, each perpendicular to the common aecticm 
AC, the ^ nro, which is equal to JL Bdx^ will also 
be equal to the L bae. jq..s. b. 

Cor. The ^ bae made by two great circles of the 
sphere b a, e a, is equal to the A nkm^ forilied by two 
tangents drawn from the angufar point a, one in each 
plane, these tangents being each perpendicular to the 
diameter Kt. 

. Scholium. As the i^'BA£,.BC£^ formed by the 
intersections of two'^^at-.xircles of the sphere, are 
equal, so it may be easily jproved that if the arcs a c b, 
ABB of any two circles, whether great or small, inter- 
sect each other, either in a plane, or on the surfaice of 
a sphere, the opposite JL^ of the lunule bab, abd 
will be equal. 




A B 

For draw ae, af touching the arcs ab, ac m a, 
and bb, bf touching the arcs bb, bc in b, and meet- 
ing each other in e and f : also join e f. 



Then since ba, eb are tangents to the drcle adb, 
loiid meet in the 'point b, they are equal. 

And, because i a , f b are also tengects to the ^de 
A^B, and meet in the p(»nt p, they iffi equfd. 

Hence the »des ab, af of the A apb being eqtnl 
to the ^es be, bf of the A bfb, and the base ir 
common, the ^ eap vtiti be = the ^ ebf. 

But these ^' are equal to the curvUmear Z* bad, 
abd (cor.) ; whence Ae latter are also equal. 

THSO&SU IV. 

118. The distance of the poles of any two great 
drcles of the spbere is equal to the angle of iadim^cm 
of dke planes of those circles. 




Let ABB. CES be two great circles, and p, p their 
poles ; then will the arc p^ be equal to the angle of 
their inclination aoc, or bod. 

Forsinc^ p is the pole of the circle abb, and p of 
CED, the arc fa will be equalKt/ic, being each qua* 
drants, or 90°. 

And if PC, vhkh is common to each, be taken away, 
the remaining arc vp, which is the distance of the two 
pdes, is equal to c a, which is the measure of the ^ 
of inclination aoc. q.b.d. . 
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THEOREM V* 

119. If arcs be described from the three angular 
|k)i]ats of any sph^cal triangle ab c> as poles, the sides 
and angles of the triangle jdef, formed by their inter- 
jsection, \xdll be (be 'supplqi|ia[its of the angles and sides 
of the former^ and vice yersL 






• I • 



\ Eor let th^ side$ of :the A abc be ^oduced, if ne- 
cessary, till they meet the sides of the A def, in the 
points G, H, I, K, L, M ; and dra^ the arcs ea, eg. 

Then, since the points' a, c are the poles of the arcs 
EF, ED, the arcs c^ ae will be quadrants, or each 
90^ ; and consequently e is the pole of ac. 

In like manner, it may dso be shown that f is the 
pole of AB, and d the pole of bc. 

Since, therefore j e is the pole of A h, and f the pole 
of AG, the arcs eh, fg will be each quadrants, and 
their sum eh + fg or ef + gh = 180°; 

But A bdng the pole of ef, the arcs ag, ah are 
also each quadrants ; and consequently g h is the mea- 
sure of the jL bag or a. 

Whence, ef + gh being = 180°, ef + ^ a is also 
= 180°; or ef = 180°— /• k. ' 

And in the same manner it may be shown, that pd 
= 180°— A B, and de = 180°— A c. 
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Again, c being the pole of m d, and b the pole of 
I D, the arcs c m, bi are each quadrants } and their sum 
CM + Bi or MI + BC = 180^ 

But the arc mi having tHe point d for its pole, is the 
measure of the L edf or d; whence i^ z> -f Bo is 
also = \%(f\ or 2 D = 180''— bc. . 

And in the same way it may be shown, that ^ £ 
== 180''— AC, and 2 F = 180"^— ab. 

Hence, also, reciprocally, 2 a = 180°— ef, 2 b 
= ISO"" — FD, ^ c = 180° — DE J and BC = 180° 

— iio, AC = 180°— 2e, AB =180°— ^F, Q,E,D. 

theorem VI. 
1 20. If the three sides of one spherical triangle be 
equal to the three sides of another, each to each, the 
angles which are opposite to the equal sides will be 
equal. A D 




C K V r 

Let ABC, DEF be two spherical triangles, having 
the side ab = de, ac = df, and bc = ef ; then will 
^As^D, i^B = E, and Aq^=z jL^. 

For take any two equal distances og, ol, on the 
equal radii o a, od; and in the planes oac, o ab, draw 
OK, GH each perpendicular to oa ; and in the planes 
DOF, DOE draw ln, lm each perpendicular to od. 

Then^ because the side og of the A oho = ol of 
the A 0KL,the ^ gok = 2lon (being measured by 
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the equal arcs A c»df), and 2I ooK ss /> oln (being 
light I *), the side OK will b^ = to jln, and ok to on* 

In like manner, because the side oo of the A oho 
as ot of die A OMJL, the /^ goh =7 Z lom (bdng 
measured by the equal arcs ab, de), and the / ogh 
== i^ OLM (being right A *), the eide oh will be 33 to 
LM, and OH to om. 

Since, therefore, the sides ok, oh of the A 0HK9 
are ^^ the sides on, om of the A omn, and the ^ hok 
= / M ON (being measured by the equal arcs bc, £f), 
the side kh will also be = to km. 

Hence, the three sides of the A ohk being equal 
to the three sides of the A lmn, the t^ kch, klm, 
which are opposite to the equal sides kh, n m will also 
be equal. 

But the ii KGH, which is the inclination of the two 

planes aoc, oab is ;;= the spherical ^ bac, and the 

2; N L M, which is the inclination of the two planes dof, 

DOE, is = the spherical 2 edf ; whence the spherical 

^^^ BAG, EDF are also equal. 

And, if two equal distances be taken in the radii OB,' 
OE, or oc, OF, and perpendiculars be drawn from their 
egLtremities in the other planes, as before, it may be 
shown, in a similar manner, that the 2 abc is =: Z 

DBF, and i^ AGB = i^ DFE (y). Q. B. D. 

(y) Most of the trigonometrical writers have attempted to prove 
this, and several other propositions in Spherics, by means of laying 
one triangle upon the other, as in plane geometry. But this me- 
tbody in several cases> is not exact, as there may be two s^^eripal 
triangles, as well as two solids^ or two solid angles^ which are 
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THEOREM VII. 

121. ^f the three angles of one spherical triangle be 
equal to the three angles of another, each to each, the 
sides which are opposite to the equal angles will be 
equal. ^ I* 




Let ABC, DBF be two spherical A% having A k=, 
^ D, 2 B = ^ £ and ^ c = i^ F } then ab = de, bc 
= EF, and CA = FD. 

For, about the angular points of the two A^ describe 
the supplemental or polar A* ghk, lmn. 

Then, because the i^ ^ a, b, c are, respectively, = 
to the ^ ' D, E, F, the sides hk, kg, gh which are the 
supplements of the former, will be = sides mn, nl, 
L M which 2Xt the supplements of the latter. 

And since the three sid^ of the A g h k are equal 
to the three sides of the A l m n, each to each, the L * 
G, H, K will be respectively equal to the ii ® l, m, n. 

But the i^* o, H, K being the supplements of the 
sides BC, CA, ab, and the ^^ l, m, n the supple- 
ments of EF, FD, D£, the side ab will be = de, bc 

= EF, and CA = FD. Q. E. p. 

equal in all their constituent parts^ and yet are not superposable, or 
equal by coincidence 3 as is shown by Legendre, prop. 11. b. viL 
of his Geometry ) where he also observes (note 1 .) that Dr. Simp- 
son, in objecting to the demonstration of prop. 28, b. xi. of Euclid, 
has himself fallen into this mistake, by founding his demonstra- 
tion upon a coincidence which does not exist. 
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THEOREM VIII. 

122. If two sides and the included angle of one 
spherical triangle be equal to two sides and the in- 
cluded angle of another, each to each, the remaitiing 
sides and angles will be equal. 




Let ABC, DEF be two spherical A* having the side 
AB = DE, AC = DF, and jL bac = JL edf ; then 
will the sideBC = ef, ^ abc = A def, and A acb 

= ii DFE. 

For take any two equal distances oo, oL on the 
equal radii o a, od ; and in the planes o ac, o ab draw 
GK, GH each perpendicular to oa ; and in the planes 
DOF, doe, draw ln, lm each perpendicular to od. 

Then, because the side og of the A okg is = to 
OL of the A ONL, the JL gok = Z. lon (being mea- 
sured by the equal arcs ac, df), and 2 ogk = / oln 
(being right ii'), the side gk will be = to ln, and 

OK to ON. 

In like manner, because the side og, of the A ohg, 
is = oL, of the A o ML, the JL goh = Zlom (being 
measured by the equal arcs ab, de), and the Z qgh 
= Z OLM (being right Z^), the side gh will be = 
to LM, and OH to om. 

Since, therefore, the sides gk, gh, of the A ghk, 
are equal to ln, lm of the A lmn, and Z kgh = 



S69 

^ NLM (being the inclinations of the plailes which 
form the equal 2*bac,edf), the side kh will also 
be equal to nm. 

Hence the three sides of the A h k o being equal to 
the three sides of the A lmn, the jL^ hok, mon 
which are opposite to the equal sides kh, nm, are 
also equal. 

But these L ^ being at the centre of the sphere, are 
measured by the arcs bc, ef at the circumference, which 
subtend them ; whence the side b c is equal to £ f. 

And since the three sides of the A abc are equal 
to the three sides of the A def, it follows, from the 
last proposition, that the i^ abc := ^ def, and JL 

ACB = 2 dfe. q. £• D. 

THEOREM IX. 

123. If a side and the two adjacent angles of one 
spherical triangle be equal to a side and the two adja- 
cent angles of another, each to each, their remaining 
sides and angles will be equal. 

Gr L 




Let ABC, def be two spherical A% having the side 
BC = ef, i^ b = ii e, and ii c = -^ f : then will side 

AB = DK, AC = DF, and -^ A = -^D. 

For, about the angular points of the two A% de- 
scribe the supplemental or polar A' ghk, lmn. 

2b 
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Then, because the side bc = ef, the ^ ■ o, l, which 
are their supplements, are also equal. 

And because the i^ ^ b, c are = 2 ^ e, f, the sides gk, 
G A, which are the supplements of the former, are = 
sides LN, t M, which are the supplements of the latter* 

But since the sides oh, gk and the included ^ g, 
of the A GHK, are = sides lm, mn and the included 
jL l, of the A LMN, the side hk will be =r ||n,^-^h 
= 2 M; and i^ K = ^ N. 

Hence, also, ^ a =2 i^ d, being the supplements of 
HK, MN, and AB, AC, being supplements of th^ /• 
K, H, are = de, df, which are th^ supplements of ^* 
N, M. g. £• D, 

THEOREM X. 

i 25. The angles at the base of an isosceles spheri- 
cal triangle are equal ; and if the angles at the base are 
equal, their opposite sides are equal. 

A 




D 

Let ABC be an isosceles A, having the side ab = 
to AC ; then will the ^ abc be equal to 2 acb. 

For, biseH the base b c in d, and through the points 
A, D draw the arc ad. 

Then, because the two sides ab, bd of the A adb, 
are equal to ac, cd of the A adc, and the side ad is 
common to each, the i^ abc will be equal to 2^ acb. 
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Again, if i^ ABC be equal to ^ acb, the side ab 
Will be equal to a c. 

For if not, let ab be the greater, and take be equal 
to Ad, and draw the arc c e. 

Then, because the two ddes eb, bc, and the in- 
cluded A EBC, of the A bec, are equal to ac, cb, 
and the included A acb, of the A bag, the A bcb 
will be equal to 2 abc. 

But ^ ABC is equal to ^ acb (by hyp.) ; whence 
Z ECB is also equal to / acb, the less to the greater ; 
which is impossible* 

The side ab is, therefore, not greater than ac; and 
in the same manner it may be shown that it is not less; 
whence they are equal. q. e. d. 

Cor. a perpendicular drawn from the vertex of an 
isosceles spherical A to the base, bisects both the base 
and the vertical angle, except when the two equal sides 
are quadrants ; in which case there are an indefinite 
number of perpendiculars. 

THEOREM XI. 

125. The sum of any two sides of a spherical tri- 
angle is greater than the third side ; and the difference 
of any two sides is less than the third side. 

A 




Let ab c be a spherical triangle ; then will the sum 

2e2 



■ N- ■ 
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of any two §ides ab, a c be greater than bc ; a&d the 
difference of ab, ac less than bc. 

For draw the chords ab, ac, bc, which will fall 
within the sphere. 

Then, since these chords form a plane A , the sum 
of any two of its sides will be greater than the third 
side. 

And, because in the same circle, the greater chord 
subtends the greater arc, the sum of any two sides ab 
+ AC, of the spherical A abc, is greater than the 
third side b c. 

Also, since the side ab is less than bc + ac, if ac 
be taken from each of them, the difference of ab and 
AC is less than bc. q. e. d. 

Cor. The shortest distance between any two points 
on the surface of a sphere is the arc which passes 
through those points. 

THEOREM XII. 

1 26. The greater side of any spherical triangle is 
opposite to the greater angle, and the least side to the 
least angle ; and conversely. 

A 




B*--.-. "C 

Let ABC be a spherical A ; then if 21 c be greatfer 
than /i B, AB will be greater than ac ; and if a b be 
greater than ac, iti c will be grejjiter than ^ b. 
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For through the point c draw the arc c d, making 
JL BCD equal to jL dbc. 

Then, in the A adc, the sum of the sides ad + 
DC is greater than ac (theo. 11). 

But ii BCD being equal to'i^ dbc (by const.) the 
side DC is equal to db (theo. 10) ; whence, also, ad 
+ DB ^x AB is greater than ac. 

Again, if ab be greater than ac, ii acb will be 
greater than -^ abc. 

For, if not^ it must be either equal or less. 

But JL AC b cannot be equal to i^ abc; for, in this 
case, AB (theo^ 10) would be equal to ac, which 
it is not. 

Neither can Z. acb be less than JL abc; for, in 
that case, ab (by 1st part prop.) would be less than 
AC, which it is not. 

Whence 2 a c b being neither equal to nor less than 
2 ABC, must be greater than it. 

And in a similar manner it may be shown that the 
least side is opposite to the least JL , and the least /^ 
to the least side. . q. e. d. 

THEOREM XIII. 

127. The sum of the three sides of any spherical 
triangle is less than the circumference of a circle, or 
360® ; and the difference of any two sides is less than 
180°. 
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Let ABC be a spherical A ; then will the sum of its 
three sides ab + bc + c a be less than 360^; and the 
difference of ab, ac less than 180°. 

For, produce the sides ba, bc till they me^ in the 
opposite point of the sphere ^t i>. 

Then, since the arcs bad, bcp ar^ semicircles^ 
the sum of the arcs ba+ jic + i>a + dc is eqioal tp 
a circle, or 360°. 

But the sum of the two sides da + PC is great^ 
than A c (theo. 11); whence the sum of th^ three $ide^ 
ba + BC + AC is less than a circle, or 360 » 

Also, the difference of ab, ac being less than bq 
(theo, 11), and bc less than 180^, ab<^ac must be 
less than 1 80°. q. e. d. 

THEOREM XIV. 

128. The sum of the three angles of every sphericaji 
triangle is greater than two right angles, or 1 80°, an4 
less than six, oi# 540°. 



J> 




Let ABC be a spherical A , then will the sum pf it? 
4i^A + B+cbe greater than 1 80°, and less than 540°. 

For, about the angular points a, p, c describe th^ 
sufjp'emcntal or polar A des*. 

Then, since Za = 180°— ef, 2! b == 180°— fd, 
and / 2 = 180°— de, their sum ^^a + Zb + Z^ 
will be = 540°— (ef + fd + de). 
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But the sum of the sides ef 4-fd + i>e being less 
than 360° (theo. IS), if this be taken from 540"^, the 
remainder will be greater than 1 80°, 

Whence, also, ^A + ^B + i^c, which is equal 
to this diflference, will be greater than 1 80^ 

And because each A of the A is less than 180°, 
dieir sum a + b + c must be less than 540°. q. e. d. 

CoR. The sum of any two iJ * of a spherical A, is 
greater than the supplement of the third angle. 

For 2a + ^b+2;c being greater than two right 
ii% or than / ac3 + i^ acg, if ^i acb or c be- 
taken away, the sum of the remaining 2 ^ a + b will 
be greater than 2! a c g (r). 

THEOREM XV. 

1 29. If the sum of any two sides of a spherical tri- 
angle be equal to, greater, or less than a semicircle, 
the sum of their opposite angles will, accordingly, be 
^qual to, greater, or less than two right angles j and 
conversely. A 




(r) Mr. Vince, in His Treatise ofTrigonometry (p. 112; prop. 17), 
has endeavoured to prove tl.ai the sum of any iv^o Z ' of a spherical 
A is greater than the third. But this is ijo! tine except in right- 
angied A*, as may be easily shown, either by partial examples, or 
by a general investigation. As an instan'*e of tiie form'*»* kind, let 
ABC (fift' to the prop.) be an iso!»ce*les A, haxing its eqnal /• a 
^nd B each less than 45®, then will their sum \*e less than 90° j 
and consequently the remaining Z c must be greater than QGP^ 01 
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Let ABC be a spherical A ; then if ab + ac be equal 
to, greater, or less than a semicircle, or 180% the 
sum of the 2 ^ B + c will be equal to, greater, or 
less than 180^ 

For produce the sides ba, bc till they rtieet in the 
opposite point of the sphere at d. 

Then, if ab -4" ac be equal to the semicircle bad, 
the side ac will be = ad, and the2 acd= jL d orB 
(th^o. 10). 

But / ACD + /L ACB == two right jL^ or ISQ^'j 
whence, also, 2ACB+i^B=l 80°. 

Again, if ab + ac be greater than the semicircle 
BAD, the side ac will be greater than apj ajid ^ P 
or B greater than 2 acd (theo. 12). 

But 2 ACD + ^ ACB = two right iJ% as before; 
whence, also, L acb^--^ bIs greater than 1 80°. 

Lastly, if AB + AC be less than the semicircle bad, 
the side ac will be less than ad, and 2 d or b less 
than Z ACD (theo. 12). 

But ^ ACD -f-^ ACB being = two right Z. «_, or 
1 80"", the sum of the i^ ^ a c b + b is less than 1 80°. 

And, in a similar manner, it may be shown, that if 
^the sum of the two i^* b + c be equal to, greater, or 
less than 180°, the sum of their opposite sides ab + 
AC, will also be equal to, greater, or less than 180°. 

Q. E. D. 

Cor. 1. If each side of a spherical A be equal to, 

otherwise tlie sum of the three Z * of the A would be less than ISO^j 
which, being contrary to the above proposition, is a sufficient proof 
that tl^e principle is errpncous. 
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greater, or less than 1 80°, each pf the JL ^ will, accord* 
ingly, be Hght, obtuse, or acute ; and conversely. 

Cor, 2. Half the sum of any two sides of a spheric 
c^l A is of the same kind as half the sum of their op* 
posite angles. 

THEOREM XVI. 

160. In any right-angled or quadrantal spherical tri? 
^ngle, the legs, or sides, are of the same kind as theijr 
opposite angles ; and conversely. 




Let ABC, a'bc, or fir bc be a right-angled spherical 
A, of which c is the right A ; then will the leg ac, 
a'c, or a c be like its opposite -^ . 

For let a'c be equal to a quadrant, a c less than a 
quadrant, and a c greater ; and through the points a, 
a', a, and b draw the circles Afe, a'b, and a'B. 

Then, because k is the pole of the circle cbd, the 
i^ a' B c is a right A , or 90"^ (def . ) ; and, conse- 
quently, the i^ ABC is less than 90% and the Z aBC 
greater, agreeing with the opposite leg a'c, ac, or ac. 

On the contrary, if a'b c be a right Z , a' will be 

the pole of c b d, and a'c will be a quadrant ; whence, 

also, if the Z a b c be less than a right Z , and the 

Z oBc greater, the opposite leg a c will be less than 

the quadrant a'c, and a c greater. q. e. b. 

The same will also hold if the A be quadrantal ; 
for its sides and Z * being the supplements of the Z » 
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and legs of the polar A , which^ in this ease^ is right 
jL ^, the similarity will be the same as before. 

THEOREM XVII. 

J 31. In any right-angled spherical A the hypothe- 
nusc is less or greater than 90®, according as the tw(> 
legs, or the two angles, or a leg and its adjacent angle, 
are like or unlike- a^„— • — %- 




ist» If the A ABC, right-angled at c, have its legs 
CA, CB each less than 90"^, the hypothenuse ab will 
be less than 90°. 

For make c p equal to a quadrant, and through the 
points p, B draw the arc of a great circle pb. 

Then, because p is the pole of the gi^eat circle c B D 
the arc pb is a quadrant, or 90° (def.). *- 

And since, in the right JL^ A^ Pcb, adb, the leg 
c B is less than 90°, and db greater, the iJcPBorAPB 
is also less than 90°, and the JL dab, or pab greater 
(theo. 16). 

But the less side of every A being opposite to the 
less /^ , the hypothenuse ab is less than 90°, or the 
quadrant pb. 

*Mly. If the A acb have its legs c a, c h each great- 
er than 90°, the hypothenuse a h will, in this case also, 
be less than 90°. 

For produce ca, ch till they meet at d, which will 
be a right angle, and through the points p, b dnuv 
the quadrant vh. 
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Then, since the legs na, i>b are each less than 90^^ 
it may be shown, as before, that the hypothenuse ab^ 
which is common to both the A^acbjaT>b,is less than 
90°, or the quadrant p b, 

Sdly. If the A « c b have one leg c b less than 90^, 
and the other ca greater, the hypothenuse gb will be 
greater than 90^ 

For, since in the right ^^ A* acB, pdb, the leg CB 
is less than 90°, and db greater, the Z cob, or pob, is 
less than 90°, and the 2^ d pb, or « pb greater (theo. 12); 
whencri, also, a b is greater than 90°, or the quadrant pb. 

Again, the Z ^ in either of the A' abc, abcy or aBC, 
being of the same kind as their opposite legs (theo. 16) 
it follows, that the hypothenuse ab, aZ>, or ab is less 
or greater than 90°^ according as the two oblique Z\ 
of the A to which it belongs, are like or unlike. 

And becauvse a leg and an ^ in each of these A' are 
of the same kind as the two legs (the other leg being 
^ke its opp. Z ), it is plain that the hypothenuse ab, 
jab^ or a B is also less or greater than 90°, according as 
either leg and its adjacent Z ai-e like or unlike, q. e d. 

Cor. It follows, reversedly, from this proposition, 
that in any right-angled spherical A| either leg is less 
or greater than 90°, according as its adjacent Z and 
the hypothenuse, or the other leg and the hypothe- 
nuse, are like or unlike. 

Also, that either of the oblique angles is acute or 
obtuse, according as its adjacent leg and the hopothe- 
nuse, or the other Z and the hypothenuse, are like 
or unlike. 
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ScHOLiv M. This proposition and its corallaries v^ill 
also hold for sa^ quadran^tal spherical A, observing to 
siabstitute the hypothenusal Z for the hypothenuse, 
and the terms greater or less for less or greater. 




For the sides and angles of the quadrantal A abc 
aie, evidently, like or unlike, according as the angles 
or legs of the right Z^ polar A def, which are their 
supplements, are like or unlike. 

But the hypothenusal Z c, being the supplement of 
the hypothenuse d e, will consequently be greater than 
90° when d e is less, ^d less than 90° when d e i$ 
greater ; which is, therefore, the only change that takes 
place in the proposition. 

OF THE 
STEREOGRAPHIC PROJECTION OF THE SPHERE. 

TJie stereographic projection of the sphere^ is such a 
lepreseniation of the various parts of its surface, on the 
plane of one of its great circles, as would be formed 
by lines drawn from the pole of that circle to every 
point of the figure to be delineated. 

Or, if taken in an optical seijse, it is a view of the 
points and circles of the sphere^ as they would appear 
on a transparent plane, passing through the centre, to 
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Jtti eye placed at one of the extremities of a diaimeter, 
drawn perpendicular to that plane. 

The place of the eye, is called the projecting pointy2ud 
the plane, on which the points and circles of the sphere 
are to be represented, is called the plane of projection. 

The primitive circle^ is that which lies in the plane 
of projection j being the one to which all the other 
circles and points of the sphere are referred. 

A right circle^ is that which, passing through the 
eyey has its plane perpendicular to the plane of the pri- 
initive ; and, being seen edgewise, is projected into* a 
right line. 

A parallel circle^ is that which is parallel to the pri- 
znitive; and an oblique circle is that whkh its seen ob- 
liquely by the eye. 

It is also to be observed, that the projection of any 
point of the sphere, is that point in the plane of projec- 
tion, which is cut by a right line drawn from the origi- 
nal point to the eye. And that lines flowing to the 
projecting point, or place of the eye, from every point 
of the circumference of a circle, form the convex sur- 
face of a cone. 

LEMMA. 

132. If a cone be cut by a plane parallel to its base, 
the section will be a circle, a 
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tiet a6 c D t>^ a cone, either right or oblique, ami efg^ 
a section parallel to its base bcd ; then wiU £FG be a 

circle. 

For let the planes acwi, ad^ pasis through thcf 
axis Am of the cone, meeting the sectbn in the points 

r 

Then, because the ^ectioii efg is parallel to the base 
BCD, and the planes cw> Dn naeet them, nF will bef 
parallel tOTwc, and no to wjd* . ' 

And, because the A% formed by these lines, are si^ 
milar. Km : ati :: mc t TZForasmD : n^. 

But m c is equal to m d, being radii of the same .cir«* 
de ; whence, also, tzf is equal to tzg. 

And the same may be shown for any other lines 
4rawn from the point n to the circumference of the 
fiiection efg, which is therefore a circle. q. e. d. 

THEOREM I. \ 

1S3. Every circle of the sphere, which does not pass 
through the poles of the primitive, is projected into a 
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Let A7W B be a circle to be projected on the plane i.M, 
vhich passes through the centre of the sphere, at right 
^ ^ to a radius drawn from the eye at e \ then will it» 
representation anh^ on that plane, be a circle. 

For through /, the centre of the circle a;wb, draw 
the plane ttuq parallel to lm, and join ^r^rM\ the 
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former of which will be the axis of the cone of raysf 
flowing from e, and the latter the common section of 
the two planes AmB, f^g. 

Then, because the 2L e 6 a is measured by half the 
sum of the arcs eh, kb, or half ekb, it is equal to 
the 2^ E AB, which is also measured by half erb. 

Also J because fg is parallel to ah^ the i^ egf is 
equal to E^a, or eabj and consequently, by similar 
A% Ar : ro :: Fr : rs, or Fr X f g = Ar X tb. 

But A r, r B, fTw being radii of the same circle Km%^ 
the rectangle Fr x ro will be = rm*; whence fwg 
is a circle } as is also the section anb^ which is parallel 
tp it (Lem.). 

Or the same thing may be shown independently of 
the L^mma. 

For FG being parallel to a&, we shall have Er : e5 
:: rF : sa^ and Er : e^ :: ro \ sh\ whence, com- 
poundedly, Er'* : E** :: Fr X ro (or rirC) : sa X sh. 

But the plane Fmo being parallel to anb^ and the 
plane nr cutting them, sn will be parallel to rm, and 
consequently Er* : e5* :: rm^ : sr?. 

Hence, also, by equality, rm* : sa X sb :: rm"^ : 
sif; and, therefore, sa X sb being = ^n*, the section 
an 6 is a circle. q. e. d« 

Cor. The centres and poles of all circles of the 
sphere, parallel to the plane of projection, will fall in 
the centre of the primitive. 

THEOREM 11. 

1 84. The angle formed by two great circles on the 
surface of the sphere, is equal to the angle formed by 
their representatives on the plane of projection* 
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Let E be the projecting point, or place of the eye, 
LM the plane of projection, and cbd, ckd two great 
circles of the sphere, meeting each other in c ; then 
will the projected A be equal to the spherical b c k. 

For, if to the arcs c B, c k there be di'awn the tan- 
gents CF, CG, meeting the plane lm in f and g, the 
former of these cf will be projected into cf, and the 
latter cGinto cg. 

And because the A^ e c e, e o c are right -^ ^ at o and 
c, and have the ji e^c comihoil, the remaining ZEe,c 
will be = the A oceJ or its opposite Z, ccf. 

But the A ECF, or ccF, formed by the chord ce 
and the tangent cf, being = the ^ Eec in the alter- 
nate segment, the Z ccf will be = the Z ccf, and 
the side cf to cf. 

In like manner, it may also be shown, that co is = 
CG ; whence the two sides cf, cg of the A cgf being 
= to the two sides cf, cg of the A cgf, and the base 
gf common, the Z fcg will be = 2^ fcg. 

But since the Z made by the intersection of any two 
arcs is equal to the Z made by the tangents of those 
arcs, drawn from the point of section, the projected 
Z of which CF, CG are the tangents, is equal to the 
spherical Z bck* 
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Co&. The taAgent and aecanti of any arc of a gteat 
circle of the sphere^ are represented, on the plane of 
projection, by right lines equal in length to the Sormeu 

THfibltEM im 

185., The distance of any projected point of the 
dphere, from the centre of the primitive, is equstl to 
the semitangent of the arc intercepted between the ori- 
^al point and the pole opposite to the eye. 




Let A FB be the primitive circle^ lying In the plane of 
projection l m, e the place of the eye, and c any point 
on the sphere ; then will o c, the distance of the pro- 
jected point c from the centre o, be = the semitangent 
of ec. 

For, having joined oc, the Z esc, oroE^: at the 
circumference of the circle eASB, is half the i^ ^oc 
at the centre. 

And since the latter of these Z * eoc, h measured by 
the arc eCj the f<»iner o£ c, will be measured by half 
that arc. 

But oc is the tangent of the Z obc, to the radius 
of the sphere eo j whence it is also the tangent cf 
half the Z i?oc, or the semitangait of ec. 

And if any other point d be taken on the opposite 
side of the pole e, it may be shown, in like manner, that 
od is the semitangeot of ^d* q^ b. d. 

2c 



Cor. 1. Any arc ec of a right drcle, commenang 
at the pole opposite to the eye, is projected into oc> the 
semitangent of that arc. 

2. As the poles and extremities of the diameter of 
any great or small circle are points on the sur&ce of 
the sphere, thar projected distances from the ceiUre 
of the primidve vrill be the semitangents of thdr great- 
est and least original distances from the pole oppoate 
to the eye* 

THEOREM IV. 

136. The distances of the projected poles of any 
oblique great drcle from the centre of the primitiTe, 
are equal to the tangent and cotangent of half the 
angle which the two circles make on the ^here ; and 
the Stance of thdr c^tre& is equal to the tsigent of 
the whde of that angle. 




Let E be the place of the eye, xd the plane of pro- 
jection, and c D the diameter of a great circle, of which 
Pf p' are its projected poles, and c, the middle of the 
projected diameter erf, its centre ; then will o/), oj>' be 
= the tangent and cotangent of ^ the ^ which this 
circle and the primitive ab make on the sphere, and 
OQ = the tangent of the whole of that angle. 

For, p, e bdng the poles of c D, ab, the arcs Pc, eA 
are quadrants J and, consequently, ifec, which is com- 
mon, be taken away, the remainder ep will be = AC 
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But op is th^ tangent of the Z oEp^ or of ^ the 
arc ep, to radius £0 ; whence it is also the tangent of 
^ AC, which is the measure of § the inclination of the 
planes of the two circles ab, cd, or of ^ the Z which 
they make oh the spherie4 

In like manner, because the Z p e p or />'e J& is a right 

Z , the^ P'eo will be the complement of the i^ o£P ; 

and consequently o/)' is the cQtangent of ep, or ac, 

to radius eo, or of ^ the Z which the two circles 

make on the sphere. 

Again, because the lines qe, qd are equal, being 
radii of the same circle ecEdy the outward Z oqe, of 
the £iqEd^ will be double the inward opposite Z qdE. 

Also, since the /* cErf, coe of the A* Epd, eoc 
are right Z % and the / eco is common, the remain- 
ing Z CEO will be = q^e. 

And because an 2^ at the centre of a circle is dou- 
ble that at the circumference, the Z coe is double the 
Z CEO, or its equal qdE. 

Hence, the ^ '^ oqe, coe, being each double the Z 
Q^E, are equal ; and consequently the Z^ oeq, go a, 
which are their complements, are also equal. 

But the i^ CO a, being the inclination of the planes 
of the two circles cd, ab, is the measure of the Z 
which they make on the sphere; h^nce oq, which is 
the tangent of the Z orq, to the radius e 6, is also 
the tangent of the Z formed by those circles, q. e. d. 

Cor. It is also evident, from the figure, that the 
mdius EQ, Qc, or Q(/ is equal to the secant of the angle 
which the two circles make on the sphere. 

2c2 
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THEOREM V. 

1 37* The projected radius of any small cirde of the 
sphere, perpendicular, to the primitive, is equal to the 
tangent of its distance from its nearest pote ; and the 
line joining the centres of the two circles is the secant 
of that distance. 




Let £ be the place of the eye, a d! the plane of pro- 
jection, and c o the diameter of a small circle, perpen- 
dicular to the primitive Aa; then if its projected di- 
ameter cd be bisected in q, the radius qc will be = 
the tangent of the arc bc, and oq will be its secant. 

For, since the A* Ece> doE are right Z^dt c and 
o, and have the Z e common, the remainihg ^^ ^ec,. 
or ofec will he = Z edo or c^Q. 

But QC being = Qcf, and oc to oe, the Z crfg is 
= Z dcQ^ and Z oec to Z oce; whence, also, dcQ 
is = ZocE or occ. 

And if to each of these equals there be added the Z 
ccQ, the whole Z ocQ will be = the whole Z ccd. 

But the Z ccG? being a right Zy the i^ ocg is alsa 
a right Z ; and consequently qc is the tangent of bc, 
and OQ its secaht. q. e. d. 

Cor. 1. The distance oc of the circumference of the 
projected circle from the centre of the primitive, is = 
the semitangent of the complement of the arc b Cw 



*. It &Iso appears, from thebreiri ti, thitt the radius 
ftf any projected great or small circle is = ^ the fiuitt 
or i the difference of the semitange&tB of its least iU^ 
greatest distances irom the- pole oppotite to the eye, 
accorduig aa this point is within or inthout the ^veti 
circle. 

THEOREM VI. 

138. Any projected arc of a great circle of the 
sphere is measured by that arc of the primitive which 
is cut off by right lines drawn from the projected pole 
through the two extremities of the given arc. 




Let AGB be the primitive circle, lying in the pro- 
jecting plane Ad, E the place of the eye, and c/d the 
projection of the great circle crD ; then if right lines 
P ^> Pf^^ drawn through its pole J>, the arc fd will 
be measured by oa. 

For, ^ce ^ <2 lies in b<^ the planes a«b, a>b«i 
It Is their common section; and, cime^quently, wiH 
pass through the p<Mnt b. 

In like manner, because ptt or pfk th$ common 
section of the planes acb, pge, it will pass through 
the point o. 

Hmce the pdats r, d beii^ projected intoy, d, it is 
plain that tlie arc f d will be projected into the simitar 
arc^rf. 
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But since pd, bb, pf and eg are each quadrsmts, 
if BD, GF, which are common, be taken away, die 
remainder, or aide pb will be = ed, and pg to £?. 

And because the opposite ^^ ^ bpg, def, which are 
included by those sides, are equal, the base b g will 
be = DF. 

Whence, fd having been shown to be similar to, or 
the measure oi fd^ its equal bg will, ^dso, be the 
measure of fd. q. e. h. 

THEOREM Vllt 

139. Any projected spherical angle, formed by the 
representatives of two great circles of the sphere, is 
measured by that arc of the primitive which is cut off 
by right lines drawn from the angular point through 
the projected poles of those circles {$). 




Let gkc be any projected jL^ and j&, p" the poIe§ 
of the arcs kg, k c by which it is formed j then, if 
the lines k/>l, k J&'m be drawn from the angular ppint 
K, to meet the primitive g afb, the intercepted arc lm 
will be the measure of the 2 o k c. 

(5) For a brief, but neat, treatise on the Stereographic Projection 
of the Sphere, see an article by Delambre in M^moires de Tln- 
stitut National, torn, v, also M^noires de TAcademie de Berlin, 
fox 177.9, where this subject is treated analytically with great clear- 
ness and elegance. 
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For, nnce the angular point of the ori^nal arcs, of 
which KG, K c are the projections, is common to each 
of them, and 90^ distant from their poles, it will be 
the pole of a great circle of the sphere which passes 
through the two former poles. 

And because the original JL on the sphere is mea^ 
sured by that arc of the abovementioned great circle 
which lies between these two poles, the projected JL 
GKC, which is = the spherical one, will also be mea- 
sured by the same, or an equivalent arc. 

But pp^ being the projection of this arc, and k its 
projected pole, it is plain, from the last proposition, 
that the arc i. m of the primitive, which is cut off by 
the lines K,ph^ iLp'u will be the measure of the JL 

GKC. Q.E.D. 

MISCELLANEOUS PROBLEMS AND Tlj^ORSMS. 

PROBLEM I. 

140. As four right angles, or 860^, is to the angle 
BAG, formed by two great circles of the sphere, or to 
its measure sm, so is the surface of the sphere to the 
lunar area abca* 




c 

For, let the circle BmD, of which a is the pole, be 
divided into any number of equal parts Bm, mm^ &c. 
and draw the circles Amc, a mc, &c. 
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Tfaski^wilt dies8 cireles divi4e the surface of the 
sphere into the same number of equal part^ whicfi the 
circle Bmp is divided into. , . 

A|id since the bases Bm^ mm^ &c« of the A* B Am, 
mKm^ &c. as well as the sides ab. Am, Am, &c. are 
equal, die A* themselves, or their doubles, the hinulae 
ABC A, AmiCA, &c. viU be cquah 

Hence, the sum of the parts b m, mm, benig equal 
to the whole circumference of the circle smDB, the 
sum of the lunulas abca, AmcA, &c. wilt also be 
equal to the whole surface of the ^here* 

And^ consequently, the circumference of the drcie 
BmDB, or S6Q^ : the part, or arc, Bm :: surface of 
the sphere ; the area of the hme a^c a* q. s« i>t 

problem II. 

141. As two right angles, or 180^, is to 4 of the 
surfiice of the sphere, so is the excess of the three angles 
of any spherical triangle abc above 2 right aneles, or 
1 80% to the area of the triangle. 




For having completed the great circle a^^^a, pro- 
duce the sides a c, b (; till they meet in. the oAer b^ioi^ 
sphere at c'. 
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Then» becauae c'Z' c k equal toicB, and c'ac to 
a c A (being each semicircles), if c i, c a, which are 
common, be taken away^ the remainders, or sides c^ by 
c'a will be equal to c b, o a. 

And since the oppoate ii ■ c, c' rf the lune c acb c^ 
which are included by those sides, are also equal j the 
triangle ab c will be equal to the triangle abc} or p 
equal top. 

Hence, by the last proposition, 
180^ : Z A :: ^ surface of the sphere : p+q 
180° : ^ B :: ^ surface of the sphere : p+s 
180® : Z c i: ^ surface of the sphere : K+p (r+p) 

Or, by composition, 
180* i Z A -}- Z n ^ Z c :: ^ surface of the sphere : 

8P + Q + R + S. 

And, by division, 

180° : Za + Zb^Zc-^ 180° :: ^ surface of the 

sphere : 2 p 

Or, 

180° : Za + Zb + Zc— 180° :: i- surface of the 

sphere : p, or the area of the triangle a b c . q; ^. d. 

Cor. Area of the A in square degrees rs r° (a° -f- 
»*-f c°— 180°) where r° = 57°/i9577ft5 the degrees 
In an arc of equal length with the radius. 

Or, if the excess of the three angles of any sphericd 
^riasgle above two right angles^ be required, it may 
be obtained by the following practical rule : 

From the logarithm ot the area of the triangle, taken 
as a plane one, in feet, subtract the constant logarithn^ 
9,3267737, and the remainder will be the logaiithm 
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of the excess of the S angles of the A above 1 8(f in 
seconds, nearly (t). 

Scholium. If a^ i^, c be made to denote the S sides 
of any spherical A ab c, a, b, c their opposite angles, 
and TT the semicircumference of a great circle of the 
qphere^ of which the radius is r, we shall have» by one 
of the analogies of Napier^ 

Tan i (a+b) = ^^4rTn cot i c 

^ ^ * ^ COS J (a+^) /* 

From which the following formula may be easily 

deduced. 

^^,, , , N cot|ttcoti^ + rcoBc 

CotA(A4-B + C — 9r) = ' :^ 

^ \ * * ^ sin c 

Which may serve for determining the area of the A, 
or the spherical excess^ when two sides and thdr in- 
cluded angle are known. And by following the mode 
of substitution used by Legendre (Elem. de Geom. 
note 10.) this expression will become. 

Tan -J- (a+b+c— -tt) = 

•— vtan \, tan — - — tan— ^-^ — tan—^ — 

r 4 4 4 4 

Which elegant theorem was first given by Simon 
Lhuillier, of Geneva. Legendre, p. 418 of the above 
work, has also given the following rule for reducing 
spherical triangles, whose sides are small with respect 
to the radius of the sphere, tO' such as are rectilineal. 

Any small spherical triangle, whose sides are a, £, c, 

and their opposite angles a, b, c, always answers to a 

.1 . ^ .^ i 

(0 For an investigation of this xttle^ see Trigonometrical Sur- 
Tej of £Dgldnd and Wales^ vol. i. 
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rectilinear triangle, of which the sides are equal in 
length to the former, and whose opposite angles are 
A — -^^, B— -J-5 and c — -J. sj s being the excess of the 
sum of the 3 angles of the spherical triangle above 
2 right angles. 

PROBLEM III. 

142. Two sides and the included angle, of any 
spherical triangle abc, being given, to find the angle 
includ(?d by the chords of those sides. 

A 




By spherical trigonometry, cos a = ^ Z' sin c cos 
sph. ^ A + cos c cos bi or I — 2 sin* ^ a = sin £ sin c 
cos sph. ii A + (1 — 2 sin* ^ c) X (1—2 sin* ^ i); and 
consequently 2 sin* ^ c + 2 sin* ^ i— 2 sin* ^ a = sin c 
sin b cos sph. /. a-}- 4 sin* ^ c sin* ^ b. 

Again, by plane trigonometry, 0"*= i'*+ c'*— 2 b'c 
cos rect. /. a ; and because a' = 2 sin-J a, b' =: 2 sin 
^ bj and c^ = 2 sin ^ c, we shall have, by substitution^ 
4 sin* ^ a = 4sin*§c4- 4sm*§6 — Ssin^c sin^£ 
cos rect. ^ a. 

^ And this value, being substituted in the former equa^ 
tion, will give, sin c sin £ cos sph. ^ a -f ^ sin* ^ csin* 
^b = 4 sin ^ c sin^ b cos rect. /. a. 

From which may be readily obtained the following 
simple expression for the angle contained by the 
chords, viz* 
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Cos reet. ^ a = sin^ b sin^c + cosf^ cos^c 

Or, by restoring the value of the radios r, 
Cos rect. Z a =i -^{rf^h^b mi^c + cos ^ i cos 

^ c cos sph. Z a). 

Cor. From the formula here given, it appears that 
d right or obtuse ^erical angle is always greater than 
the corre^nding rectilineal angle. 

And that an acute spherical angle is less than its cor- 
responding rectilineal angle, when its cosine is greater 
than ^«^"i^»^"i^ 

r*— cos J ^ cos Jc* ' 

PROBLEM IV. 

1 43. Given the three sides of any spherical triangle 
A B c, to find the angles contained by the chords of those 
sides. A 




By plane trigonometry, cos rect. -^ a = ^-^^,, ,^ i 
but a' = 2 sin ^ fl, i' = 2 sin ^ i, atid c' = 2 sin | (j. 

Or, a — ^r(r—2co8a), h' = V^r(r— 2co8 ^), and C , 

= V r(r— 2C08 c) } whence, by substitution and reduc- 
don, we shall readily obtain 

/^ ^ J 1 + cos a — cos 3— cos c , • • . 

Cos rect. Z a — . : ... . , which, by 

4 sm J ^ sm J <: ' ' ' 

restoring the value of radius, becomes 

g^^ ^ J 8 r + COS a — COS £— cos c * i 

Cos rect. Z a — t — ^ j/ , , ^ . ■ > Also cos 

4 sm ^ ^ sm ^ c 
• y r* cos a-^r cos h cos c 

mix. Z A = TT-, • 

^ sin ^ sin c 
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Cor. t. When the three sides of the spherical tcU 
angle are equal, their chords are also equal ; in which 

case, cos rect. Z a «= r -r-r-zY^ = -- = cos 60 , as 

it ought. 

2. Also, since, in the same case, cos sph. Z a = 

rtan^§_a ^ r^_^ij jf „ ^ gO", either of the ^ « wiU 
tan a 2rtan^a' ' 

be that of which the cosine is 4^ or .3333, &c that is 
70^ 32' i and as the angles are all equal, and their sum 
greater than 1 80^, the spherical Z a must be greater 



^ , , 

PROBLEM V. 



tilineal 



1 44. Given the three- angles of any spherical triangle 
ABC, to find the angles contained by the chords of the 
sides* A 




The sine of | any arc bang equal to | the chord of 
the whole arc, we shall have, by spherical trigonom^ry^ 

c^ = 2 r ^ rJeii.if?Jili:£>, where A, B, c denote *e 

SID A sm B 

three il* of the spherical A, and s their sum. 

Also, by plane trigonometry, cos rect. Z a = r 

»^^r,T^ ; whence, if the former values of a , b\ c 



i\ 
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be substituted in this equation, we shdl obtain^ after 
proper reductions, the following expression : 

Cosrect-^ a = 

r r sin B cos ( j s— b) + si^ c cos (J s—c) — sin a cos (^ s— a) ^ 
2 1. \/ sin B sin c cos (^ s » b) cos (^ s — c) ^ 

which, when a, b, c are equal, becomes cos rect. Z a 

= —, as it ought. 

And by observing the order of the letters, the other 
two angles may be each expressed by a similar form (u)« 

(u) The angles formed by the chords^ in all the other cases of 
spherics, might be easily obtained in a similar way; but, as they 
are less useful, and more complicated in their forms, it was thought 
proper to omit them. 

From the expressions above given, we might, also, readily pass to 
die solutions of the inverse cases of these problems. 

Thus, in prob. iii, art. 142, since cos | ^ cos | c= ^r*— sin*|5 

X v'r*— sin* J c ; also sin | ^ x sin i c = J ^' x | c' = J I'c, if 

these values be substituted in the equation cos rect. Z a = sin | ^ 

sin I c+cos^ ^cos I c cos sph. Z a, the radius being considered as I, 

cos rect. Z a — -J ^' c' 

we shall have, cos sph. Z a = --:- , ^ : in the cal- 

^/(l-i^')x(l-Jc•«)' 

culation of which form, the sides b' c' must be so taken that they 

may be the chords of a circle, having 1 for its radius : which may 

be easily done, by dividing their numerical values in feet, yards, 

fire, by such a power of 10, that neither of them shall exceeds, 

which is the greatest chord in the circle. 

If the A be isosceles, and of consequence ^ = r, and h' = (f, 

these two formulae may be reduced to the following j sin | rect. 

Z A = cos ^ ^ sin § sph. Z a, and sin | sph. Z a = — ^ . 

And if sph. Z a be 90°, the same forms will give cos rect. Z a =r 
■J b' c\ From the first of which expressions -it appears, that the 
vertical Z of any isosceles spherical a is always gi eater than its 
.corresponding rectilineal angle. 
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145. SOLUTIONS OP ^LL THE CASES OF RIGHT-AN- 
GLED PLANE TRIANGLES, INDEPENDENTLY OF 
ANY TABLES. . 

tA 




1 • Given the hypothenuse and either of the oblique 
angles, to find eidier of the legs. 

c sin A c cos B 



a = 



'"a^ 



R° 2.3 ^R°^*"*" 2.3.4.5 ^R^* 2.3A.5.67 ^R^^' '*^ ^^' 

a = c^ Or, 

m 

And if B® be put in the place of a° in the 1st of 
these series, and a^ in the place of b^ in the 2d, they 
will egress the value of b. 

Note. A® or b° denote the number of degrees and 
decimal parts in the length of the arc which measures 
the -^ A or B ; and r® = 57^.2957795 is the number 
of degrees, &c. in an arc equal in length to the radius. 
Also the length of any arc a, in parts of the radiuis, 

A® a' a" 



' IL Given the hypothenuse and either of the legs, 
to find either of the oblique angles. 



Sm A = — , sm B = — 

€ C 
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A"s= 



B" = 






III. Given the hypothenuse and either of the legs, 
to find the other leg. 

a = 



1 .a.- 3 






■ ■ I 



IV. Given either of the legs and either of the ob- 
lique angles, to find the hypothenuse. 



a. h 

c = — sec B == — sec A 

r r 



61 .B* 



277 ,b' 



c=ajx-.i(^-.). + A(B_).^^(B^),^^(l^ + *4 



720>."' ' 80(54^11' 
* 61 .A° "•"• •» 



C-OJl + at^oJ +34(^0; +720V +6064 ^r"^ + ^''•S 



I I « I ■ ■ 11 1 « > »— ^.ifc^^^i** 



V. Given either of the legs and either of the ob- 
lique angles, to find the other leg. 



& tan A ^ cot B 

r r 



O^ < 



"*l^o+^Bo)'+S(^o)'+3T5C>+.4c>^- 



Or, 



V\%- \ €> - h <^>- ii <:>- i^ (^> «^«- 
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And if a be put in the place of by b° in the place o( 
A° in the first of these series, and a® in the place of b^ 
in the second, they will express the values of h. 

VI, Given the two legs to find either of the oblique 

■-i?-5<:->-+i<:)--^i>'^^})'-^-! 

A'ss-j Or, 90°- 

And if b be put in the place of a, and a in that of 
b^ these series will express the vtdue of b^. 



> ■»■ 



VII. Given the two legs, to find the hypothenuse* 

C = i Or, 

.^'^'^i'V 2.4 VT 2.4.6 ^i^ 2.4.6.8 V *''• V 

Note. The following formula, which belongs equally 
to both the tables, may here also be subjoined, as it 
will be found useful upon particular occasions : 

l±Aff -L Jl, (t±?^\ JL J^_ X+^^ + C^N , _3.5_ 
r "*" 23 ^ r» -^ "^ 2.4.5 ^ r* ^ "^ 2.4.6.7 

ss: 3.14159 = the circumference of a circle whose di« 
ameter is I , a, £, c being the halves of the S sides of any 
triangle,,lisid r the radius of the circumscribing circle. 

2i> 
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J46. SOI^UTIONS OP ALL THE CASE^ OF OBLIQUE-» 
ANGLED PLANE TRIANGLES, INDEPENDENTLY OS 
ANY TABLES. 




B , « C 

I. Given a side and t^o liurigles, to find dtbef of tidier 
Other sides. 

IsinX ."^ \co8(90°<^a) 



.o 



R^ 23 ^R^^ ^ 2.3.4.5 ^BT 2.3^.5.617 V 

i^^U V^ + 2^15 <P^ " 2.3.4.5.67 V> '^''• 
ls^a< Ot, 



, *^^^^ +2.3.4^ R« -• 2.3.4.5.6^ R° ■* 

In which case, the numerator of either of the series 
may be placed over the denominator of the other, when 
such a combination is found ta render them more 
convergent. 

The side* a or c may also be expressed in the same 
manner, using the angles which are sin^ariy situated 
with respect to these sides, instead of those in the above 
formula ; and the same may be observed in all other 
cases when only one side or angle is eachibited* 
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tl. Given twa sides and an ai^Ie oppoStt to one; 
bf them, to find the remaining side. 

C::^ -COSA + * ^Z »*a*— fc*S!n* A 

c=J Or, 

The first of which serits only t^kes place when a is 
equal tOy or greater than, b ; bat if a be Iciss than i^ 
either of them will hold, as the question, in this case, 

^mits of two answers. 

■■ ■ - - - ■ ■ ■ ^ • . ■ 

III. Given two adea and an angle opposite to one 
of them, to find either of the other angles* 

Sin A = 7 sin B 

«. sin A ,b 1 _ 

Smc = --7-(-coaA +^-i/f»«f--«*«irfA) 



I >% 8 i»+4«i+«(* >" ^ 80a^i*--Id«*J+**— 15** 



a 

(-o)* arc. ^ 

. * Or, 

a V^*^ id4<» V'^'*' 3.8.4.5 «« 



The fine of wMdi tetiea, tat c% ooly talMi 
whoi a is equal to, or greater than, b j but if 
le» than 6, ehfaer of them wHH iidd, as the qac 
ibthiscas^ admha of two aaswwi* 

208 
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. IV. Giren. two ^des and the Included aoagle, to .fin^ 
the remaining side. 



=a/ 






The Hrst of which series must be used when c'' is 
less than 90", and the latterwhen it is greater than 90**. 

v.' Given_ two sides and the included angle, to find 
dther of the other angles. 

Tani (a ^^) = ^ cot ^ c. 

A_yO 2C+Rt„^.jCcV 2^R«' 8.45 

+ ^I^' (-^ - 53K-» - i:45 <v)^ &c-)-&c.} 

Or, 

A" == 90" - i c° .+^^^°{?s:r^ -- |^±^ 

( a" > + 3.5 (a+b)* ^ bP ") ^"^ J 

! Tr each of which series the. upper ^ga -f must be 
taken when a is greater than by and the lowq-^ign — 
when a is less than b ; observing, in dther case^ to take 
the series which is found to be the most qonyevgaat* 
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VI. Given the three sides, to find either of the angles^ 

Cos e = /• — r~. — ^ 

i. — R -^1 ^^ ^^^ ^^2.3.4^ »«* '^ J^.3.4,5.6 \ 

Which series will always converge, whatever may b(^ 
the values of the sides a, 6, c. 

iVb^e. If the angle c, in the 4th or 5th case, be very 
obtuse, or near 180% and, of consequence, the re- 
maining angles a and b small, the side c, and either 
of these angles, may be found, to a condderable degree 
pf exactness, by means of tjie following formulas : 

' 2(a + o) ^ R® 






The angle and side, in tbjjp case, may also be ex« 
pressed, in series, by means of the formula given in 
page S20, as follows : 

A = ^ sm'C + 2~i» sin 2c+ 5"^ sm 3 c+ j^sm4c &c. 

Or, 

a ■ 2a* ' 3<r ' 4a* 

Log c = log a — 

— <-cosc + T-^C0S2C + TtiC0SSC+ &c. 

147* To the tables last given, there may likewise be 
added the following solutions of some particular cases 
9{ ijght-angled plane triangles, when one part is given, 
and the sum or difference of two others. 



iw 










r+5 



c^5 



8. Sin j- A IPS r 4/-^ ; cop J a ?s r 4/ 



2c 



4. c+a=:^cot'jB} C'-as^tan^lB 

5. tf+i w ^ cot (45^-1^ b) 5= ^ tan(45°+B) 



a>4.2 



_a+i 



6, a—b=, '^Z^ tan (45^^ b) = 5^- cot (45^+b) 

7. Sm (45«+b) ^ i^^ sin (45*'-B) = ^ 

148. The following formula for right-angled plane 
tiianglee may also be subjoined to those given above. 

t. Sm (b-»a) = -^ ^ — -\ cos (b— a) = — ,— 

Ta„(._.,= :<!±^^5=a, ».(._.)= 1^ 

3LSuiSi»$m2A?K-- .-3CQ6 2»=f; — v T ^ / . , .. , f 

<r c* 

S. Sm 2b =8m2 A = jq:^.; cos2b = -^^ 
4. Sin 4 b = - 4 ra^(»^^.Vx (»-.) , 3!^ ^ ^ ^ 

4ra0(i+a) x (J— a) 



From which latter formula, it appears, that 4 b is 
greater than I80P, when h is greater than a* 
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149. To these may also be subjoined th€ folioTdng 
formulae, which serve for the solutions of some particu- 
lar cases of oblique-angled pjisuie triangles, when the 
sum or di£Ferences of certain paits 9xe |piven, instead of 
d;ie parts themselves^ 




B 



a 



1. Sin 1^ (b ^c) = — - cos ^ A 

2. Cos |(b <-p c) = -^ sin 1^ A 

3. CotiA=g±g±-^taniB 



4. Tan^A = 



_ fi+(a^l) 






tanl^B 



5. Tan|A = p^coti(B^c) 

6. ^c^ c = -— tanl^A tan f (b«-»c) 

7. i& 4. c = -— ?cot Ja cotf (B'-sC) 

150. Similar formulae may also be giyen for the 
solutions of some particular cases of right-angled sphe^- 
rical triangles; the most uaefyi of wtici^ are tbe fok 
iowing; A 




I. /Tm| (c-^a) = tan' I ^ cot !• (c-f a 
Or, r'Tan^ (c+«)= taaVi6cpti(c— a> 
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2. r Cot J(45*+|a)« tan^Acot^Cc^a) 

3. Cos (a^b) as 2 cos c «* cos (a+b) 

4. Cos (a+i) = Scosc — cos (a^b) 
3. j^Coti (c+fl) ss taii'§ £ cot§ (c— tf> 

6. r Tan(45^+^A) = tan ^ A cot (c— a) 

7. r'Sin (c— a) = tan*^B sin (c+a) 

8. r* Sin (c+a) = cot* f b sin (c— a) 

9. r* Cos (a «-ob) s= — cos (a+b) cot* ^ e 
10. r* Cos (a+b) = — cos (a «h»b) tan*f c 

l\. r*Tani(c— a)=cot*^(45H^A)tan^(c+a) 

12. r Tan ^ i =i= cot (45°+ f a) tan J (c+a) 

13. r*Tan§ (c+o)= tan* (45°+^ A)tanf {c—a) 

14. r Tan I i = tan ^45°+ ^ a) tan ^ (c— a) 

15. Sin i = l^cos (c<nB) — ^ cos (c+b) 

16. Sin a =; ^cos (c«-,a) — ^cos (c+a) 

17. Cos A == ^sin (a+g) — ^sin (a— b} 

18. Cosb =^sin (i+A) ^^sin(J— a) 
Among which formufee it is evident, diat the four 

last, and the Sd and 4th, being formed by stddition ancl 
subtraction only, may be calculated by means of the 
natural sines and cosines. 

151. OF THE mCREMENTS AND FLUXIONS OF THE 
SINES AND TANGENTS OF ARCS, OR ANGLES. 

* As formulae of this kind are frecjuently employed in 
astronomy and the higher branches of mathematics, in 
order to show the changes that take place in the sides 
and angles of triangles, from small variations of some 
of their parts, I shall here subjoin such of them as will 
be found sufficient to answer most of the purposes to 
which they.are usually aj^Ued. 
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Thus, if % be made to represent the increment of 
the arc z, and sin' z the increment of its sine, &c. we \ 
shall readily obtain the following expressions; which are 
only the formulae in article 29 under another form. 
1. r sin' z = 2 sin ^ z' cos ( z + ^ z") 
% — r cos' z = 2 sin 1^ z' sin ( z + ^ z') ^ 

3. Tan' z = 



r' sin z' 



4. — Cot' Z = 



cosa; cos (»-!-»') 
r' sin a 



sin % sin (z-f ^') 

5. Sin'* ?: = sin z' sin (2 z +.z') 

6. — Co?'* z = sin z' sin (2 z + z.') 

7. Tan'^z = «^^^"M^^^^^) 

cos' » cos* (2 + ») 

8. - Cot- z = ^f''°p;+'? 

•m*% sin* («+s) 

Which expressions are rigorously exact, whatever 
may be the magnitude of the quantity z' ; and if the 
second member of either of these equations is to be 
employed with a negative sign, we must substitute 
(z— z') instead of (z+z'), (z— ^ z') for (z+^z'), 
^nd (2 z— z') for (2 z+z'). 

152. It is also evident, that if z', in these expressions, 
be taken indefinitely small, or within less than any- 
assignable limit of 0, its sine may be considered as' 
equal to the arc, and its cosine to the radius : whence, 
by proper substitutions, we shall readily obtain the 
following formulae, for the fluxions of the sine, tan* 
gent, &c. of any arc or angle ; being the same as those 
usually given by the writers on this subject. 

1 . Sin z = z cos z = z ^/r*— sin*x 

2. — Cosz = zsinz =i i/f«— cos«» 
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S. Tan z = — j; = -5 — r-p^ 

4. — Cot S = -7-T-. = -z — ~T 

5. Sin* » = 2 z sin a cos 2 = 2 sin 2 », 

• • • • • ' 

6- — Cos* a = ^ z sin ;5 cos a = z sin 2 2; 

~^ ' ■ • • i 

7. Tan* ;5; = 2tan:;?tansf = 2tanx X — r 

8. — Cot* X = 2 cot 2 cot « = 2 cot 3 X 



sin*% 

% 

Which formulae are only to be employed when the 
variation of the arc is extremely small, as the result, 
when its increase or decrease js consider^le, is often: 
very erroneous (v). 

1 53. From these lajtter (B^pressbns we may likewise 
readily obtain the following, in which the flu^doa of tl^e 
arc is expressed in terms of its sine,^ tangent, ^c, 

r sin z 
1. z == 



2. z = — 

3. z = 

4. z = — 



Vr*— sin* z 

* 

rcos » 

Vr*— qos* % 

r*t3n « 
r»-f tan*« 

r*cot« 



f * + cot? « 
5. z = 



r*sec% 



6. z = 



sec ajV^sec*^— f* 

r vers x 



— • 



a/2 r vers «— vers* % 

AjpA if these formulae are expanded, and the fluents 
of each term be taken, they will give the usual series 
for the arc, in terms of its sine, tangent, &c. 

(v) For a more copious collection of these kinds of ftcffmulse, 
both incremental and fluxion^, with their applications^ see Traiie 
de Trigonomdtrie de Cagnoli, where this subject is very ably and 
^y discussed. 
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1 54. Some of the trigonometrical formulae, given ii^ 
the former articles of this work, may also be applied to 
the solution of the various cases of quadratic and cubic 
equations^ as follows: 

SOLUTIONS OF QUADRATIC EQUATIONS. 

1. x^'\-px — q =z 0, 

Put - \/q = tan z. 
P 

_ r+^^Xtanfs, 

Then x = < or. 

Or, putting 
10 + log 2 + ^ log 9 — log/) =: log tan z. 



f+i 



Then log jt = < or. 



log ? + logtanf » — 10, 

or, 

^log^ — logcot§2— 10. 



-« 



2. X ^ px — 9 = O. 

Piit— y/q = tan 2, 

P ^ 

^ . , , - - cot ^2, 

Then ' ^ ^ 



a? = < or. 



s^q X tan^z. 
Or, putting 
10 + log 2 + ^ log ? — logp = log tan 2. 

Tk I r+i^g?+Jogcot^2-10, 

Then log :r = < or, 

^— i^og? — logtan^z — 10. 
8. x'+^-^ + J *=0» 
Put— 4/4^ = sin z. 

Then a? = < or. 



■■: 



v'f Xeotf 2. 
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Or, putting 
10 + log 2 4" i log 9 — logp = log sin z, 

{— ilog 9 — log tan ^ 2; — 10, 
pr, 
— ilog 9 — log cot I 2 — JO, 

4. a;^ — /> ^ + f = 0» 

Put-- ^q = sin 2. 



J 



lnenx=-{ or. 



^ + -•9 X cot^z. 
Or, putting 
10 + log 2 + § log q — log/» ==,Iog sin x. 

{+ 2 log 9 + log tan ^ r — 10, 
or, 
+ § log ? + log <»t I z— 10. 

In the two latter of which cases, if---^obe 

P ^ 

greater than 1 , or 10 + log 2 + ^ log 9— log p comes 
out greater than 10, the two roots, or values of a:, will 
be impossible. 

155. SOLUTIONS OF CUBIC EQUATIONS. 

Put ~ ( T-) = tan 2, and 4/tan (45^^ J a) = tan m ; 
Then a: = 2 v^^ x cot 2 w. 
Or, putting 
Log|-hlO— |log-J = logtan2. 

And 
3 (logtan-45«-.i2; + 20) = log tan «, 

Then log jc = ^ log ^ + log cot 2 a ~ lO. 
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2. a?* +/»a?4- ? =s 0. 
Put^ {-y == tan z*and 4/tan(45«-| «) = tan a. 

Then a? = — 2 i/ 1- x cot 2 m^ 

Or, putting 

Log -J- + 10 — I log 1^ = logtana^. 

And 
^ (log tan 45«-.i» + 20) = logtanu. 

Then log x = 10 — |^ log -^ — log cot itu 
3. a?' — /> J7 — 9 = O. 

This form has 2 cases^- according as — (-j/ is less 
or greater than 1. 

In the 1 St case,, put — ( ^y = cos «, 

And 4/tan(45«-ia;) = tan u ; 

Then^ = 2 i/~ x cosec 2w. 

Or, putting 

10 + ^ log ^ — log J = log cos z. 

And 
- (log tari 45^7* + 20) = log tan u ; 

Then log a? = 10 + log -^ — log sin 2 u, 

Q 3 4 

In the 2d case, put ^ (-•)* = cos z, and a: will have 
the 3 following values : 

j: r= + 2 i/^ X cos * 
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ff ^ - 2 v| X COS (60^+ 1) 

Or, 

Log a? = i log -^ -f- log- cos I — 10, 

Log a? si: ^ log ^? + log cos (60"— *)— 10, 
Log ir = ^ log ^ + log cos (60" + 1)- 10, 

Taking the value of x, answering to log^^ positive 
in the firsts and negative in the two latter. 

4. a?* — /> 0? + 5 = 0. 
This form, lifce the one above, has also two cases^^ 

according as - (w* is less or greaterthan 1. * 

In the Ut case, put - (p — cosz, 

And ^tan-(4^— i^) =2:tan u, as before j 

Then^ = — 2V | cosec 2t#. 

Or, putting 

10 + 1 log| — log J = log cos z, 

And ' 

1 . 

- (log tan 45**-i jt + 20) = log tan tt } 

Then, — log j? = lO + log^/ — log sin 2 m* 

In the 2d case, put 2 ( - )* =: cos z, and a? wiU have 
the 3 following values: 



a?= + 2^JXcos(60P-|) 



* = + 2i/f Xcos(60°+P' 
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Or, 

log X = ^ log -^ + log cos * — 10, 

Log a? = ^ log ^ + log cos (60"- 1) - 10^ 

Log * t= ^ log -^ + log cos (60° + |) - 10, 

Taking the value of x, answering to log a?, negarife 
in the first, and positive in the twro latter. 

As an example of this made of splution, in what is 
usually called the Irreducible Case of Cubic Equa^ 
tionsj let a;** — 3 X = 1 , to find its 3 roots. 

Here^(p^ = i(?)^=:J = 5 = cos60° = ::, 

^xz^2^^ X COS* = 2cos2tf^= 1.8793852 

as 3 

g Jx=— 2^- X COS (60**— -) =— 2cos4(f=- 1.532088a 

^ 4% X 

jrsa— 2^1 X COS (GO*' + -) =-2 cos 80<^=-. .3472964, 

Also, let jt' — 3 or = — 1 , to find its three roots. 
Here, as before, ^ (i)"* = . 5 = cos 60® = a, 

"jp=:-r 2V- X cos^ =— 2cos20'*=— 1.8793852 

g Jar=-2V? X C08(^0*-. 5) = 2cof40^= 1.5320888 
^ o « 

X=— 2V- X cos (60* + -) re 2 COS 80* = 0.^472964. 
3 3 

Where the roots are the negatives of those of the 

first case (07). 

— I - — - — — — - — -^ — - ■ - 

(x) For the mode of investigating these kinds of formulx^ see 
Cagnoli Trait^ de Trig, and article Irreducible Case, given by the 
author^ in the Supplement to Huttpn*f Mcthocnatical DictioRiirf . 
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OF THE ADMEASUREMENT OF ALTITUDE^ BY Ttt« 
BAROMETER AKD THERMOMETER. 

1 56. Having treated, pretty fully, in die fonjaer pirt of 
this work, of the methods of measuring elevations and 
depressions geometrically, I shalj here subjoin one of 
the most easy practical rules for determining the same 
thing by means of the barometer and thermometer, 
•which is a mode frequently used at present) and 
though not founded upon such sure and well-establish- 
ed principles as the former, is susceptible, when per- 
formed by a skilful observer, with good instruments, 
of a considerable degf ee of accura(!y. 

For this purpose, the person who undertakes these 
observations should be provided with two portable bjl- 
rometers, of the best construction (both filled with 
mercury of the same specific gravity), on which, by 
means of a .nonius, properly adapted to the scale, he 
may read off the heights of the mercurial columns to the 
SOOdth part of an inch. Each of the barometers must, 
also, have an attached thermometer, set in the wooden 
frame, in the same manner as the barometer is, and 
having their balls of nearly the same diameter as that of 
the barometer tube : besides which, there must be two 
other thermometers detached from the barometers. 

Then, one of these barometers, with its attached 
and detached thermometers, is to be placed in the shade 
at the top of the eminence, whose height is required, 
while the other remains below ; and when they h^ve 
continued in th-eir places a sufficient time for the de- 
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tached thermometers to acquire the temperature of the 
air, or till the fluid is stationary, the observer on the 
eminence must note down the height of the mercurial 
column in the barometer, as well as the temperatures 
exhibited by the attached and detached thermometers ; 
and at the same time, the other observer ipust make 
the like observations on the instruments below* 

This being done, the altitude of the object, at the 
top and bottom of which the instruments were placed, 
may be ascertained by observing the following pre- 
cepts, or the practical rule which is deduced from 
them. 

1 . The height through which we must rise to pro- 
duce a fall of mercury in the barometer, is inversely 
proportional to the density of the air, or to the height 
of the mercury in the barometer. 

2. When the barometer stands at 30 inches, and the 
air and quicksilver are of the temperature 32°, we 
must rise through 87 feet to produce a depression of 
•xVth of an inch. 

- 8. But if the air be of a different temperature, this 
87 feet must be increased, or diminished, by about 
0.21 of a foot for every degree of difference of tem- 
perature above or below 32°. 

4. Every degree of difference of the temperatures 
of the mercury at the two stations makes a change of 
2.883 feet, or 2 feet 10 inches in the elevation. 

Hence the folloiving Rule. 
1. Take the difference of the barometric heights,' 
in tenths of an inch, and multiply the result by 30. 

2 £ 
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2. Multiply the difference between 32® and the mean 
temperature of the air, by .21, and take the sum or 
difference of this product and 87 feet, according as the 
temperature is above or below 32°. 

3. Multiply this sum or difference by the former pro- 
duct, and the result, divided by the mean of the baro- 
metric heights, will give the approximated elevation. 

4. Multiply the difference of the mercurial tempera- 
tures by 2.833 feet, and add this product to the ap- 
proximated elevation, if the upper barometer is the 
warmest, or otherwise subtract it, and the result will 
be the corrected elevation- 

Or, the same rule may be expressed algebraically 

thus : A = !2JLL8Z.±J2£i^ + 2.833 S 

m . — 

Where d is the difference between .32® and the mean 
temperature of the air, d the difference of the baro- 
metric heights in tenths of an inch, m the mean baro- 
metric height, J the difference between the mercurial 
temperatures, and a the corrected altitude. 

For example, suppose the mercury in the barome- 
ter, at the lower station, was at 29.4 inches, its tem- 
perature SCP of Fahrenheit's thermon^eter, and the tem- 
perature of the air 45° : also the height of the mer- 
cury, at the upper station, 25. 1 9 inches, its tempera- 
ture 46®, and the temperature of the air 59®. 

a — . - — lu 

Then^ d = (29.4 — 25.19) X 10 = 42.1 

(S = 50— 46 =4. 

Lot = ^ (29.4 + 25.19) - - = 27.295 
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And A =^ 3_0X4H.XJ|±^XU^ ^ ^ ^ 2 333 

= 4111.91 feet, or 685.32 fathoms, the correct 
altitude. 

And if two or three sets of observations be made at 
each station, after short intervals of time, and the mean 
of the results be taken, the probability of error will 
be much diminished. 

It may here be added, that the method of measuring 
altitudes by means of the barometer, was first distinct- 
ly pointed out by Dr. Halley, in a paper, No. 181, of 
the Philosophical Transactions j but it was not till long 
after his time that the method was turned to any real 
use. The chief improvements are due to M. de Luc, 
who published, at Geneva, the result of his experiments 
and inquiries, made on the high mountains of Switzer- 
land, in a treatise on the barometer and thermometer, 
and also in the Philosophical Transactions. Other va- 
luable papers on this subject have likewise been given 
by Dr. Maskelyne, Dr. Horsley, Sir George Shuck- 
burgh, and General Royj in the diflferent volumes of 
these Transactions. 
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ERRATA. 

^ge 44, lines 13 and 14 from the bottom, for cb read C9, 
84, line 7 from the bottom, for 43* 12' read 42* IS*. 

103, line 7 from the bottom, for hypothemae read hyfothenusal angle, 

104, line 1, at the top, for less read greater \ iuiAin the next line, for 
greater ttiA less, *^ - •. - ■ 

l8 the table of cases for oblique-sngled.tpHericalliQmgies, p. }fiS et seq* 
for inclined / read included Z • 

Page 185, line 7 from the top, dele <rr six 9*cbck hour-line^ and insert the 
following, as a separate definition. ' 

Six o\lock hoia^nrcte^ is that meridian which cuts the 12 o*clock hour- 
circle, or meridian of the place, at right angles. 

Page 2S2, line 10 from the top, for simple arcs read sines, cosines, &c, of 
the simple arcs. 

Page 315, lines 11 and 13 from the top, for — read +• 



